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PREFACE 


In this revision of their “ First Course in Algebra” the authors 
have in general followed the plan of that text in the order of 
topics treated and in the method of their presentation. 

The most important modification of the order of topics is 
found in the transference of the work on Ratio and Propor- 
tion to the last chapter in the book and the omission of the 
chapter on the Highest Common Factor and Lowest Common 
Multiple. The latter topic is treated in connection with the 
related material on fractions, while the former is placed among - 
the Supplementary Topics at the end of the book. 

Material for which there is no strong demand from teachers 
of first-year algebra has been omitted, and the entire text has 
been rewritten in the interest of greater simplicity and direct- 
ness of appeal. The collections of exercises and problems are 
for the most part new and contain a larger proportion of easy 
exercises with simple results than the First Course. 

A striking feature of the revision is the inclusion of a large 
number of oral exercises in connection with the introduction of 
each new idea or operation. It is the object of these exercises 
to present the new concept in complete isolation from any com- 
plication of notation or technique so that the student becomes 
familiar with its content and bearing before he is asked to 
make use of it in written work. These oral exercises may well 
be taken up when the advance lesson is assigned, so that the 
pupil may be certain that he understands the idea involved 
in the new work before he leaves his instructor. 

Another feature scarcely less important is the character and 


position of the examples and hints. The aim has been to 
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help the student at the exact point where he needs it and 
to avoid the insertion of lengthy and difficult solutions peor 
they can be completely understood. 

The definitions and axioms have been expressed in the sim- 
plest language which is consistent with scientific accuracy. 
Many definitions which are usually found in elementary texts 
but which do not contribute to the clearness of the subject 
are omitted. 

The subject of graphs has been limited to the study of the 
straight line and a few exercises of a commercial or scientific 
character. These exercises not only have a very definite human 
interest apart from their mathematical value but also serve to 
familiarize the student with the kind of graphs he will meet 
in his ordinary reading. 

The first consideration in the treatment of radicals has been 
the needs of the student for his later study of the quadratic 
equation and for his work in geometry. 

Frequently a student’s knowledge of algebra is limited to a 
greater or less facility in the use of the rules of operation — 
to mere technique. To obviate this result the development of 
the problem work in this text has received full and careful 
attention. 

The authors have received suggestions of great value from 
many teachers in all parts of the country, for which they 
extend their thanks. They are under especial obligation to 
Mr. EK. L. Brown, of Denver, Colorado, Professor H. E. Cobb, 
of Chicago, Hlinois, and to Mr. L. A. Pultz, of Rochester, 
New York, for helpful criticism. 
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_1, The numbers and symbols of arithmetic. The simple 
operation of counting employs the numbers we call in- 
tegers. To represent these integers and the other numbers 
with which it deals, arithmetic uses the numerals 0, 1, 
2, 3, 4, 5, 6, 7, 8, and 9. Operations on the numbers of 
arithmetic are indicated by the symbols +, —, x, and +. 
The operation of division applied to integers gives rise 
to fractions. With these two kinds of numbers, integers 
and fractions, the student’s work in arithmetic is mainly 
carried on. 

2. Symbols of algebra. Symbols are employed far more 
extensively in algebra than in arithmetic, and many new 
ideas arise in connection with their meaning and their use. 
Some symbols represent numbers, others indicate opera- 
tions upon them, others represent relations between them, 
and still others represent kinds of numbers with which 
arithmetic does not deal. Letters as well as arabic numer- 
als are used to represent numbers. The following symbols 

of operation, +, —, x, and +, have the same meaning as in 
arithmetic. The sign of multiplication is usually replaced 
by a dot or omitted. 

For example, 3 x a is written 3-a, or da, and 2xax 6b is 
written 2ab. Also a+ is often written . 
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The sign = is read equals, or is equal to. As the need 
for them arises, other symbols will be introduced. 

3. The use of letters to represent numbers. The use of 
the letters of the alphabet to represent numbers is the 
most striking difference between arithmetic and algebra. 

In arithmetic we speak thus: If the sides of a triangle 
are 6, 7, and 9 inches respectively, its perimeter is 6+7+9, 
or 22 inches. The corresponding statement in algebra is: 
If the sides of a triangle are a, 6, and ¢ inches respectively, 
and its perimeter is p inches, then p=a+6+c. Here the 
second statement is true for every triangle, while the first 
is not true for every triangle. 

Similarly: If a rectangle is 8 inches by 12 inches, its 
perimeter is 8+12+8+12, or 40 inches. And if a rec- 
tangle is 7 inches long and w inches wide and if p denotes 
its perimeter in inches, then p=/+w+/+uw, or 2/+2w. 
Here, again, the arithmetical statement is particular and 
applies to one rectangle only, while the algebraic state- 
ment is general; that is, it is true for all rectangles. 

The gain in power which the general.symbolic language 
of algebra affords over the particular numerical language 
of arithmetic constitutes one of the most important advan- 
tages of the algebraic method. As the student progresses he 
will meet with many illustrations of this feature of algebra. 

The purpose of the following exercises is to familiarize 
the student with the use of letters in the place of numbers. 


ORAL EXERCISES 
1. What numerical value has 5@ when a is 3? whenais 5? 
when a is 10? 
2. What numerical value has 6a+26 when a is 2 and d is 4? 


3. Express 2 + 3m in seconds if h and m stand for the 
number of seconds in an hour and in a minute respectively. 
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4. Express 107+ 4/ in inches if y and f stand for the 
number of inches in a yard and in a foot respectively. 


5. If g and d represent the number of cents in a quarter 
and in a dime respectively, express 4g + 6d in cents. 


6. If ¢ and / represent the number of pounds in one ton 
and in one hundredweight respectively, express 4¢+6/ in 
pounds. 


7. 3a+52 = how many x? 9. 5-¢4+10-¢=(?)¢. 
8. 4e2+52=(?)e. 10. 5e¢+324+6x2=? 
11. 3a@—22+72—52=? 
12. 7 books + 3 chairs + 2 books + 5 chairs = (?) books + 
(?) chairs. 
13. 8 books + 4 chairs — 2 chairs + 4 books = (?) books + 
(?) chairs. 
14. 6 books + 7 chairs — 3 books — 2 chairs = (?) books + 
(?) chairs. 
15. 564+4¢4+ 8b—2ce=(?)b+(P)e. 
16. 664+32+4+464+8x2=(?)b+(?)a. 
17. 62+ 2b64+32—b+a=(?)b4+(?)z. 
18. 27 +24+3274+4=(?)x+? 
1m eo tt — eS 
20. at+24+24+2¢+2+2=? 22. da +18 —3a—T=? 
Wenn +dtant2=? 23. 8a2—3 +18 —bdb2=?7? 
24. dw—8+3w+20=? 
25. What value has 4a +3 whenx=2? whena=7? 
26. What value has 32 —4 whenw=3? whenx=2? 


27. The side of a square is 5 inches long. What is its area? 
its perimeter ? 
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28. The side of a square is s inches long. What represents 
its perimeter ? its area ? 


29. The base of a rectangle is 12 feet, and its altitude is 
4 feet.. What is its perimeter? its area ? 


30. If 4 represents the number of feet in the base of a rec- 
tangle and a the number of feet in its altitude, what is its 
perimeter ? its area ? 


31. A rectangle is twice as long as it is wide. Let w repre- 
sent the number of inches in its width. Then express, in terms 
of w, (a) the length; (0) the perimeter; (c) the area. 


32. A man is three times as old as his son. If s denotes 
the number of years in the son’s age, what will represent the 
father’s age ? 


33. A father is 28 years older than his son. If s represents 
the son’s age in years, what will represent the father’s age ? 


34. A rectangle is 24 inches longer than it is wide, Let 6 
represent the width in feet. Then represent the length and the 
perimeter in terms of } and numbers. 


35. A rectangle is 16 feet narrower than it is long. If w 
represents the width in feet, what will conveniently represent 
the length ? the perimeter ? 


36. A rectangle is 4 feet longer than twice its width. Express 
the width, the length, and the perimeter in terms of a letter, or 
a letter and numbers. 


Origin of symbols. Many of the symbols that are in common use 
in algebra at the present time have histories which not only are 
interesting in themselves, but which also serve to indicate the slow 
and uncertain development of the subject. It is often found that 
symbols which seem without meaning represent some abbreviation 
or suggestion long since forgotten, and that operations and methods 
which we find hard to master have sometimes required hundreds of 
years to perfect. 
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In the early centuries there were practically no algebraic symbols 
in common use; one wrote out in full the words plus, minus, equals, 
and the like. But-in the sixteenth century several Italian mathema- 
ticians used the initial letters p and m for + and —. Some think 
that our modern symbol — came into use through writing the initial - 
m so rapidly that the curves of the letter gradually flattened out, 
leaving finally a straight line. The symbol + may have originated 
similarly in the rapid writing of the letter p. But in the opinion of 
others these symbols were first used in the German warehouses of 
the fifteenth century to mark the weights of boxes of goods. If a 
lot of boxes, each supposed to weigh 100 pounds, came to the ware- 
house, the weight would be checked, and if a certain box exceeded 
the standard weight by 5 pounds, it was marked 100+ 5; if it 
lacked 5 pounds, it was marked 100 = 5. Though the first book to 
use these symbols was published in 1489, it was not until about 
1630 that they could be said to be in common use. 

Both of the symbols for multiplication given in the text were 
first used about 1630. The cross was used by two Englishmen, 
Oughtred and Harriot, and was probably an adaptation of the letter 
z, which is found some years earlier. The dot is first found in the 
writings of the Frenchman Descartes. It is interesting to note that 
Harriot was sent to America in 1585 by Sir Walter Raleigh, and 
returned to England with a report of observations. He made the 
first survey of Virginia and North Carolina, and constructed maps 
of those regions. 

It is strange that the line was used to denote division long before 
any of the other symbols here mentioned were in use. This is, in 
fact, one of the oldest signs of operation that we have. The Arabs, 


as early as 1000 a.p., used both ; and a/b to denote the quotient of 


aand b. The symbol ~ did not occur until about 1630. 

Equality has been denoted in a variety of ways. The word eguals 
was usually written out in full until about the year 1600, though 
the two sides of an equation were written one over the other by the 
Hindus as early as the twelfth century. The modern sign = was 
probably introduced by the Englishman Recorde, in 1557, because, 
he says, “ Noe. 2. thynges can be moare equalle” than two parallel 
lines. This symbol was not generally accepted at first, and in its 
place the symbols ||, «, and » are frequently met during the next 


fifty years. 
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4. The usefulness of symbols. Symbols enable one to 
abbreviate ordinary language in the solution of problems. — 

For example: Three times a certain number is equal 
to 20 diminished by 5. What is the number ? 

If m represents the number, the preceding statement and 
question can be written in symbols, thus: 


3n = 20 —5. 


n=? 


The symbolic statement 3 = 20 —5 is called an equa- 
tion and n the unknown number. 


If 3n = 20 — 5, 
then dn = 15, 
and n=. 


While the preceding example is very simple, it illus- 
trates the algebraic method of stating and solving the 
problem. The method is brief and direct, and its advan- 
tages will become more apparent as the student progresses. 


ORAL EXERCISES 


Find the numerical value of x in the following equations : 


1 3'e = 18: 4. Tx = 42. tf 62 —17 + 1am 
2. 42 = 28. 6. 49 =A 2S: 8. 42+32=355 
3. da = 30. 6. sa@=4 411, 9. 624+22=32; 
10. 5a+4a2= 45. 14. da —x = 15 — 6. | 
ll. 4a +30 =56. 15. 5a +42—22=10+0 


12° 2 + 2e—15 38: 16. 42+ 32—2= 33 — 3) 
13. 9a —32%=18+412. 17. 64—2432=4246. 


18. If one number is represented by 2, what will Tepreseigl 
a number three times as great ? 
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19. James had 3a cents. His brother had four times as 
many. Represent the number of cents the brother had. 


20. Paul’s weight is 2 pounds, and his father weighs three 
times as much. What will represent the father’s weight ? the 
weight of the two together ? 


21. The area of a circle is 6y. Represent the area of a 
circle three times as large. 


22. One number is twice a second, and the second is four 
times the third. If « represents the third, what will represent 
the second ? the first ? 


23. One newsboy has three times as many papers as a 
second, and the two together have as many as a third. 
Represent in terms of 2 the number of papers each has. 


EXAMPLE 


The sum of two numbers is 112. The greater is three times 
the less. What are the numbers ? 


Solution. By the conditions of the problem, 


greater number + less number = 112. (1) 
Let 1 = the less number. 
Then 3/= the greater number. 
Substituting these symbols in (1), we have 
38/4+1=112. % 
Collecting, 47=112. 
Whence {=1]2 = 28, 
and 3/=3 X 28 = 84. 


Therefore the greater number is 84 and the less 28. 


We may verify the result by substituting 84 and 28 in the problem. 


Thus 84 + 28 =112, 


and 84 = 3- 28. 
RE ~ 
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PROBLEMS 


1. The sum of two numbers is 120. The greater is four 
times the less. Find each. 


2. A certain number plus seven times itself equals 216. 
Find the number. 

3. One number is eight times another. Their sum is 72. 
Find each. ; 

4. The first of three numbers is twice the third, and the 
second is four times the third. The sum of the three numbers 
is 252. Find the numbers. 

Hint. Let =the third number. Then 2 = the first, and 4a = the 

second. 

5. The sum of three numbers is 117. The second is twice 
the first, and the third is three times the second. Find each. 


. 6. There are three numbers whose sum is 192. The first 
is twice the second, and the third. equals the sum of the other 
two. Find the numbers. 

7. The sum of three numbers is 312. The second is five 
times the first, and the third is four times the second. Find 
the numbers. i 


8. The sum of three numbers is 208. The second is three 
times the first, and’ the third is the sum of the other two: 
Find the numbers. 


9. A man is three times as old as his son. The sum of 
their ages is 44 years. Find the age of each. 

10. The perimeter of a certain square is“160 feet. Find 
the length of each side. 

11. The perimeter of a certain rectangle is 216 feet. It is 
three times as long as it is wide. Find its dimensions. 

12. The perimeter of the rectangle formed by placing two 


equal squares side by side is 258 inches. Find the side and 
the perimeter of each square. 
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5. Literal notation. In algebra numbers are represented 
by one or more arabic numerals, or by letters, or by both 
combined. 


Thus 8, 25, a, 2b, 4xy, and 2x+83 are algebraic symbols for 
numbers. 


Precisely what numbers 4ay and 22+ 3 represent is 
not known until the numbers for which 2 and y stand 
are known. In one problem these letters may have values 
quite different from those they have in another. To de- 
vise methods of determining these values in the various 
problems which arise is the principal aim of algebra. 


6. Factors. A factor of a product is any one of the 
numbers which multiplied together form the product. 
Thus 3 ab means 3 times a times b. Here 3, a, and b are each fac- 


tors of 3ab. Similarly, the expression 4(a + 6) means 4 times the 
sum of a and b. Here 4 and a + b are factors of 4(a + 6). 


ORAL EXERCISES 
1. Name the factors in 3-4 - 6, 2ay, 3.abx, 4 abe. 


In Exercises 2-5, replace a by 3 and 6 by 4 and find the 
value of the resulting expression. 


Bis COhip 3. SOD, A, 2 ab: 5. 5ab. 


7%. Exponents. An exponent is an integer written at the 
_vight of and above another number to show how many 
times the latter is to be taken as a factor. 

(Later this definition will be modified so as to include 
fractions and other numbers as exponents. ) 

Thus 3?=38-3; 58—5.5-5. Also at=a-a-a-a, and 4e/= 
-4-a2-y-y-y. Inab, b is the exponent of a. If a is 4 and d is 3; 
ao=48=4.4-4. The exponent 1 is usually not written. 
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ORAL EXERCISES 


1. What are the exponents in 2ac®? 3a%e? 5 atx’? 

2. What is meant by x7? a®? 6*? 0°? 

3. =? Ae By ae 6. 3.52 

In Exercises 7-14, replace a by 3 and 6} by 2 and find the 
value of the result. 

Ma Oe Seat 11. ab. 13. 2a. 

8. a? + 0". 10. a+ 0°. 12.4": 14. 5 a%d?. 


8. Coefficients. If a number is the product of two 
factors, either of these factors is called the coefficient of 
the other in that product. 

Thus in 4 2?y, 4 is the coefficient of xy, y is the coefficient of 427, 
and 4 y is the coefficient of 27. The numerical coefficient 1 is usually 


omitted. If a numerical coefficient other than 1 occurs, it is usually 
written first. For instance, we write 52, not 75. 


The following examples illustrate the difference in mean- 
ing between a coefficient and an exponent respectively : 
8e=x4+er4+2. 


Q 


B= DB 1G = Le 


If x=5 in each case, 32 stands for the number 15, 
while 2° stands for 125. If 2=10 in each case, 32= 30, 
while 22 =1000. 

ORAL EXERCISES 

1. What are the numerical coefficients in 4a? 5a?? 3ax? 
4ac? 3abe? 7 

2. What is meant by 3a? 4a? 5c? 

3. In 4a*xy, name the coefficient of ary, ay, y, ax, and ay. 

9. Use of parentheses and radical signs. If two or more 


numbers connected by signs of operation are inclosed in 


parentheses, the entire expression is treated as a symbol 
for a single number. 
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Thus 3(6 +4) means 3-10, or 80; (17—2)+ (8—3) means 
15 = 5, or 3; (5 +7)? means 12°, or 144; and 6(# + y) means six 
times the sum of z and y. 

As in arithmetic, the symbol for square root is Ta , and 
the symbol for cube root is V . 

_ The name radical sign is applied to all symbols like the 
following: V , V , V , etc. The small figure in a radical 
sign, like the 3 in V , is often called the index. 


ORAL EXERCISES 
Find the value of: 5 


feed (3,14), 6. V9 +7. 

Da ATi 2): Ta Sa: 

3. (4+ 3)(5 — 2). 8. V4(7—5). 

me = 2)(8 + 3), §. V(5+3)(6 +2). 
5. V8. 10. V6? + 8 


Nore. There has been a considerable variety in the symbols for 
the roots of numbers. The symbol / was introduced in 1544 by the 
German Stifel, and is a corruption of the initial letter of the Latin 
word radiz, which means “root.” Before his time square root was 
denoted by the symbol Kk, used nowadays by physicians on prescrip- 
tions as an abbreviation for the word recipe. Thus V5 would have 

-been denoted by 45. Some early writers used a dot to indicate 
_ square root, and expressed V2 by - 2. The Arabs denoted the root 
of a number by an arabic letter placed directly over the number. 


ORAL EXERCISES 


1. What are the numerical coefficients in 2%? 3a?? 4ay? 
2ab? 3Va? 

2. What are the exponents in 3.0%? 4a°b®? Ba®at? 5arya?? 

3. What is the difference in meaning between the 4 in 4a 
and that in «*? 

4. What is meant by 2x? 5a? 8a? 
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5. What is meant by 2a7? 37? 

6. What is meant by 3(8 +6)? 2(9—4)? (7 ee 4S 2)? 
(7432? V346? V9+416? V100—64? V35—8? 
¥100 — 36? 

7. What is the numerical value of each expression in~ 
Exercise 6? 

8. Read Exercises 1-16 on pages 15-16. 


Diaeai ais 13. (65 -1)(8+3)=? 

10. (8+ 2)'=? 14. 3(7—2)(5—3)=2 
11.:7(6 -1)=? 15. VPI = 

12. (4+3)6+4)=? 16. V0 +8)(10 — 8) =? 


In Exercises 17-38, replace a by 3 and 6 by 4 and find 
the value of the resulting expressions. 


17. 3a7—2b. 21. 20% 25. 3a 29. V3 +16. 
18. 327+ 8a. 22. 20%. 26. 4ab4+0% 30. V4a2+70. 
19. Vi. 23. dal? 27. V3ab.. 31. V20. 

0. 12°. 24. 20%. 28. Var+o% 32. Vab +15. 


33. Vai a4 o —17. 


EXERCISES 
Write, using algebraic symbols: 
1. The sum of three times a and four times 0. 
2. Three times a subtracted from four times 0. 
3. The square of a subtracted from the square of 5. 
4. The cube of 4 subtracted from the square of a. 


5. Two times a squared subtracted from three times a 
squared. 


6. The quotient of a and d. 


7. The product of four times a squared and 8. 
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8. The sum of a and b divided by their product. 
9. The product of a and 2b —e. 
10. The product of a and the sum of b and c. 
11. The result of subtracting a —b from 7a. 


_* 12. The sum of the square root of 5a and the cube root 


Bot 7 0. 

13. The product of # — y and the square root of Tz. 

14. The square of the sum of a and 4. 

15. The square of 6 subtracted from a. 

16. The quotient of three times a multiplied by the square 
of b, and four times ¢ multiplied by the cube of a. 

17.,The sum of the quotients of a and 3a, and 4 y and «. 


bt KAAL 


A hAALA 

10. Order of fundamental arithmetical operations. If we 
read the expression 6+4.-9—12+3 from left to right, 
and perform each indicated operation as we come to its 
symbol, we obtain successively 10, 90, 78, and a final 
result of 26. If we perform the multiplication and 
division first, the expression becomes 6 + 36 —4, which 
equals 38. These results show that the value of the 
expression is determined largely by the order in which 
the operations are performed. It is customary to ob- 
serve the 
Rule. In a series of operations involving addition, subtrac 
tion, multiplication, and division of arithmetical numbers, the 
multiplications and divisions shall be performed first in the 
order in which they occur. The additions and subtractions 
in the resulting expression shall then be performed in the 
order in which they oceur or in any other order. 

If parentheses occur, each expression within parentheses 
should first be simplified in accordance with the preceding 
rule and the rule then applied to the whole. 
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EXAMPLES 
Simplify : 
116 4 4 8 
Solution, 18 -~-24+5—4-2=9+4+5-—8=6. 


2. 24+8-4—6+45.2-—7. 
Solution. 24+ 8-4—645-2-7=3-4-6410-7= 
12—-6+10—7= 
22-18 =9. 
$08: 2-35 9(8- 41223 eye ee 
Solution. 4-2 —342(8-4—12+342-—6)—-18=2= 
8—342(2— 27 2—6)-9 = 
5+2( 24 )-9= 
54+48—9=44. 
EXERCISES 


Simplify the following : 


t, 20-55 610. 6. 18 + (2- 3). 
BPi16=~(8 = 2). T(6.— 3)-(1T — 2.5 
3, 14 —(16—8)+-(12—4). 8923 2 6 ae 
4.6+3-— 2. 9. 18 + (9 — 3). 
Boer: 3 — 10. 10. (10—3)- (16-3. 248-4), 

li: 14— 3. (6 2.5) 16 ore 

12. (18 — 2) -(4+2-8—18+9)+6, 

13. (16 — 6)- (18 — 8) +100. 5 — 5. 

14. (5+ 8). (6 —3)+4—3. 
155, 39=2- 3-1 41*. 18. 8112+ 443-1). 
16; $3243). 3-137 19. 342-44 (34 2)4, 


17. 4.3—2(6—2-3)+8. 20. @—2)84+8=—2-3, 
284 6. 04 255.2 ae 
22. (124+ 24 x 18+3+4 6)-(24+443-2), 
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11. Evaluation of algebraic expressions. It is frequently 
necessary to find the numerical value of an expression for 
certain values of the letters involved. This process will 
be found useful in detecting errors made in the solution 
of equations. (See page 42.) 


In practical affairs a working rule, a geometrical relation, or a 
scientific fact is often stated briefly and conveniently by means of 
an algebraic expression: Such expressions are frequently called for- 
mulas. The student will recall that arithmetic furnished many illus- 


trations of their use. Thus, A = “ is the formula for the area of a 
triangle; J=P-r-t is the formula for simple interest; A = zr? is 
the formula for the area of a circle, etc. 

In finding the numerical value of any literal expression 
the student should observe the following 

Rule. First, put in place of each letter its numerical value; 
second, simplify the result thus obtained. 


In any but the simplest expressions the student should 
always observe the two steps of the above rule separately 
in the order in which they are stated. To mix the two in 
an attempt to perform mentally both processes at once, is 
sure to result in many errors and consequent loss of time. 


EXERCISES 
Paelxercises 1-16, let¢— 3, b=1,¢= 5, d.—T, and f= Zz. 
Substitute for each letter its numerical value, and then simplify 
the results according to the rule of page 13: 


1, 4a°— Tb. 4. ?—3ab. 12d Ve 
8. eats 
Solution. 5. abcd — 5 f?. ee b 
4a?—7b=4-3?-7-1 d+te le, i: Ly 
= 36 —7=29. eer i ee ds ea 
2. 4a+ 3d. 7. cdf af 10. tgts SBS 


3. ab + cd. 3h 2a ac af 


16 


It. 


12. 
13. 
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G+ bf -- c? + di 145 eae 

Coe be ode) 15. df + fe. 
bP +4f?—4f— 5. cs d+ fe 
3 f°— 9 ft p11 f?—11 f? +13 f — 20. aera 


Find the numerical value of the following expressions when 


ee 4 Oi Dee byt 1. ase ee 


LT; 


18. 


19. 


20. 


37. 
38. 
39. 
40. 
41. 


42. 


4a+3b+4+2d Qi: ov 2 af. 27. (a+c)-ate. 
c + f+ 2 22. V2 as a’. 28. a ee. ca a ry 
b 
eer ee ee - (a+f)-(e+d). 29. AY 
GH eba 23. (at+f)-(e+d). 29. (f 2 
ab i bd of 24, ab (a ot D). 30. (d as a)? 


Cc a ed a5. (a+¢)-(a+e), 31. a —2ae+c. 
Va+vV2f. 26. at+c(a+c). 82. o+2ab+0, 


33: & —3 ea + 3ca? — a. 35. Va? + ac. 
34. d ¥/2af. 36. Vad + 36. 


If «= 2 and y = 3, does 132 — By =11? 
If « = 8, does Txe—9=32+4+25? 
Does 2? —52+6=—0,ifa=2? ifa=—3? ifea=—_4? 


Does 2? —7x+12=0,if2=2? ife=—3? ifa=—4? 
Does 24*—52%—3=0, ifw@=4? ifw=3? ifa=d? 

: ce : ab 
The area of a triangle is given by the expression 4 = 9 


in which 4 is the area, a is the altitude, and d is the base. Find 
the area of a triangle in which the altitude is 11 inches and the 
base 14 inches. 


43. 


The area of a circle is given by the formula A = 77 in 


which 4 is the area, 7 is 3* (approximately), and 7 is the radius. 
Find the area of a circle whose radius is (a) 7 inches; (0) d inch. 


44. 


The volume of a circular cylinder is given by the for- 


mula V= rh in which V is the volume, r is the radius of the 
base, and / is the altitude of the cylinder, Find the volume 
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of a cylinder in which: (a2) r= 3 inches and h=5 inches; 
(0) 7 = 4 inches and h =7 inches. 


45. The distance a body falls from rest is given by the for- 


2 


ie F ‘ : ; 
mula s = or in which s = the distance in feet, a = 32, and t= 


the time in seconds. How far will a body fall in 5 seconds ? 
46. A balloonist drops a rock while crossing a river. He 
sees it strike the water 16 seconds later. How high was the 
balloon at the time ? 
47. The horse power of a certain kind of gasoline engine is 
given by the formula H= 2 in which H is the horse power, 


d is the diameter of each cylinder in inches, and n is the number 
of cylinders. Find the horse power of a four-cylinder engine 
in which the diameter of each cylinder is 4 inches. 


SO, 


tbe : y f 
O-t—|l, 7+ WA 
s i ee v% 
\ 


\ i 
et Pe 


CHAPTER II 
POSITIVE AND NEGATIVE NUMBERS 


12. Addition and subtraction. Let us suppose that equal 
distances are taken on a line and the successive points of 
division are marked with the natural numbers as follows: 

Od BC BOke a ee OTe ee 
(A) 

Such a scale of numbers may be used to illustrate both 
addition and subtraction as performed in arithmetic. 

Thus, in adding 5 to 8 we may begin at 3 and count on 
5 spaces to the right, obtaining the sum 8. We shall obtain 
the same result if we begin at 5 and count on 3 spaces to the 
right. This process may be stated in general terms thus : 

Rule. To add the number a to the number 6, begin at b 
and count on a spaces to the right. 

In subtracting 4 from 7 we may begin at 7 and count 
off 4 spaces to the left, thus obtainmg 8. This process 
may be stated in general terms thus: 

Rule. To subtract the nwmber a from the number b, begin 
at b and count off a spaces to the left. 

If we attempt to subtract 5 from 4 by the preceding 
rule, we arrive at the first point of division to the left of 
zero. Arithmetic has no number to represent such a result; 
in fact, the subtraction of 5 from 4 is there regarded as 
impossible. Arithmetically speaking, such a subtraction 
cannot be performed. We can, however, subtract 4 of 


the 5 units from the 4 units, leaving 1 unit unsubtracted. 
18 
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Now in algebra it is both convenient and necessary to 
speak of subtracting a greater number from a less, and to 
eall the portion of the greater number which is unsub- 
tracted, the remainder. ‘The fact that such a subtraction 
is incomplete is indicated by writing a minus sign before 
the result; thus, 4—5=—1. Hence the first point of 
division to the left of zero may be thought of as corre- 
sponding to —1. Similarly, 3—5=— 2; and to — 2 may 
correspond the second point of division to the left of zero. 

In like manner 5 — 8 =— 3, which corresponds to the 
third point to the left of zero. In the same way the fourth 
point of division to the left of zero would correspond to 
— 4, the fifth point to — 4, ete. 

Such numbers as —1, — 2, — 3, etc. are called negative 
numbers. The minus sign is never omitted in writing a 
negative number, though a letter, as 2, may denote one. 

In opposition to negative numbers the ordinary numbers 
of arithmetic are called positive numbers. If a number has 
no sign before it, or a plus sign, it is a positive number. 

The relative order of positive and negative numbers is 
indicated in the following scale: 


-6 -5 -4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 +7 
(B) 
ORAL EXERCISES 


Perform the following additions and subtractions by count- 
ing along the preceding scale according to the rules on page 18: 


teevdd 4 to 3: 8. Add 6 to — 3. 5, Add 2 to — so: 
2. Add-4 to — 2. 4. Add 3 to — 3. 6. Add 5 to — 7. 
7. Subtract 2 from 5. 10. Subtract 4 from — 3. 
8. Subtract 5 from 2. 11. Subtract 2 from — 4. 


9. Subtract 6 from 3. 12. Subtract 2 from — 3. 


20 FIRST COURSE IN ALGEBRA 


13. Practical use of positive and negative numbers. The 
scale (B) of positive and negative numbers could be used 
to measure many of the things with which we come in 
daily contact. In fact, a practical equivalent is already in 

use in many instances, Thus, in graduating a thermometer 
a certain position of the mercury is taken as zero, and 
the degrees are marked both above and below this point. 
Hence a temperature reading of 18° is indefinite unless 
accompanied by the words above zero or below zero. Usually 
+18° is taken to indicate the former, while —18° indicates 
the latter. 

Similarly any point on the earth’s equator is in zero lati- 
tude. Latitude 40° N. means 40° north of the equator. 
In like manner 80°. means 30° south of the equator. 
Obviously + 40° and — 30° might be used to convey the 
same ideas. 

In general all concrete uses of positive and negative 
numbers occur in connection with magnitudes which may 
be regarded as opposite in sense; as, for example, money 
in bank and an overdrawn. account, distances measured in 
opposite directions from a fixed point, and time measured 
in the future and in the past from a certain instant. 


EXERCISES 


1. If the temperature is now + 14°, what will represent the 
temperature after a fall (a) of 5°? (6) of 10°? (c) of 18°? 

2. If the temperature is now —16°, what will it be after a 
rise (a) of 7°? (b) of 12°? (c) of 25°? 

3. In the preceding exercise change the word vise to fall 
and then answer. 

4. A ship sails south from latitude -+18° to latitude — 7°. 
If one degree is 69 miles, how far did it sail ? 
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5. A ship sails south from latitude + 20° at the rate of 5° 
daily. In what latitude is it at the end of each of 6 days? 
After how many days will it reach latitude — 15°? 


6. A man’s property is worth $4200 and his debts amount 
to $2300. How can positive and negative numbers be used to 
represent (~) each of these amounts? (+) the man’s financial 
standing ? 

Nore. So far as is known the first explanation of positive and 
negative numbers was by means of the illustration of assets and 
debts. This is found in the writings of the Hindus before 700 a.p., 
long before negative numbers were accepted as having any definite 
meaning. In the use of this illustration the Hindus were nearly a 
thousand years in advance of the times. 


7. If debts and property be reversed in Exercise 6, what 
would be the answer to (a) and (0)? 

8. The temperature at 6.00 a.m. was —12°. During the 
morning it rose at the rate of 3° an hour. What was the tem- 
perature at 9.00 A.m.? 10.00 a.m. ? 12.00 m. ? 


14. Addition of positive and negative numbers. As we 
have seen, subtraction by the use of scale (2) is performed 
by counting spaces to the left. Now a negative number 
represents an unperformed subtraction ; therefore to add a 
negative number to another number means to perform this 

‘subtraction. 
For example, in subtracting 8 from 5, — 3 was obtained 
by beginning at 5 and counting 8 spaces to the left, arriv- 
ing at 3 to the left. Hence when we wish to add — 3 to 
any number, we count off 3 spaces to the left from that 
number. 

To add —8 to 24 we begin at 24 and count off 8 spaces 
to the left, obtaining 16 as the result; that is, 


OL C8 4-16, 
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Similarly, to add — 6 to — 4 we begin at — 4 and count 
6 spaces to the left, obtaining —10 as the result; that is, 


—~4+(—6)=—10. 


Hence, in general, to add a negative number n to a given 
number, begin at the given number and count off » spaces 
to the left. 

The numerical or absolute value of a number is its value 
without regard to sign. 

Thus the absolute values of — 3, —5, and +7 are 3, 5, and 7 


respectively. It should be noted that two different numbers, as + 6 
and — 6, may have the same absolute value. 


ORAL EXERCISES 
By the use of scale (B), page 19, add the following: 
1. +5,4+3. 4.—5,—3. 7 —6,—2. 10. —3, —5. 
2. +5, —3. 5. 7, —3. 8. 6, — 4. 11. —4, +4. 
3. —5,+3. 6. —7,—3. 9. 4, —T. 12. — 6, +8. 


The preceding exercises illustrate the correctness of the 
following working rules: 


I. To add two or more positive numbers, find the sum of 
their absolute values and prefix to this sum the plus sign. 

II. To add two or more negative numbers, find the sum of 
their absolute values and prefix to this sum the minus sign. 

I. To add a positive and a negative number, find the dif- 
Ference of their absolute values and prefix to the result the sign 
of the one which has the greater absolute value. 


These rules are of vital importance, as they are of almost 
constant use throughout the whole of algebra. Rule III is 
the one in the use of which errors are most likely to occur. 
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Hence the student will save time if he masters Rule III 
at this point. 

The algebraic sum of two or more numbers is the number 
_ obtained by adding them according to the preceding rules. 

The algebraic sum of two numbers is often different from 
the sum of their absolute values; for example, the algebraic 
sum of + 9 and — 5 is + 4, while the sum of their absolute 
values is 14. 

Hereafter the word add will mean find the algebraic sum. 


ORAL EXERCISES 


Perform the indicated additions : 


1. +5+(47). 7. —12+4(— 9). 

eg 2 gt (0) 8. —6 +(+ 6). 

3. +5+(—7). 9. —6+(— 6). 

4. —5+(+7). , 10. —4+(+ 3)+(+4+ 6). 

2 TES: ees (Ce (aay 
Go 3 7415). 1284-2) 4+ (=D 4b 6) 
Answer the questions asked in the following: 

fa 7? = 9. 18. —8+?=— 6. 

1s 7 +? = Z. : 19. —104+?=— 16. 

1. 8 +? = 12, 20. —104+?=3. 

16. 8+ ?=5. 21.124+?=5. 

17. —8+? =—10. 22. —124?=4. 


15. Subtraction of positive and negative numbers. If we 
wish to subtract 7 from 12, we may do so by answering 
the question, “ What number added to 7 gives 12?” By 
answering a similar question we can subtract 8 from 15, 


or 25 from 43, or any number a from another number 6 
RE 
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Exercises 13-22, p. 23, are therefore exercises in subtrac- 
tion, for each asks a question similar to the one in the 
first sentence of this paragraph. 

This point of view brings out the relation that the 
operation of subtraction bears to that of addition. 


ORAL EXERCISES 


Perform the following subtractions by answering in each 
case the question, ““ What number added to the first number 
gives the second number ? ” 


Subtract : 
1. 15*from 9: 6. — 5 from 9. 
2. 9 from 14. 7. 5 from — 10. 
Ro I x0) 00S 8. — 6 from — 4. 
4-43 tromke 9. 12 from — 18. 
5. — 5 from — 8. 10. — 25 from 14. 


11. In Exercises 1-10, change the sign of the subtrahend 
Gf +, to —; if —, to +) and then add the subtrahend to the 
minuend. Are the answers the same as were obtained before ? 


The results obtained in Exercise 11 illustrate the fol- 
lowing important principles : 

I. Subtracting a positive number is the same in effect as 
adding a negative number of the same absolute value. 


To illustrate: a decrease of $100 in a man’s assets is 
equivalent to an increase of $100 in his liabilities, pro- 
vided we consider his real financial standing in each case. 

II. Subtracting a negative number is the same in effect as 
adding a positive number of the same absolute value. 


To illustrate: a decrease of $75 in a man’s labilities is 
equivalent to an increase of $75 in his assets, as far as 
his net financial standing is concerned. 
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Hence, for the subtraction of positive and negative num- 
bers, we have the 


Rule. Change the sign of the subtrahend (if +, to —; if —, 
to+). Then find the algebraic sum of the subtrahend (with 
its sign changed) and the minuend. 


This rule really turns algebraic subtraction into alge- 
braic addition and marks one of the most important dis- 
tinctions between the operations of arithmetic and those of 
algebra. For this reason little genuine progress in algebra 
ean be made till the student becomes proficient in the use 
of the method stated in the rule. 


ORAL EXERCISES 
- Subtract the second number from the first in Exercises 1-16: 


tes) + 5!) 5. 14,\4-9; Bef Bon i Gj Sees shy 19" 


eo -+ 8, —b.- 6: 14, — 97 210. '— 6; — 65114. 0,46 

3. +5, —8 7. —14,+9. 11. 6, —6. 15. —1, —1. 

4. +5, +8. 8. —14,—9. 12. —6,+6. 16.1, — 2. 
17. 12— (+ 3)— (42)=? 19. —12—(—3)—(—2)= 
18. —10—(+ 3)—(+2)=? 20. 17—-(— 5) —-G-7)=? 

Supply the missing numbers in: 

21. 4+74+?=10. 29. 9—?=65. 

22. —6+?=-—10. 30. —-7T—?=— 5. 

23. —5+7?=0. $1. +5-—7=—9. - 

Bot 64+? = By TiO od 

eee 33. —5-—?=0. 

26. —8+?=—3. 84552— 7 = 0: 

27. —=9+7=>—5. 35. 4—? = 16. 


aay A OP § ppbigs Gut? =...8, 
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Simphfy : é 
37. 12 + (7) — (4). 40. 18 +(— 6)—(4 7). 

38. 12 —(— 3)+ 6. 41. —16+(—10)—(412). 
39. 12 — (— 4) + (— 5). 42. —13 —(8)+(—14). 


16. Multiplication of positive and negative numbers. In 
arithmetic, multiplication was defined as the process of 
taking one number, the multiplicand, as many times as 
there are units in another number, the multiplier. The 
original signification of times made this definition mean- 
ingless when the multiplier was a fraction; for in 8 x 2, 
8 could not be added 3 of a time. The definition was 
then extended and the product of 8 multiplied by 2 was 
defined to mean 8 multiplied by 3 and the result divided 


by 5; that is, 8 x 2 means : x 
Since algebra deals with both positive and negative num- — 
bers, we must now extend the arithmetical definition of 
multiplication and define what sign the product shall have 
in each of the four cases which may possibly arise: 
(+4)-(43)=2 (+4)-(-8)=? 
(eo (—4)-(—8)=? 
By (44) - (+3) we mean that + 4 is to be added three’ 
times : HID a pee 
that. is, (+ 4) -(48)=412. 
Similarly (— 4) - (+3) means 
(+ 4)+(—4)+(- 4 =—-12; 
that is, (—4)-(4 3) =—12. 
In (4 4)-(—3) we mean that 4 is to be subtracted 
three times. This is the same as subtracting 12 once. 


Therefore (+ 4) -(— 8)=—12, 
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Lastly, by (—4) - (—3) we mean that —4 is to be sub- | 
tracted three times. This is the same as subtracting —12 
once, and subtracting —12 once is thé same as adding 


+12. Therefore 
(— 4) -(— 38) =4 12. 
Summing up, 
Ceo) - (43) =4-12. CL Sy Se 
(—4)-(4+3)=—12. (—4)-C@ 8)=+412. 
Or, in general terms, 
+ax+b=+ ab. 


= se = I, 
+ax—b=— ao. 
—ax—b=-+ ab. 


Therefore we have the 
Rule. The product of two numbers having like signs is a 
positive number, and the product of two numbers having unlike 
signs is a negative number. 
ORAL EXERCISES 


Find the products of the following : 


fe 8. 4 5. Oe ok Pas EL i Ey aS goalie 
2. +4, +12. 8. +6, —4. 14. + 4, —5, —6. 
oe 5, 4-6. Si ae Ea ay ete Ses 
eet 6, — 6. 16.00 5 <= 10: 165 U2, Ope ebs 
eT, + 8. 10s ce Od: i el 0 =O. 
ee, 127 50, Cora Se eos 
SOR aes Ue ey lea) 


Notr. The famous German mathematician Leopold Kronecker 
(1823-1891) once observed that “the good Lord made the positive 
integers, but man is responsible for all the rest of the numbers.” 
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This expresses the truth about numbers as accurately as one can in 
a single sentence. We count objects from our earliest years, and so 
use the positive integers naturally. It is only when we come to study 
mathematics that the necessity for any other kind of numbers is 
forced upon us. Here we see that negative numbers are a great con- 
venience if we wish to represent the relations between objects where — 
oppositeness in any of its many forms is involved. But the artificial 
character of negative numbers delayed their intelligent use for many 
hundred years. To be sure, the Hindus said that “the square of 
negative is positive,” but the statement probably did not mean 
anything to those who read it. It was not until after the time of 
Descartes (see p. 210) that the rules for operating on negative 
numbers were understood, even by great mathematicians. 


17. Division of positive and negative numbers. When 18 
is divided by 9 the result is 2. Here 18 is the dividend, 
9 the divisor, and 2 the quotient. The three are connected 


by the following relation, which holds both for arithmetic 


and algebra: ; Le , 
quotient x divisor = dividend. 


We can see that 2 is the correct value of 18 + 9, because 
2x9=18. This simple test will be applied to determine 
whether the quotient is a positive or a negative number. 
All the cases which may arise are represented by the four 
following questions: 
(a) +18+4+9=? (ec) +18+—-9=? 
(6) —18++4+9=? (d) —18+—9=? 
These questions are answered as follows: 
(a) +18++9=+4 2 because +2-4+9=+418. 
(6) —18++9=-— 2 because —-2-+9=—18. 
(ec) +18+—9=— 2 because —-2.—9=+418. 
(@) —18+—9=+ 2 because +2.—9=—18. 
In (a) and (d) the dividend and divisor have Uke signs 
and the sign of the quotient is plus. In (6) and (e) the 
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dividend and divisor have wnlike signs and the sign of the 
quotient is minus. 
Therefore we have the 


Rule. The quotient of two numbers having like signs is a 
positive number, and the quotient of two numbers having unlike 
signs is a negative number. 


The result of multiplication by zero is given a definite meaning 
in arithmetic and algebra, namely zero; but in both subjects division 
by zero is always excluded. If zero were used as a divisor, numerous 
contradictions would arise of which the following is an illustration : 


Obviously, 0-4=0, 
and 0-6 =0.- 

Therefore 0-4=0-6. 

Dividing each by zero, 4=6, 


which is false. 


Nore. The Hindus were the first to express the laws that govern 
the operations with the number 0. In fact, they were the first to 
have such a symbol. In the twelfth century a Hindu writer states 
that a + 0 =a, that V0 =0, and that 0?=0. Of course he did not 
express himself in terms of these symbols, but in the notation of 
his time and country. 


ORAL EXERCISES 


Divide the first number by the second in Exercises 1-9: 


ei. + 2. A414, = 2, Te Opes: 

io 10, — 5. bes, 8, 8, 0, — 5 
B15, 4-3. eee 9. Baa 
Meese ae oy (2)? 36 16. AB 2 (— 4)? 


11. + 45 +(— 5)+(— 3)=? 17. cat Laie 
12. — 64+(+4)+(— 2)=? 
13. + 96 +(— 6)+(+ 8)=? 18. 7 ae 
14. 72 +(+ 6)+(— 4)=? 1 86 
15. 60 (bye (12) =? ee 
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18. Omission of the plus sign before a number. If the 
first of several numbers connected by either plus or minus 
signs is a positive number, its sign is omitted; thus 
+4—34+46 is written 4—3+46. If the sign of the 4 had 
been negative, the minus sign could not properly have been 
omitted. 

19. Omission of the sign of multiplication. If each of 
two or more numbers be inclosed in a parenthesis and the 
parentheses be written one directly after the other with 
no sign of operation between them, the sign of multipli- 
cation is always understood; thus (6) (3) means 6. 3. 
Similarly (6) (5) (2) =6. 5- 2. 


MISCELLANEOUS ORAL EXERCISES 


Simplify the following : 


1. (7) +(5). 13. 222s, 25. 5-0. 
Bui ys (5), 14> 18 1! -26N0R eso 
ae (5). 15. 15 —14, 27, 4 & 
say (D> | 6 eee 28. —3-6. 
Revert (B). 17 G3 29. 12 +(—2). 
61-5. 18. (— 8)(6). 30)! io Sag: 
a= 9) — (4); 19. (— 5)6. 31. = 3933) 
Ros. 20. (7)(— 5). 32. 45 -+(—15). 
pee (— 13). “1. S(oy 33.0168 
10. —6—(—10). © 22. (—5)(—12). 34. 0=3. 
Dir G10: 23. = 3 (a8) 35. So 7eo! 
Leg Be (210). 4. bee 36. 32.56 
S446 24-1.) Bee 2G sees 


30. 2 35a eoe 


Add 
40. (hs 41 6 42 

—2 2 

3 —3 

ae ae 
Simplify : 
44. 3-63. Dee 
45. —4(7)+(— 2). 53. 
46. 3(— 6) + 2. 54. 
47. 4-6(— 8)+(—16). 55s 
48. 18 +(— 3)-6+4. 56. 
49. 3”. 57. 
50. (— 3)”. 58. 
il euee. 59. 
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| 
pees. 


(— 2% 

(— 4+ 
Sony 
—(— 5). 

— 2(8)°(— 2). 


—8(— 2(— 8) 


= 2(4)) (=). 
2(— 4) 8: 


MISCELLANEOUS EXERCISES 


Simplify the following : 


fede (= BY 
2aa= (— 2, 
» (6 — 3) (3+ 2): 


mes. 2182 (3) 9.36 


8. 5?—4+(—2)+6(—3). 


o 


4. (6—2)(7 — 3)+(4 — 9). 
5. 6—-HE+}. 

6. (—1)°-+(—1)+ (— 29+ (— 28 
+9—2.6+4+4( 


ey 2) (By 8) 


12. 
13. 
14. 
15. 


3 (4)*(— 5) —(— 5). 


3° + 3(3)(— 2)+ 3(3)(— 2)? + (— 2)%. 
48 — 3(4)?(— 3)+ 3(4) (— 3)?—(— 3)*. 
3? — 3(3)?(0) + 3(3) (0)? — 0°. 

16. 5? + 3(5)?(— 4) + 3(6) (— 4)’ —-(— 4. 
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If « = 3. and y =— 2, find the value of : 


Lite. 19. y*. 21. 29% 23. 5aty*. 
1G. Oy: 20. 7’. 22. 2of. 24. 424 oe 
25. 27 — 7’. 28. 2? —2ay+y’. ; 
2640? — a) 29. (x+y) (x — y). 
27. a? + 2ay + 7’. 30. 2° + 3277 4+ 327+ 7°. 


31. Does 4a —2 = 22+ 8, if#=5? 
32. Does 832 —5=22+4 8, ifx=—9Q? 

33. Does 2? —2 —12=0, ifa=—4? ife=— 8? ifa=—4? 

34. Does 827+19e=14, ifa=2? ife=2? ifa=—T? 

35. At 7.00 a.m. on a certain day the thermometer registered 
27 degrees above zero. The mercury then fell at the rate of 
3 degrees per hour. What was the temperature at noon? at 
4.00 p.m.? at 5.00 P.m.? When was the temperature — 12? 

36. A Zeppelin rises 1800 feet from its position, then falls 
1200 feet, rises again 1750 feet, falls 400 feet, and then rises 
820 feet. How many feet higher or lower is it than at first ? 

37. Euclid lived about 300 8.c. Sir Isaac Newton died in 
1727 a.v. If dates before Christ are considered negative and 
those after Christ are considered positive, how might these 
dates be written ? 

38. What is the meaning of the date— 450? of +1917? 
What is the difference in time between the two ? 

39. A boat is traveling 12 miles per hour. A man on its 
deck is walking 3 miles per hour. Using pesitive and nega- 
tive numbers, represent the rate at which he approaches his 
destination when he walks toward the bow and when he walks 
toward the stern. 


40. A balloon capable of supporting 500 pounds is held down 
by 10 men whose average weight is 150 pounds. Using posi- 
tive and negative numbers, represent the weight of the balloon, 
of the men, and of the balloon and the men together. 


: CHAPTER III 
S. SAA Jf ¢-Cpptmon XK Ayo. 2 S) DG ys 


20. Monomials. A number symbol which is not the indi- 
cated algebraic sum of two or more number symbols is 
called a term or monomial. 

Thus 5, —a, b4, a®x, and — 4 cy? are terms. Frequently, where 
no confusion would arise, expressions like (a'+ 6), 8(a— y), 5vV. 28, 

- and Va—~z are called terms, for in such cases one’s thought is ~ 
centered not on the parts of which the expression is composed but 
on a single number for which the whole stands. 


21. Similar terms. Terms that are alike in every respect 
except their coefficients are called similar. 

Thus 3, —7, and 9 are similar terms, as well as V2 and 3V2. Also 
a, 4a, and —10a are similar terms, as are a?z, — 3 az, and 7 a?z. 

22. Addition of similar terms. We have already learned 
that 64+3a=94, 64a+(—3a)=38a, and 5ay+6 vy=11 zy. 
In like manner the sum of 8y, —3y, 2y, and —y is 6 y. 
The terms — y, z, ay, and — x are equivalent to —1y, 
+12, +1ay, and —1 x respectively. 

Thus, for adding similar terms we have the 

Rule. Find the algebraic sum of the numerical coefficients 
and prefix this result to the common literal part. 


ORAL EXERCISES 
Find the sum of: 


1. + 8, —4. 5. +12a,-—Ta. 9. +524, —7T2. 

2. 4-9,—12- 6. —9a,+3a. 10. —11a, +142. 

3. — 6, —9. 7, —2a,+3a. 11. —12ac, —4 ac, +9ae. 
4. —6a,—4a. 8. +82,—3%. 12. + ax, —3ax, + 5am. 
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13. + 4ax, — ax, —T ae. 

14. + 6axz, — ax, — 34x, + ax. 

15. + 4ac, — 3ac, +12 ac, — 8 ae. 
16. + 3ac, —12 ac, —10ac, +15 ac. 


Combine : 
Vi Ge 20a OGL — o Ore 
18. 4am — 6am —10am+ 8am. 
19. 5am — 38am +12 am —T7 am. 
20. 6am —T am + 38am — 2am. 
21. —3 ax —4axr4+7 ax —12 ax. 
99. =e + 4 464- a6 — 2 ae 12 ae. 
23. 4ax —10 axe —12 ax +7 ax. 
24. 3ax —dax4+T ax — 9axs 8 az. 


23. Order in adding terms. Obviously 2+3=3+4 2, and 
38 +h = 2 +b—3=]—38454 2 ete.) Phis, alltstrates 
the law that in addition the terms may be arranged and 
added in any order. Hence 6d+7c=7e+6d, and the 
sum of 3 and z is either + 3 or 3+2; alsoat+b=6-+4a, 
and at+6+¢=b04+ec¢+a=c+a+0. 

24, Addition of dissimilar terms. Algebraic expressions 
for the sum of two terms which are not similar, such as 6d 
and 7c, are obtained by writing them one after the other 
with a plus sign between them; thus, 6d+7c. The addi- 
tion of 6d and —7e is indicated by writing 6d+(—7e), 
or, more briefly, 6d —7 ce. Similarly the sum of 32, —2y, 
and —7z may be written 8x +(— 2y)+(—72), or, omitting 
the parentheses and the unnecessary signs, 32—2y— Tz. 

Thus, for adding dissimilar terms we have the 

Rule. Write the terms one after another in any order, 
giving to each its proper sign. 

If similar and dissimilar terms are to be added, the two 
preceding rules must both be applied. 
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EXERCISES 

Find the sum of: 
1. a, 46, —©. 4. 5a®y, — Bay’, by, — 2 cy® 
2. 4x, — 26, 5y, 10. 5. 62, — 3a, 26, —5za, 3y. 
3. 3ab?, 2 bx, — cy, 40%. 6. 5a, —46, + 3c, 7b, —2¢. 

7. 30,4207, —7¢, — 48%, 5 at. 

8. 5°, —5 ab®, — 3.07, 3 ab, 4 0°, 2 ab’. 
Simplify : 

9. 11+5—-—9—3+416 — 25. 


10. 
11. 
12. 
“13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 


16 ac — 9ay + 5ac — 2xy — 6 ae +11 wy. 
ix - 6a—1ba— 8a 3a: 

12y —17y +1064 20y — 250. 

4 ab — 8ay —12 ab +15 ab — xy. 
1427-137 +2 —52?+ 7. 
52—47—-l1y+2-Ty. 

7d —5 as +6 ed — ab + 9.075. 

—4a7b? + 6277 —15 ab? + 3.27? + 0 ab’. 
—@—1944+178+0— 004134. 

12 a*d + 6 ed — ad +16 a —13 0% — 26 ead. 
MN Noy a 21 a a. 

SNe a Ne y+ 8 Ve oH ey, 
3(a + 6)— 5(a+6)4 8(a +5), 

—T(a— 2b)+(a — 26)4+12(a— 2d). 


25. Addition of polynomials. A polynomial is an algebraic, 
expression consisting of two or more terms. 


It is not usual to call an expression a polynomial if any of its 
terms contain a letter under a radical sign. Thus we shall not call 
expressions like Vz — 8 + 4 polynomials. 


A binomial is a polynomial of two terms. 
A trinomial is a polynomial of three terms. 
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‘ 


EXAMPLE 


Add the following polynomials: 4a — 6d—a%e; 36+4a°; 
—8a—Tare+10; 5a4+36—6. 


Solution. +4a—6b— @e 
+3b+4e@c 

—s3a —T@e+10 

+5a+308 — 6 

Sum, ba —4tee+ + 


For the addition of polynomials we have the 


Rule. Write similar terms in the same column. 
Find the algebraic sum of the terms in each column ard 
write the results in succession with their proper signs. 


A check on an operation is another operation which tests 
the correctness of the first. 


For example, in arithmetic the result of division is cheeked by 
multiplication; thus the check for 152 + 6 = 22, is 22-6 =152. 


Addition in arithmetic is usually checked by adding the 
columns in the opposite direction. In the two cases 
the mind deals at every step with different numbers, and | 
if the final result is the same, its correctness is more 
probable than after either addition alone. But for arith- 
metical addition, and for many of the operations of 
algebra, no really satisfactory check exists. 

In elementary algebra long columns in addition do not 
occur. Where columns contain three or more numbers 
they may be added term by term upward or downward. 
If the numbers in a column are not all of the same sign, 
we can partially check results by adding the positive 
and the negative numbers in such columns separately and 
finding the algebraic sum of the two results, 
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EXERCISES 


Add the following polynomials and check the results : 


ig 
2.2—y—3,2x%+y—8,and7x—4y+4+10. 

3. aty+tz,0—3y+42,and3a+4y—Tz. 
4. 24%+5y—2,3x2—8y+ 62, and x — y—z. 
5. 
6 
7 
8 
9 


z+ 3, 2x — 6, and 32 — 5. 


3a—1,4— 2a, 6a — 8, and 32 +43. 


. #— 9,16 —42*, 827+ 4, and 3 — 22%. 

- 52+ 5y,42%—9y4+ 6z, and 3a — 3y — 8z. 
. Te—6y4+ 82, 54—42, and 24+ by — 5z. 
. P—x—2,32°’—424 5, and 527+ 8a —7. 


10. 2?—42+41,32 —22°+ 8, and 10x — 112’— 18. 
11. 3c—4¢—5, fP+c4+1, 4ce—2¢2+3, and 5—2e—524 
12. da —5y — 5z, by — 22, and Ta — 6y — 9z. 
13. ¢+22+3y,y—32+4a4,andz—2xr—Ay. 
14. 54—6y4+72, 2y—11z2+2, and 9z— dy. 
15. 8a—T7h— 6¢, 5c —4a— 3b, and 3647e. 
16. Yac — be, T ab — 3.ac, and — 12 ab — ae. 
17. &—44a+4+10, 5a—6a'+ 4, and 3a —16 4+ 2. 
18. 9—a@?+ 3a, —13+ 6a?— 4a, and 3a’?— a. 
19. a8 ©, 4—Tx+3a, Te—2a+410, and a—c 
—2x—11. 
20.a+ae+c4+5, 244+ 2¢4+104+22,a—c—T—~2z, and 
mow — 2a + 4. 
fel. 4 —1—3¢,2—a—2¢,a—38¢c—5, and 22—7+11a. 
¥22. 24+3y+52,%—y+3z, and 3¢4—2y+10z. 
123. 42 — 20z, 84+ 9y, and 52 — 3y. 
¥ 24. a—3(a—y)+2,5 5 —10a+4(a—y), and —2(a—y)+6. 
¥ 25. a+d+2(b—c), 7(b—c)+6d—12a, and 1la—5(b—e), 
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Combine similar terms in the following polynomials : 

26. Ta? —1387?4+12°4157?—a@ —-7°438?4 5e. 

27. @ + 2ay+y7—5ay —42°—-y+162?— 8ay+y. 
98. Fab — +0 +4 0b — 90 +50? —2 ab —26. 

295 5a — 6-4 — Ag — 3 — 3 @ 2 ae Lo eles 

30212 10s 3S be— Os eee eee 

31. 4a*y —ay+y—dsay+4ay?—2ary+4y'4+ 3ay + xy. 
32. da +4b—fo+e+ h$b—2a—b+3e4 fat. 


The sum of 5z and 2a may be written (5+ 2)z. This is not usual or 


necessary, as 5 and 2 can be combined and the result written 7z. In 
adding 5a and az, however, the 5 and the @ cannot be combined and the 


result expressed by a single character, so the sum is written (6+ a)a. | 


Similarly, aa—82%=(a—3)a, aw+e2=(a+4+1)a2, and az—be+ a= 
(a—b+1)e. Alsoa(fe+y)+b(@+y)=(a+6)(e+y). 


Write so that 2 will have a polynomial coefficient : 

33. ax + 3a. 35. 3cx — a. 37. 2axc — 3a + ba. 

34. Zax +a. 36. ax + ba + cx. 38. 3ax—4er7 + a. 
39. 3ax—ba—atame. - 40. be —S5ex—2x—Abz. 


Write so that the binomial will have a polynomial coefficient: 
41. a(b+c)4+3(6+ 6). 42. 4(a —x)— 5b(a— 2). 
43. 8a(a+36)—1(@+4+30). 
44. Tb(e’+y)—a@t+y)t+@et+y’). 


CHAPTER IV 
‘SIMPLE EQUATIONS 


26. Definitions. An equation is a statement of equality 
between two equal numbers or number symbols. 

Thus 2=5—3, a—2b=8a+b-—2a—3), 4x=2412, and 
x?—5x2+6=0 are equations. 

The part of an equation on the left of the equality sign 
is called the first or left member, that on the right, the 

second or right member. ~ 
' In an equation a letter whose value is sought is called 
the unknown letter, or simply the unknown. 

The process of finding the value of the unknown letter 
in an equation is called solving the equation. 

27. Axioms. An axiom is a statement whose truth is 
accepted without proof. 

In the solution of equations constant use is made of 
four axioms. 


Axiom I. If the same number is added to each member 
of an equation, the result is an equation. 


Thus, adding 5 to each member of z— 5 =7 gives x =12. Axiom I 
states that if this addition is performed, the result is true. Hence 
the original equation is solved. 


Axiom II. If the same number is subtracted from each 
member of an equation, the result is an equation. 


Thus, subtracting 4 from each member of z+ 4 = 10 gives e=6. 
Axiom II states that if this subtraction is performed, the result 


is true. 
RE 39 
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Axiom IIT. If each member of an equation is multiplied 
by the same number, the result 1s an equation. 


If an equation is in the form 5 = 6, it can be solved by multiplying 


each member by 2, giving z =12. Axiom III states that if this multi- 
plication is performed, the result is true. 


Axiom IV. If each member of an equation is divided by 
the same number (not zero), the result is an equation. 


If an equation is in a form like 3z=12, it can be solved by 
dividing each member by the coefficient of z. Thus, dividing each 
member of 32 =12 by 3, we get r=4. Axiom IV states that if this 
division is performed, the result is an equality. 


If all terms containing the unknown letter are in one 
member and all numerical terms in the other, the like 
terms may be united and the equation solved. 


Thus 5a—22+2=8+415—83 becomes, when like terms are 
united, 4 = 20, and dividing each member by 4, we obtain x = 5. 


Usually, numerical terms, as well as terms containing 
the unknown letter, will be found in each member of an 
equation, as in d2+3=22r+418. By the use of one or 
more of the preceding axioms it is always possible to change 
the form of such equations until they are similar to the 
equation 32=15, which, as we have seen, can easily be 
solved. 

In changing the form of an equation, by an application 
of the foregoing axloms, It is important to note that we 
do not change the value of the unknown. We merely 
discover the value which it really had all the time. In 
fact, the chief significance of the foregoing axioms lies in 
their application to any kind of equation, whether it 
involves numbers, letters standing for known numbers 
or for unknown numbers, or all of these together. 


SIMPLE EQUATIONS ~ 41 


ORAL EXERCISES 


Find the value of the unknown in each of the following 
equations. State the axiom or axioms used in solving each: 


eae = 4) 15. h—-T=3. 24. ¥y+3=11. 
Bee G == 12: —6= 

Ye Salter 25. y—6=8. 
Bey = 15. 2 x 
4, 2n=16. ae ea 
5. Ta = 35. aS oe 

i ae 27. 7 4. 
7 kt 3 =). Yow 28. Tx =7 
ae i9. ¥—4, 290 a 
9. 2+2=17. 5 ‘ 
2 = 
10. y+9=16. ore. 30. 2e +18. 
a A ( 31. 2¢+5=11. 
1D, ae Py Gee 7 32. 5n—9=6. 
eee —— A 7), 22. n—2=6. 33) 00 = o-- 4 
14 2 —) =i. PB, 14) ss BAY) 34. 2a + 1 = 2: 
EXAMPLE 

Solve 52 — 8 = 22 +19. 
Solution. 5a—8=227419. 
Subtracting 27 from each member, 382—8 =19. Ax, II 
Adding 8 to each member, Si ills Ax, I 
Dividing each member by 3, Os Ax. IV 


This method of solution illustrates the following 

Rule. By the applications of Axioms I and IT change the 
equation so that all of the terms containing the unknown 
number are in one (usually the left) member of the equation, 
and all other terms in the other member. 

Combine the terms in each member. 

Divide each member by the coefficient of the unknown. 
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Checking the solution of an equation is often called 
testing or verifying the result. For this we have the 

Rule. Substitute the value of the unknown obtained from 
the solution in place of the letter which represents the 
unknown in the original equation. Then simplify the result 
until the two members are seen to be identical. 


Check. 5a2—8=22+419. 
Substituting 9 for z, 5-9-8 =2-9 +19. 
Simplifying, 45 —8=18 419, 
or Bins Cie 
EXERCISES 


Find the value of the unknown in each of the following 
equations and verify results: 


tens oie 13..6—a=9—4a, 
2.-y—9=6. 14. 2g ae 

3. 427—6=14. 15.54+3y=y4+4. 

AA toe 16. 2%7+8=52—-1. 

5. ba —2 = 4a +5. Hint. Subtract 22 from each 
6. 5p =3p4+8. member, etc. 

1.40 --S=32Q. 17.5+4+2¢=5¢q-1. 

8. 3n=n+3. 18. 2—38n=n+41. 

Qo 4a 2 7-5. 19° 4 2 ee 

10. 52+6=32+410. 20. 42+3—2+5=2—10. 
11. 42 —7=22+3. 21. 34+ 2z2—-1=12 — 3z, 
12. 34—5=7 — &. 22. 273 +32+a¢=24+9422. 


23. d4y—3+4+38y—-—4=6y-—8. 

24.936 — 8244-9927 10 
25. 34+1224+17 —24 42 =107. 
26. 4k —-3 = 5k —16— 43h —71. 
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ORAL EXERCISES 


1. A rope is 10 feet long. How long will it be if 3 feet are 
cut off one end ? 

2. If 3 feet are cut off one end of a rope a feet long, how 
much remains ? - 

3. A river is d feet deep at a ford, and 8 feet deeper under ~ 
a bridge. How deep is it under the bridge ? 

4. A 25-gallon tank is full of gasoline. If g gallons are 
pumped out, how many gallons are left? 

5. A 50-gallon tank is full of gasoline. If gasoline is 
pumped out until there are only x gallons left in the tank, 
how many gallons are removed ? 

6. If the sum of two numbers is 100, and one of them is 
n, What is the other ? 

7. A pole y feet long is cut into two pieces. If one piece 
is f feet long, how long is the other ? 

8. If the sum of two numbers is s and one of them is 10, 
what is the other ? 

9. A certain chimney is three times as high as a neighbor- 
ing telegraph pole. If the pole is 4 feet high, how high is 
the chimney ? 

10. A rectangle is three times as long as it is wide. If it is 
a feet wide, how long is it? What is its perimeter ? 

11. There are twice as many boys in a certain class as there 
are girls. If there are n girls, how many boys are there? 
How many pupils all together? How many people in the 
room, including the teacher ? 

12. The roof of a certain building is five times as far from the 
ground as the bottom of the third-story windows. If the win- 
dows are y feet from the ground, how high is the roof? How 
long would a wire have to be to reach from the roof to the ground 
and back toa third-story window ? How long wou ta.nve to be 
to reach from the roof to the bottom of the win 
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The foregoing directions for the solution of the various 
problems leading to simple equations are as definite as 
can be given. The student will obtain much aid from the 
study of the typical solutions which occur from time to 
time. Then one or more careful readings of each problem, 
a little fixing of the attention upon it, and an application 
of common sense will insure progress. 


EXAMPLE 


A man wishes to give 75 cents to his two children so that 
the older receives 15 cents more than the younger. How much 
shall he give to each ? 


Solution. The amount the older child receives + the amount the 
younger child receives =75 cents. Let z denote the number of cents 
the younger child receives. Then z+15 denotes the number of cents 
the older child receives. 

By the conditions of the problem, 


22+15 =75. 
Pie 0 
Gea 
z+15= 45 


Hence the younger child receives 30 cents, and the older receives 
45 cents. 


Check. 75 =45+4+30, and 45 —30=15. 


~ 


PROBLEMS 


1. One boy sells 5 more newspapers than another. Together 
they sell 67 papers. How many does each boy sell. 


2. It is desired to divide a class of 51 students into two 


groups, one of which shall contain 3 more than the other. 
How many will each group contain ? 
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3. One number is five times another, and their sum is 30. 
Find both numbers. 


4. The sum of two numbers is 72, and the greater is three 
times the less. Find both numbers. 


5. One number is five times another, and their difference is 
52. Find both numbers. 


6. A freight train contains 72 cars. It is desired ~ to 
divide it into two trains, of which one shall contain twice 
as many cars as the other. How many cars* will there be in 
each train ? 


7. The perimeter of a certain square is 24 feet. Find the 
length of each side. 


8. A rectangle is three times as long as it is wide, and its 
perimeter is 64 feet. Find its length and its width. 


9. The perimeter of a certain rectangle is 78 feet. Its 
length is five times its breadth. Find its dimensions. 


10. A rectangle is 12 feet longer than it is wide, and its 
perimeter is 96 feet. Find its length and its width. 


11. It is desired to cut a log into two pieces so that one 
piece shall be 8 feet longer than the other. If the log is 36 feet 
long, he: rg will each piece be ? 


12, A, dich 120inches long is to be cut into two. pieces, one 
‘of which is to be 14 inches more than three times the length 
ix 
‘im other. How long is each piece ? 


13. The sum of three numbers is 22. The second is twice 
the first, and the third is four times the second. Find each 
number. 


Hint. In solving a problem involving three or more unknown num- 
bers the student should read the statement carefully and decide which 
of the numbers to be found he should indicate by x. He should select 
for this purpose the number in terms of which the other numbers are 
tnost easily expressed. 
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14. The first of three numbers is twice the third, and the 
second is four times the third. The sum of ‘the three numbers 
is 63. Find each number. 

15. It is desired to divide a company of 95 soldiers into 
three squads of which the second contains 5 more men than 
the first, and the third contains 10 more than the second. How 
many men will there be in each squad ? 
a6 It is desired to divide a train of 62 cars into two sections, 
one_of Whieh-is’to contain 2 more than twice as many cars as 
the-other. How many cars will there be in each section ? 


— 


os 7. Find two consecutive numbers whose sum is 45. 
ZA 18. Find two consecutive odd numbers whose sum is 36. 


19. Find three consecutive numbers whose sum is 72. 
20. Find three consecutive even numbers whose sum is 48. 
21. Find five consecutive odd numbers whose sum is 85. 


22. It is desired to cut a stick 36 inches long into three 
pieces whose lengths are consecutive integers. How long will 
the pieces be ? 


BrocrarwicaLt Notr. John Wallis. Among those who introduced 
and helped to standardize the modern algebraic symbolism was John 
Wallis, an Englishman. He was the son of a clergyman, and, like most 
scholars of his day, did not confine his interest to any one subject. He 
was at various times an instructor in Latin, Greek, and Hebrew, and for 
many years was professor of mathematics at Oxford. He also invented 
a method of teaching deaf mutes to talk. 

During the wars between Charles I and Cromwell, Wallis’s sympa- 
thies were with Cromwell, and he was of great service in reading royalist 
dispatches written in cipher. In fact, he was one of the most famous 
cryptologists of his day. 

Wallis did not become interested in mathematics till the age of thirty- 
one, but devoted himself to the subject for the rest of his life. One of 
the earliest and most important books on algebra ever written in English 
was his treatise published in 1685. It contains a brief historical sketch 
of the subject which is unfortunately not entirely accurate, but his 
treatment of the theory and practice of arithmetic and algebra has 
made the book a standard work for reference ever since. 


JOHN WALLIS 


CHAPTER V 
SUBTRACTION 


29. Subtraction of monomials. The principles stated on 
page 25 apply to the subtraction of monomials as well as 
of the positive and negative numbers there used. Hence 

for subtracting one monomial from another we have the 
Rule. Change the sign of the subtrahend ; then find the 
algebraic sum of this result and the minuend. 

As soon as possible the student should learn to change 
the sign of the subtrahend mentally. 


EXAMPLES 


1. From + 8a take + 5a. 


Solution. + 8aminus +5a=8a—5a=3a. 


2. From 6az take — 2 az. 

Solution. 6 az minus — 2arz = 6ar + 2ar= 8 az. 

3. Subtract 7 ab from — 10 ab. 

Solution. — 10 a?b minus 7 a?) =— 10 a®b —7 a®) = —17 abd. 

The difference of two dissimilar monomials cannot be written 
as a single term, but is expressed by a binomial, as follows: 

4. Subtract + a from + d. 

Solution. + ’ minus +a=)—a. 

5. Subtract — 40 from 3c. 

Solution. 8c minus —4b=3c+4b. 


6. Subtract 4a2y from — 52’z. 


Solution. — 52?z minus 42y = — 5 a’2—42y, 
49 
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In each of the following, subtract the second term from 


the first: 

ile hh, BiGhe 
2. 04,00. 
3. tha, 144: 
A (Gl Zia, 
5. 4a, — 2a. 
6..6a, — 5a. 

Bec, AAT é: 


y) 


8. 4c, —Q9e. 

9. — 3a, 6a. 
10. — da, 8a. 
11. —Ta, —104a. 
12.. — 114, 62. 
13. — 6a, —4a. 
14. — 8a, — 6a. 


15. —4a, —Ta. 
16. — 3a, — 8a. 
17. —9a, —122. 
18. 12%, — 52. 
19. —4ac, —4ae. 
20. —4ac, 4ae. 
21. 4ac, —4ae. 


Subtract the first monomial from the second, and also the 
second monomial from the first, in each of the following: 


22. 2x, Bar. 

23.4 Bt 2. 

24. — 24x, —3H 
25. —5a, — 32a 
26. — a, 4x 
27. —a2,— 32. 
30 


28. — 3¢, de. 

29. — ac, — dae. 
30. 8a%c, —11a’e. 
Si Oo. ae. 
32. — 4ad, 0 

33. 27, y. 


34. Coa 

35. x, — By. 
36. — 4a, 60. 
37. — 2a, — 5b. 
38. — 2a, — 2a. 


39. 5a, — 5a. 


., Subtraction of polynomials. For the subtraction of 
polynomials we have the 


Rule. Write the subtrahend under the minuend so that 
semilar terms are in the same column. | 

Then, changing the sign of each term of the subtrahend 
mentally, apply the rule on page 49 to each column. 


Check. In algebra, as in arithmetic, work in subtraction is 
checked by use of the relation 


difference + subtrahend = minuend 


SUBTRACTION o1 


EXAMPLE 


Subtract 5a —2y—Tz+2 from 3x24 8y as z, and check 
the result. 


Solution. Ba+ 8y—5z = minuend 
5z2— 2y—7Tz+ 2 =subtrahend 
Check. —22+10y+ 22-2 = difference 
Difference +.subtrahend 382+ S8y—5z = minuend 
EXERCISES 


In Exercises 1-12, subtract the first number from the second: 
la+2,a+3. 5. 22—5,5—22.- 9. 2ab—5e, 5e. 
2.a—4,a—6. 6. 64—3,6+32. 10. 3xy—a, day. 
3. 2a—3,3a4+7. 7. 9%+4,4a2—9. 11. 0,744. 

4. 3a4+7,9-4a. 8. 4a,4a—2. 12. 2x — 5, 0. 


In Exercises 13-26, subtract the first polynomial from the 
second and check the work: 
13. «—2y—32, 2e—2y+z. 
14. 4x—8y+22, 44 —5y— 32. 
15. 3a—2b,4a+b64 26. 
16. 5a—1b6+4 36, 3a— 5b. 
17. 327-2 —5, 5a?+ 8a — 2. 
18. 72? — 427411, 84—52?—-13° 
19. a—“z+y,b—“—-~y. 
20. 3a—2b4+c4+6,4a—6+4+ 58. 
21. 2a+2b—2¢—4,a—30. 
22. 2a—3r+4¢,4u~—3a— 3c —11. 
23. a+b—c,c—a—b. 
24. 27— 30b+ 1, 30? —Ta + 8ab. 
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25. 38a° — 3a*y — 327’, 4a°y — Say? — x’. 
26. @&—&— 3a%e4+ 3ac, dae+4EP+3a + 2ac’. 


In Exercises 27-35, find the expression which added to the 
first will give the second: 
27.“%—2y+2,2a+5y—32. 30.a—b+42¢,5 
28. Tx—9y—3z, 5a—2Qy—4z. 31. aa’®?+ba+e, 2ba—e. 
29. 5a—4b+ 6c, 6a— 30. 32. 3ab+c, 3xy — %. 
33. 24 —4y—2, 0. 
34. a — 2ac+3e,2e°—38ac+ 4a’. 
35. 2ary — 3a, yx + ya? — 2. 
In Exercises 36-42, find the expression which subtracted 
from the first will oe the second: 
. Ls. ta - By — 2,382 —2y—z. z 
| 7 2? 72 10, 142 —8 4328 
Via 8. x—y—2z,57+3y—82 
I} 1/39. 4— 827, ue og 
{/ : 40. at +07? + ct, 2ct— 8 a%? — 4a’. 
| 41. 3a+5b—«e, 0. 
42. 4a+6b—8y,a—12. 


43. Subtract the sum of a? +2ab—1 and a? Se LZ ab 20) 
JRO, Che SAS HO) 

44. Subtract the sum of a — 3h +eand 4a +5b—6ce+4 
frome — bit 6-2. 

45. From the sum of 5% + 3 a°y —15 ay? and — 6a —12 a7 
+ Tyx? subtract lla — 5a*y +7 ye. 

46. From the sum of 4abc?—3.ab?e+2a%be and babe 
— 5ab’ec — 4a°*b’c subtract 2 abe? — 3.a*%be + 7 abe. 

47. From the sum of 3a —4ay— 22 and Tay—42—32@ 
take the sum of 52 — 2ay — abe and 9a — 6 ar%be — z. 


i 
& 
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Find the algebraic sum of : 


48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 


(4x —3y+6)+(82+4+5y —10).’ 
(Te+5d—e)—(4c+5d—9e). 

(a + 2a +5)+ (227 + # —10)— (a? — 5x + 3). 
(@+3y—22)+(4e—5y+32)—(Ba— 2y— 6a). 
(a+ 3y—2)+(4y+72)—-(@—yt+ 32). 

4a —3y+7—(2Qa—5y—4)+(42 — 8). 
3¢—5d—e—(5e+6d+11e)—(5e+4e). 
3a+3b—4¢—(—3b—3¢—4)—(4a+ 2-80). 
ip C+ 3cx? — 3c — (4° + &— 2 cx — 4x). 


SHO 


IDENTITIES AND EQUATIONS OF CONDITION 


31. Kinds of equations. Equations are of two kinds: 
identities and equations of condition. 

An identity is an equation in which, if the indicated 
operations are performed, the two members become pre- 
cisely alike, term for term. 


Thus, 4-54+3-4=8-5— a.8 is an identity, for, if we perform 
the indicated operations, it becomes 20 + 12 = 40 — 8, or 32 = 32. 

Similarly, 2a+36—4=3a—2b6+(5b—a-—§4) is an identity, 
for, if we perform the indicated addition in the second member, the 
equation becomes 24+ 3b)—4=2a+36-—4, in which the two 
members are alike, term tor term. 


\ 


An identity which involves letters is true for any nu- 
merical values of the letters in it. 

Thus the literal identity (a + 3)?=a?+6a+9 becomes, when 
a=5, (5+8)?=57+6-549, or 827=25 + 3049, or 64 = 64. If 
a is zero, the identity becomes (0 + 3)? =0+46-049,or9 =9: 


An equation in one unknown which is true only for 
certain values of the unknown is an equation of condition, 
which for brevity we shall usually refer to simply as an 
equation. 


The statement 42 = x +12 is true only when x =4. If 4 is sub- 
stituted for z, the equation becomes the identity 4-4 =4 +412, or 
16 =16. Clearly the statement is false if 0, or 3, or any value 
other than 4 is put for x; it is true on condition that z be 4, and 
on no other. 

54 
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Similarly, 2? —52+6=0 is true when r= 2 or when x =3. In 
the first case 2? -5x2+6=0 becomes 2?—5-24+6=0, or 4—10 
+6=0,or0=0. In the second case we obtain 32—5-3 + 6 =0, 
or 9-15 +6=0, or 0=0. Plainly the statement obtained is false 
when — 2 is put for a, for then it becomes (— 2)? — 5(— 2) + 6 =0, 
or4+10+6 =0, or 20 =0. Similarly, any value other than 2 or 3, 
when put for 2, gives a relation between numbers which is not true. 

Every equation of condition may be regarded as asking a question. 
Thus the equation 3z+2=15 asks, “What number when multi- 
plied by 3 and the product increased by 2 gives 15 as the result?” 


The equations used in solving the problems on pages 
46-48 are equations of condition. The conditions there 
expressed in ordinary language in the problems were trans- 
lated into the algebraic language of equations. 

Instead of the equality sign, the sign = (read ¢s ¢dentical 
with, or is identically equal to) is sometimes used for em- 
phasis if the expression is an identity. 


Thus 83a=2a+a may be written 3a=2a+a. 


32. Root of an equation. A number or literal expression 
which being substituted for the unknown letter in an 
equation reduces it to an identity is said to satisfy the 
equation. 

Thus it has been shown that 4 satisfies the equation 4% = x + 12, 

-and, similarly, the literal expression 3a satisfies the equation x — 5 
od — 9. 

A number or number symbol is called a root of an equation 
Uf it satisfies the equation. 

The process of checking the solution is really finding 
out whether the result obtained is a root of the equation 
or not. It should be particularly noted that after the root 
has been substituted in place of the unknown, the equation 
of condition becomes an identity. 


BE t 
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In Exercises 1-10, state which expressions are identities 
and which are equations of condition : 


In 


oF WwW NM eR 


.38+7=138—-3. 6. 
6 Vi apet ce 
5 OG = tre Wor 8 
ge+tiz=i-+z2. 9 
a—-2=24—3. 10. 


2“2=42 —Se-- =. 
g+7=44243. 


. de—lta2ti—42=0. 
.x+4—3274+2=62—8. 


Sol 4 


Exercises 11-20, select from the numbers at the right 
of each equation those which satisfy that equation : 


ALap == NW se) 

20 = 7 = 2: 
z£+3=—4a— 6. 
Oe ee ae 
e+6=3a2—10: 
xeti—2¢+3= 
eit 3e+2=0. 
2 —16= 62. 
4o?+4a= 3. 
Dgtearon 


11. 
12. 
13. 
14. 
15. 
16. 
We fe 
18. 
19. 
20. 


4-98) 
1,2, 4. 
0; Sale! 
= 90g. 
eee 
0. 3 


Is the number at the right of each of the following equations 
a root of that equation ? 


21. 
22. 
23. 
24. 


33: 
we add 4 to each member. 


3% —24= 8. 25. 
4% —15=2c. Be 26 
5a —12=22. 2. ae 
e+6e—38=0. 4 28 


Transposition. In solving 


the equation becomes 


b@—44+4= 


e—16=4245 F 
Oo 1 =) 7 eds 
Y+dy+4=0 2. 
Reo Se 7) — IL. 4 


the equation 542—4=18 


If we indicate this addition, 


18 44. 
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Now in the first member —4+4=0, so that these two 
numbers may be omitted, and the equation becomes 


5@=1844. 


Upon comparing this with the original equation, it is seen 
that — 4 has vanished from the first member of the original 
equation, and +4 has appeared in the second member of 
the new equation. 

Again, if we subtract 3y from both members of the 


equation 6y=3y +12, 


we get the equation 6y—3y=12, 


which differs from the original equation only in having 
—3y in the first member instead of + 3y in the second. 

Jt thus appears that a term may be omitted from one 
_ member of an equation, provided the same term with its sign 
changed from + to — or from — to + is written in the other 
member. ‘This process is called transposition. 

Hereafter, in order to simplify an equation, instead of sub- 
cracting a number from both members or adding a number 
to both members, as illustrated in the example on page 41, 
the student should use transposition, as it is usually more 
rapid and convenient. He should, however, always remem- 
ber that the transposition of a term is really the subtraction 
of that term from each member of the equation. 

Like terms in the same member of an equation should 
be combined before transposing any term. 

Nore. Our word algebra is derived from the Arabic word for 
transposition. The process by which one passes from the equation 
pu — q = x? to the equation px = z? + q was known as al-jebr. This 
is the first word in the title of an Arabic book on algebra which was 
translated into Latin. For some reason only this part of the title 


remained, and by the early part of the seventeenth century al-jebr, or 
algebra, was the common name given to the whole subject. 


~ 
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ORAL EXERCISES 


State the term or terms which must be added to both 
members of the following equations in order to transpose the 
underscored terms. What does each equation become after 


transposition ? 
1. o? —5=4. 7. 244+34+327+5=42+6. 
2.¢+12=4. 8. 6a— 2—82+6—1 4 
3.¢—-3=2, 9. 2? +427 =— 3. 
4.¢°+627=52—3., 10. 3a2—2=— 2". 
5. w —4a=5. 11. 52? —42=32—1. 
6. 2274+ 3824+1=2c—4 12. 8a—2e=4—4g% 


EXAMPLE 


Solve the equation 52 —7+ 224+6=112—5— 62412. 


Solution. d2—-7T+224+6=1ll2—5—62+412. 
Combining like terms, Te =l=5 94 7. 
Transposing, We=-be2S=7+1, 
Combining like terms, Qa = 8. 
Dividing by 2, gress 4y 
Check. 52—-T+2274+6=11l2—5—62412. 
Substituting 4 for z, 20-7+8+6=44—5— 24419. 
Combining, OT = 27. 

EXERCISES 


Solve the following equations, and check results: 


1. 4ae—1 = 38a -— 8. 6. 4k 4+1—-—2h=4. 
2. 4¢+5=27—10, 7.16+427—-—-4=2412. 
3. —6y—2=1—9y. 8. 42 —15 = 15 —2 — 5. 
4. 6¢-+3—22=27. 9. 5n+11—2n=6-—4 
5. 4y+3=2+4+5y. 10, 2a —1= 294-72, 


ee 
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11. 3k 4+9+5k—33=0. 15. 4%44+8=154 2746. 
12. 3h —20+8h—24=0. 16. 3y+5+y¥4+3=0. 
13. 64 —-134+22724+3=0,. 17.9—824+2=3-—4h, 
14. ¢4+2—5¢4=—92+12. 18. 3—52+2=5472. 

19. 8@—3e¢=1527+4+4—132. 

20. 8+ 7y—13 =y— 27— 5y. 

21. 3% —15 —102—9+162—21=0. 

22.18 +52—6—22414+32—25=0. 

23. 0=18—4274+274+92%—34162. 

24. fn $4n b= Ty 28 2 Ree 


ORAL EXERCISES 


Represent a number : 


1. Greater by 4 than «. 6. Four greater than a + d. 
2. Greater by a than z. 7. x greater than a + 0. 

3. Less by 5 than 7. 8. Seven less than x — 2y. 
4. Less by 6 than n. 9. a less than 2¢ — 8. 

5. Three times y. 10. ¢ less than three times bi 


11. a greater than four times n. 

12. Three less than five times y. 

13. Eight greater than three times n. 

14. One part of 10 is 4. What is the other part? 
15. One part of # is 5. What is the other part? 
16. One part of 8 is y. What is the other part? 
17. One part of m is p. What is the other part? 
18. One part of x is a. What is the other part? 


19. One part of + y is z What is the other part? 
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20. The sum of two numbers is 12. If one of them is 5, 
what is the other? 

21. The sum of two numbers is 12. If one of them is p, 
what is the other? 

22. The difference of two numbers is 8. If the greater is 25, 
what is the other? 

23. The difference of two numbers is 8. If the greater is x, 
what is the other? : 

24. The sum of two numbers is 25. “If one of them is a, 
what is the other? 

25. The sum of two numbers is s._ If one of them is 9 
what is the other? 

26. The sum of two numbers is a. If one of them is 2, 
what is the other? 

27. The difference of two numbers is 6. The less number 
is 4. What is the other? 

28. The difference of two numbers is d. If the less of them 
is 4, what is the other? 

29. The difference of two numbers isd. If the less of them 
is 2, what is the other? 

30. What is the excess of 19 over 6? 9 over n? 

31. By how much does 24 exceed 16? 24 exceed x? y ex- 
ceed 8? a +6 exceed 12? 

32. How much greater is 45 than 18? than 33? than a? 
How much greater is e than y? 

33. How much less is 15 than 32? than a? How much 
less is w than y? 


) 


34. By how much does a+ 6 exceed a? a+ 6 exceed 6? 
4a%—3 exceed 32? 


34. Translation of problems into equations. In the 
solution of problems the writing of the equation is 
nothing more than translating from ordinary speech into 
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the language of algebra. Sometimes it is possible to 
translate the statement of the problem, word by word, 
into algebraic symbols. 

For example, 


Four times a certain number, diminished by 6, 


4 x n — 
gives the same result as the number increased by 30. 
= n + 30 
PROBLEMS 


1. What number increased by 16 is ae to 37? 
Hint. n ao 16 = 37 

2. What number diminished by 23 is aot to 9? 

3. To what number must 28 be added so that the result 
may be 15? 

4, From what number must 15 be subtracted so that the 
result may be 24? 

5. If a certain number is doubled and the result dimin- 
ished by 13, the remainder is 49. What is the number ? 

6. If a certain number is doubled and the result ineneaeer 
by 16, the sum is 12. What is the number ? 

7. If a certain number is trebled and the result diminished 
by 16, the remainder is equal to the original number. What is 
the number ? 

8. Three times a certain number, less 23, equals twice the 
number, less 8. Find the number. 

9. Five times a certain number, increased by 12, equals’ 
eight times the number, diminished by 6. Find the number. 

10. Four times a certain number, less 7, equals twice the 
number, plus 21. Find the number. 

11. What number is as much less than 90 as it is greater 
than 16? 
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12. What number exceeds 16 by twice as much as 52 exceeds 
the number ? 

13. A certain number added to 14 gives the same result as 
that obtained when this number is subtracted from 58. What 
is the number ? 

14. If 9 is added to twice a certain number, and 12 is 
subtracted from five times the number, the results are the same. 
Find the number. 

15. Five times a certain number, plus 16, equals three times 
the number, plus 10. What is the number ? 

16. The sum of two numbers is 62, and their difference 
is 10. Find the numbers. 

Solution. The greater number + the less number = 62. 

There are two unknowns in this problem, but both can be repre- 
sented in terms of the same letter, thus: 

Let n = the less number. 


Then n +10 = the greater number, since the smaller 
is 10 less than the greater. 


Placing these symbols in the principal statement, we have 
mt Ol 7 == 62. 


.Combining, 2n +10 = 62. 

Transposing, 2n = 62 —10. 

Combining, Sa 

Dividing by 2, n = 26, the less number, 
and n+10 = 36, the greater number. 

Check. 36 + 26 = 62, 36 — 26 =10.— 


17. The sum of two numbers is 58, and their difference 
is 12. Find the numbers. 


18. The sum of two numbers is 8, and their difference is 42. 
Find the numbers. 


19. The sum of two numbers is 21, and the second is 5 
greater than the first. Find the numbers. 
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20. The sum of two numbers is 85, and one exceeds the 
other by 41. Find the numbers. 


21. The sum of three numbers is 55. The second is 5 
greater than the first, and the third is 17 greater than the first. 
Find the numbers. 


22. The sum of three numbers is 16. The second is 10 less 
than the first, and the third is 2 less than twice the first. What 
are the numbers ? 


23. Find shree consecutive integers whose sum is 90, 
24. Find three consecutive odd integers whose sum is 33. 


25. A rectangle whose perimeter is 32 feet is three times as 
long as it is wide. Find its dimensions. 
26. A rectangle whose perimeter is 102 feet is twice as long 


‘as itis wide. Find its dimensions. 


27. The length of a rectangle is 7 feet more than twice the 
width. Its perimeter is 110 feet. What are its dimensions ? 

28. A lawyer can afford to spend only $40 per week for 
office help. He must pay the office boy $5; and he estimates 
that the stenographer’s work is worth two thirds as much as 
the bookkeeper’s. How much should he pay each ? 

29. Mr. Brown can allow his three children all together a 
dollar and a half per week for spending money. In order to 
pay his car fare to school John needs 50 cents per week more 
than Elizabeth, while James requires only half as much as 
Elizabeth. What allowance will each child receive ? 

30. A farmer offers his son a reward if he will shingle the 
roof of the barn in 6 working days. The roof contains 120 
courses of shingles. The son wishes to plan the work so that 
he may lay each day two courses less than the previous day, 
How many courses must he lay the first day ? 


CHAPTER VII 
PARENTHESES 


35. Removal of parentheses. In solving exercises and 
problems it is often necessary to inclose several terms in 
a parenthesis. Sometimes it is necessary to inclose this 
parenthesis with other terms in a second parenthesis or 
even in a’third. To avoid confusing the different paren- 
theses, brackets [ ] and braces { } are also used. 

The parenthesis, the brackets, and the braces are called | 
signs of aggregation. For convenience, brackets and braces 
are often spoken of as parentheses. 

Occasionally the vinculum, or bar, is used in the same 
way as a parenthesis. Thus —m+2a=—(m+ 2a). 

In the solution of equations and in other algebraic work 
it is frequently necessary to remove all signs of aggrega- 
tion. This removal, while it depends only on the princi- 
ples of addition and subtraction which have already been 
learned, requires, nevertheless, some special study to acquire 
speed and accuracy. 

The value of 12+ (5 —8) is the same as that of 12 
+65 —8, or 14. Similarly, a+(6—¢c)=a+b—e. 

The plus signs preceding the parentheses in 12 + (5—3) and 
a+(b—c) belong to these parentheses respectively and vanish 
with them, whereas the plus signs understood before 5 and h 
within the parentheses are supplied when we write 12 + (5 — 3) 
=12+5—3 and a+(b—c)=a+b—c. In the expression 12 
+ (—5—3) the sign of 5 must be retained, and we have 12 + (Gao 153) 
SWS = 8) = 4h 
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Therefore ue have the 


Principle. A parenthesis and the sign before it, if plus, 
may be removed from an expression without changing the 
signs of the terms which were inclosed by the parenthesis. | 


In the expression 12—(5—8) the sign before the 
binomial shows that (5 — 3) is to be subtracted from 12. 
Hence we change the signs of the terms in the subtrahend 
and find the sum of the resulting terms and the minuend. 

Thus 12 —-(6—3)=12—5+4+3=10. This is obviously correct, 
for 12 — (6 — 3)=12— 2 = 10. 

Similarly, a—(b—c) becomes a—b+c when the signs of the 
subtrahend, (+ — ce), are changed and the result is added to a. 

The minus signs preceding the parentheses in 12 —(5 — 3) and 
a —(b—c) vanish with the parentheses, and the plus signs under- 


a 


stood before 5 and 6 within the parentheses are changed when we 
write 12 —(6 —3)=12—5+43 and a—(6—c)=a—b+e 


Therefore we have the 

Principle. A parenthesis and the sign before it, if minus, 
may be removed from an expression, provided the sign of each 
term which was inclosed by the parenthesis be changed. 


These principles may also be applied to remove’ the 
parentheses used to inclose the numbers in Chapter II. 

When one parenthesis incloses another, either the outer 
or the inner parenthesis may be removed first. It is best 
for the beginner to use the 

Rule. Rewrite the expression, omitting the innermost paren- 
thesis, changing the signs of the terms which it inclosed of 
the sign preceding it be minus and leaving them unchanged 
of it be plus. 

Combine like terms that may occur within the new inner- 
most parenthesis. 

Repeat these processes until all the parentheses are removed. 
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EXAMPLE 


Remove the parentheses from 8 —(3 — 2a)+(4— 5a). 

Solution. 8— (3—2a)+ 4—5a)=8—534+2a+4—-5a=9—3a. 

The student should observe that the removal of a paren- 
thesis is merely the performance of an indicated addition 
or subtraction. Thus 3— 2a in the example above is a 
subtrahend which is to be taken from 8+4—5a even 
though it comes before 4 — 5a. 

The student should exercise great care in the remoy al 
of a parenthesis preceded by a minus sign. Errors in this 
connection’ are common and they persist long. 


ORAL EXERCISES 


Read the following expressions after removing the paren- 
theses : 


1. 8+(4 + 2). 5. ©+(y +2). 9. a—(a—Db). 

2 S- (4 — 2). 6. «+(y — 2). 10. a+(—a+D). 
3. 8 —(4 + 2). 7. x«—(y +2). ll. ety+(e—y). 
4. $= (4— 2). 8. x —(y — 2). 12. a—b=(6—a). 


13. a—3—(8-—a+2). 17. —Ga—e¢)—@e— 5a). 
14. (a—c)—(e+ a). 18. x —(2a—34—2¢). 

15. —(2a—b)4+(2b—a). 19. (x +a)—(a—382). 

16. —(a—8c)+(2—2) 20. —(—a+a)+(—a—5z). 


EXERCISES 
Remove the parentheses and combine like terms : 
1. 14 —(6 — 3)— 5. 3. (7 —5 + 2)—(6 — 4) 4+ 12. 
2. 10+(7 —4)—(9—7). 4. 11a —(4a—9a)+(6a—a). 
5. (26+ 5a)—(4a —b- 7a). 
6. a—(b—a)+(26 — 3¢). 
7. a—b—(c—d)+(a—b)—(—0). 
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8. @—y)—(2y — 32) +(e@—4y). 
9. «—(@—y—22)—-(Be+y+4+4)4+(a—- 6), 
10. 7 —[8 —(38 — 10)]— (13 — 25). 
Hint. 7—[8—3+10]— 13 + 25, etc. 
Observe that we may first remove the. inner parenthesis, — (3 — 10), 


-and also remove the last parentheses at the same time. Doing this often 
saves rewriting and decreases the probability of error. 


11-8 —[5 —(4 — 6)]—(6 —15). 

Pee (B17) —4 (4 — 1) — 8) 

13. 16 —[3 —(2 — 5)]+ (8 — 5)— (8 — 4). 

14. a+[2a—(8a@ — 2b)]4+ (3b — 2a). 

15. a+[da—(Be% —2a)\)—(4a—32). 

16. 2a—[6a—(5x2—4a)]+(8a—T72). 

17. How many parentheses may be remoyed the first time 
Exercise 18 is rewritten? Exercise 19? 20? 21? 22? 23? 
24? 25? 

18. ©2 — 6y)—[— 427 —42—y) — 22]. 

19. [8¢@ —(2y+2)|—[—(@y — 2a)+ 52}. 

— 20. [((a+3)—(@ —5)]—[¢+34+(@— 5)}. 

tat. T-[—6—{-4+(9 —10)} + 11}. 

J 22. 5a —[2a4+(—384a+446)—(a— 8b)4+ 424]. 

4 23. 2a —3y —[{82—Txr —(y—42z)— 9a} +2]. 

4 2. {4a —[2a—(8a+4+ 2b)4 4]— (46 — 6)}. 

Fob. 5x2 +[1be 12 — Cx —T2 —2)—32}— 22}. 
26. Grigg x) — Ch pals tags ie Rand bi Ge 5y+32)]}. 


pohiien Bayes it is necessary to remove some of the signs of 
aggregation in an expression, leaving others. In the following 
remove the parentheses, retaining the brackets, and simplify 
the results as much as possible : 


27. [(a +8) +e], [(a +)—e], 
28. [4a +(32—5y)], [4a —(B2—d5y)], 
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29. [(a — 6) +(6 — 2a)], [(@—b)—@ — 2a)]. 

30. [((3a—26)+(2b—3a)], [(8a—26b)—(26—3a)]. 
31. [(a — 26)+(8c¢ — d)], [@—2b)—-(@e—d)}. 

a2. [(40 — 8) +(5y —7)], [42 —8)—Gy—1)} 

33. [(a? — a) + (y? — 2a*)], [@*— a”) —(Yy*— 24°’). 


36. Inclosing terms in parentheses. Obviously, 
16+9—5=16+(9 — 5), for each equals 20. 
Similarly, a+b—c=a+(b—e). 


That the two preceding expressions are equal may be 
seen by removing the parentheses according to the first 
Principle on page 65. 

These processes are illustrations of the 

Principle. One or more terms may be inclosed in a paren- 


thesis preceded by a plus sign, without changing the sign of 
any of the terms. 


The expression 


17+ 8—38=17—(— 8+83), for each equals 22. 
Similarly, a+b—e=a—(—b+40), 
and a—b+c=a—(b—e). 


That the right member in each of these cases is another 
form of the left may be seen by removing the parentheses 
according to the second Principle on page 65. 

These processes are illustrations of the 


Principle. One or more terms may be inclosed in a paren- 
thesis preceded by a minus sign, provided the sign of each 
term thus inclosed is changed. 
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EXERCISES 


In the following, inclose in a parenthesis preceded by a plus 
sign’all the terms containing the letters x or y, and inclose in 
a parenthesis preceded by a minus sign all the other terms : 


1. 2—a@—2a. | 3. 7 — 90? + bab — a? 
Ore ae Or A AOC a2 — a2 = obe 
ve —b—Al?+y7— a — 22y. 
~—4ab4+e?—47P 47 —e0— 2Q2y. 
elGa > —a- MiG ay Serene 
. 2 — b? —10 ay +12 ab — 36 a? + 257°. 
-2ab—PV+e°4+2aey—-P +7. 
10. 2? —1l6ay— a +16a+ 647 — 64. 

11. In Exercises 1-4, inclose the last two terms in a paren- 

thesis preceded by a negative sign. 


oOo N DH 


12. In Exercises 5-10, inclose the last three fem in a 
parenthesis preceded by a negative sign. 


CEA PTERSVAIT 
MULTIPLICATION 


37. Product of terms containing unlike letters. The stu- 
dent is familiar with the fact that the factors of a product 
may be written in any order. 

For example, .2.-4=4.9, a 

Similarly, Gb = One 

This principle is called the Commutative Law of Mul- 
tiplication. 


Further, 207 <3 = 2563) a7 Gra 
and 2aX30=2 x 3X aX) ae 

Similarly, 6 a2-59> = 6.05 a 7 Ohare 

Also, 4ab-827=4:-3-ab-2=1dabe" 


Up to the present we have assumed that the various 
operations of multiplication in any product may be per- 
formed in any order. 

That is, (8-2)4=8(2.4)=24. In general terms 
a(b.c)=(a-b)ec. This merely tells us that a multiplied 
by the product of 6 and ¢ is the same as the product of a 
and 6 multiplied by « This principle is called the Asso- 
ciative Law of Multiplication. 

Biocraruicat Norn. Sir William Rowan Hamilton. It is strange 
that of all the topics treated in this book the last to be thoroughly under- 
stood by mathematicians are those appearing in the first chapters. But 
in all the sciences it is often most difficult to answer the questions that 
at first sight seem quite obvious. Any child can ask what electricity is, 


but the wisest scientist cannot tell. He can only explain what electricity 
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does. It is easy to ask how the earth came to be revolving around the 
sun with the moon revolving around it, but even the deepest students of 
astronomy differ in their theories of how it came to be. And so in mathe- 
matics, long after many of the more complicated processes of algebra 
were completely understood, the simple laws of operation of numbers 
were surrounded with haze. One of the men who did most to clarify the 
nature of these laws was Sir William Rowan Hamilton (1805-1865). He 
was born in Dublin, Ireland, where he lived most of his life. He was a 
precocious boy, and at the age of twelve was familiar with thirteen lan- 
guages. He devised kinds of numbers that do not follow the same laws 
as those that we use in algebra, and so threw a flood of light on the nature 
and properties of these common numbers. He was the first to recognize 
the importance of the Associative Law, and called it by that name. Most 
of his works are very advanced in character and are difficult to read. 


38. Product of terms containing like letters. By the defi- 
nition of an exponent (p. 9), a=a-a, and a@=a-.a-a. 


Therefore OX OO 16 Fae OO 0 OFT: 
Similarly, bx Bx 6 =bx6-0-6x6-b:6-6-b6=F Stet e 
In like manner 82 x 34 x 38 =3-3x3-3-3-8X3-3-3-3-3=3H 
— 324445, 
Also, ORE OPS NP SMe s 
and 2ab x 3a?=6 a =6 at), 
and AT Ua Ly LOY 2 — OO camisyact Be, 


Therefore we have the 


Principle. The exponent of any letter in the product is 
equal to the sum of the exponents of that letter in the factors. 


This is expressed in general terms, thus: 

nex n>=ne+?, 

The law of signs for the multiplication of positive and 
negative numbers, given on page 27, applies to literal terms 
as well. . 

Thus + 2a?x (4+3a5)=+4 64%. 

+2ax(—3a5)=-— 6a". 
—2a*x(43a)=—6 a’, 


—2ax(-3@)=4+ 64a’. 
RE 
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For the multiplication of two monomials we have the 


Rule. Obeyiny the rule of signs for multiplication, write the 
product of the numerical coefficients followed by all the letters 
that occur in the multiplier and the multiplicand, each letter 
having as its exponent the sum of the exponents of that letter 
in the multiplier and the multiplicand. 


ORAL EXERCISES 


Perform the following indicated multiphcations : 
- {— 2)(7). 

3. (— 8)(— 8). 
4. (— 44) (5). 
oe Oistatey aes 


1 
2 


5 


20 


- (— 227)(82°). 
- (824) (— 22°). 
» (427) (— 52%). 


6. 
We 
8. 
9. 
10. 


» (— 32°) (— 42%). 


- (— 627) (4a). 


26. (— 42)”. 30 
27. (7) (— 9a). on 
28. (3a) (— 8). By 
29. (— 2y)*. 33 


38. 


39 


40. 
41. 
42. 
43. 
44. 
45. 
46. 


(3 @x)’. 

- (— 2a) (— 4a”). 
(5 a*) (8 a). 

(— 52)*. 


(a®)(—16a). 


(+ 3y)* 
(4a) (5 y) (6 xy). 
(3a) (—2y)”. 


8 


LL cate 

12. — x’. (2%). 

13. — x*- (— 2’). 
14. — x. (— 32"). 


15. — x”. (22°). 


. (—T2x)(— 22°). 

» (+ 2a’) (— 8 ez). 
» (— 4a°x) (4 22%). 
. (—5a@a)(—T az). 


25. 


(+ 3 ax*) (4 ary. 


. (—9a)(—10). 34. (—112)(37z). 


» (— dar)’. 


- (Gabe)*. 


(— 4a°) (— 64°). 


47. 
48. 
. (5-x07y) (— 2 a). 

- (— 6 ay’), 

. (— xy) (— xy"). 

Be a ont he 

. (5a*)(—4@)(— 38 a). 
(ia (Sa). 

. (Bax) (— 2 a*x) (—T az’). 


35. (7x) (— 82). 


(4a) (— 5a). 36. (— a)’. 


37. (— 2a)’. 
(— 3 a : 


(32°) (— y). 
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39. Multiplication of a polynomial by a monomial. Clearly 
2(9+ 3) is equivalent to 2.5+2.3, each expression being 
equal to 16. ‘ 

Similarly, a(6+e)=abtae. This principle is called the 
Distributive Law of Multiplication. 

Therefore, for the multiplication of a polynomial by a 
monomial, we have the 

Rule. Multiply each term of the polynomial by the monomial 
and write in succession the resulting terms with their proper 
SUgNS. 

Example. 327—22y+4y—5a—6 

2 xy 
Product, 6 xy — 4 x?y? + 8 cy? —10 ary —12 xy 


EXERCISES 


Multiply : 

1. «+2 by 2. 8. 52°= 2a—A4 by x”. 
2.“2—Abyz. 9. —427?+ 6xa—5 by 627. 
3. 2? +5 by 22. 10. 27?—3x%—2 by —42% 
4. 30°+4 by 22. 11. 2 —32°—4 by — 5ax* 
Bea 2a by 12. 2a —32a7— 22° by— 22%. 
6. 7 —3y4+2 by 3y. 13. Tay —a+y by 3ay. 

7. f—5yY+3y—-l1byy. 14. 2 —2ay+y by — day. 


15. at — a7? + * by — ab? 

16. — a’? — 2ax +70? by — 4abz. 
17. Ta®— 8a? +12 — 6 by — 42%. 
18. —9a?—12 ax + 422” by 3 ax’. 


Perform the multiplication indicated : 

19 (2 — 3). 22. —9(—4a+0). 
20. 5a(a— y). 23. —3a(2x—7). 
21. — 8(3% —7). 24, 6x7(Du* — 42). 
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25. —3(a? — 2a” — 6). 28. (a — ax + a’) (— 27x). 
26. 5 ay (a — 6a +9). 29. — 7 ab(ax® — br + ¢). 
27. —3a (ax —bx—3cx). 30. 4a7(—3a +7a?— 2"). 


40. Multiplication of polynomials. Clearly (5+3)(7—4) 
=8.3=24. The multiplication may also be performed 
as follows: (6+8) (7—4)=5 (7—4)+3(7—4) = 35 
— 20 + 21-12 = 24. 

Similarly, (27+ 3) (4% —5)=22(42—5)4+3(42—5) 
= 827210 74+1227—15, or 82° +22 —15. 

In general terms (2+ 6)(¢+d)=a(e+d)+b(e+d) 
=actad tbe + bd. 

This gives for the multiplication of polynomials the 


Rule. Multiply the multiplicand by each term of the multi- 
plier in turn, and add the partial products. 


Example. 38a —2 
2243 
Multiplying by 22, 627-42 = first partial product. 
Multiplying by + 3, + 9a —6=second partial product. 
Complete product, 62? +5x—6 =sum of partial products. 
EXERCISES 

Multiply : 

l.x+4bye24+3. 9. 3% —2 by 2x—3. 

2. 2¢0+3 by a+3. 10. —3x+11la by 5x4—a. 
3. 4%+7 by 3x42. 11. ax — ba by ca + da. 

4. 3x—5 by 324+ 8. 12. —cx +d by bx — ca. 
5. 3a—2 by 27+3. 13. 4x —3y by 6a+4 5y. 
6. 6— 4a by 5a —7. 14. 2 —5x2+6 by a—38. 
7. 2e+ybyx+3y. 15. 32°—32—T by 244+4 
8. 2~—3yby 3a—2y. 16. 2—ay+yYbyxt+y. 
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17. a’a? — 2a + 407 by ax + 2a. 
18. 32° — x? — 5a by 22° — 52% 
19. 2279—Tx+12 by 2 —32—5. 
20. « — 2a —3 by 2?— 22-8. 


Expand: . 

21. (827 — 5a —1)(2Qa — 3). 24. By — 7? — 2). 
22. (a — 3a — 2)(x? — 22 +43). 25. (4a — 2a? — 5)*. 
23. (? — 3¢+4 2)”. 26. (8a7— 4x47) 


41. Powers. A power of a number is the product ob- 
tained by using the number as a factor one or more times. 


For example, 8, or 2%, is the third power of 2; 81, or 34, is the 
fourth power of 3; and 322°, or (2z)°, is the fifth power of 2 z. 


42. Arrangement. A polynomial is said to be arranged 
according to the descending powers of a certain letter when 
the exponents of that letter in successive terms decrease 
from left to right. Thus 22*— 52?— 62+ 8 is arranged 
according to the descending powers of x Again, 4—2y 
+y and 2 — 3a2%y+32xy?— vy? are arranged according to 
the ascending powers of y. 

Whenever it is possible to arrange the multipler and 
the multiplicand in the same order with respect to the 
same letter it should be done, as the addition of the 
partial products is then much more easily performed. 

43. Degree. The degree of a term with respect to any 
letter which does not appear in the denominator is deter- 
mined by the exponent of that letter in the term. 


‘Thus 2, 3 zy, and 4 azz are of the first degree in z, and 3 xy? is of 


_ the second degree in y. 


76 FIRST COURSE IN ALGEBRA 


The degree of a term with respect to two or more letters 
which do not appear in the denominator is determined by 
the swm of the exponents of those letters in that term. 

Thus 5 xy is of the fourth degree in x and y; 4 a*bc®x?y is of the 
sixth degree in a, b, and ec. 


44, Check of multiplication. The work of multiplication 
can be checked by giving a small, convenient numerical 
value to each letter involved and finding the correspond- 
ing numerical values of the multiplier, the multiplicand, 
and the product. The product of the numerical values of 
the multiplier and the multiplicand should equal the 
numerical value of the product. 

The least positive integer which gives a reliable check 
by the method outlined above is the number 2. This is 
true only when one letter is involved. If more than one 
letter is involved, the check is not certain if 2 is substi- 
tuted for each letter. 

The number 1 is very convenient to use in checking, 
but it will not check exponents, since 22=2#= 2 = 2), 
ete. it ea 4. 

EXAMPLE 


Multiply 3a°— 5 + a? — 2a by x? — 6 — 5a, and check result : 


Solution and check. Arranging both multiplier and multiplicand 
in descending powers of x and multiplying, we obtain : 


3234+ ¢27—2a—5 =244+4-—4-—5= 19 Cf x=2) 
zw*—5axr—6 = 4-10-—-6 -=— 12 
32>4 xt— Q28— 5a? — 228 


— ldat— °5224102724 252 
; — 1823— 62°7+127+4+30 
Product, 382°— 142*— 25a3— 4243727430 
Product, 96 —224 —200 — 4 474 +380 =— 228 (if 2.= 2) 


Since — 228 is obtained in both steps of the check, the result 
is correct, 
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ORAL EXERCISES 


1. Arrange 3a? — 82° — 7 — at — 2 in descending order. 

2. Arrange a*+0*+ 6 a*b?— 4 ab? —4 ad in descending order 
with reference to the letter }; with reference to the letter a. 

3. Why should multiplier and multiplicand be arranged in 
the same order before attempting to multiply ? 

4. What is the value of a4? and of a7)? if a=b = 2? 

5. What point in checking does the preceding question 
bring out ? 

6. If 1 or 0 is correctly substituted for the letter or letters 
in a check of multiplication and the two results do not agree, 
is the multiplication necessarily incorrect ? 

7. Why is a check of multiplication unreliable when the 
number 1 is substituted for the letter or letters involved ? 

8. If one interchanges the multiplher and multiplicand and 
performs the multiplication a second time, would this give a 
check on the first ? Explain. 


EXERCISES 


Multiply, and check every fifth exercise: 

1. 32°— 52 —2 by 24 — 3. 
. 327+ 24 —T7 by 20°?— 5a — 3B. 
~@+2e—Abyw’+2e44. ; 
.30—8a-1 by 7+ 2a—3. 
. 2a27°—Tx — 2 by itself. 
20°— 32+ 2 by itself. 
a@—ta+ 4 by @—a+l. 
a — ary + y? by a + ay + y. 
30° 4+ 5a? — a+ 2 by a’ — 2e@ 4-3. 
10. a —3 — a —- 20 by 2a — 3a? —1. 


Hinr. Arrange multiplier and multiplicand in descending order first. 


11. 3a—a°4+6 by 4a — 3a’— 5. 
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26 
27 
28 
29 
30 


Expand : 


12. 
13. 
14. 
15% 
16. 
ze 
18. 
19. 
20. (a+ 


7, F a TY +e . ae | tr Sy 
4 Rar Ee sale) PD 
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(a? — x — 5)(3a°— 2a — 4). 

(3a — a+ a? — 6)(5 — a? — 32). 

[8a —2a—(2a—3a)][32—2a4+(2a—S82)]. ~ 
(44—5074+74+@)84+0—<a + a’). 

(52 —3+ 82") (8 — 527+ 22° — 9x). 

(a — 2ay + 3y*)(a?+ 2ay+ 37’). 

(x*y — yx) (Any — Baty) (3 ay — 2 xy). 

(P+ y+ 2— ay —axz— yz\(ex+y+2). 

b +e). 23. (2a— 4043)? 


21. (2a — 35 446) 24. (a—2b+30— 4d). 


22. (e+ 


C— 4)? 25. (a +y+2)% 


Expand and collect like terms in: 

- (@+2y)?—(«@ — 2y)?. 31. (42 — 3y)?—(22+4 By)” 
» (a — 32 +(38 — 2). 32. (« — 3)?— (2a — 1). 
-(@+y)+(a—y). 33. (2a? — 3a) (22? + 3a). 

. (2e—3a)’—(Ba—2x)% 34. @’—5)(@®+ 4)—(@'*+ 2). 
. (ax — 5ay)?>— (ax —ay)?. 35. [a+(a@+3) ][a—(#+4+38)]. 
36. [a — (a? — 3)][a + (2? — 3)]. 


37. [a — 


a + (a — 2)][(@ — a) — (a? — 2)}. 


38. (2% — 3) (382° — 5a) — (42? — 32) (2a —7)—(Ba — 6)% 


ee 


CHAPTER IX 
PARENTHESES IN EQUATIONS 


45. Simple equations involving parentheses. In handling 
parentheses it is very easy to acquire careless habits, which 
are difficult to overcome. Accuracy in such work demands 
especial care in removing each parenthesis that is preceded 
by a minus sign. 


EXAMPLE 
Solve the equation 3(2”+41)—(4a — = 16. 
Solution. 3) (Aira el) (Se 7h peel 
Removing parentheses, 62+3—42+4+7=16. 
Combining, 22+10=16. 
Transposing, 220. 
Dividing by 2, 1p = 
Check. 8(2-8 +1)— (4-8 —7) =16. 
. Simplifying, 2 > = 16, 
or MoMA G) 
EXERCISES 
Solve and check : 
1. 2(¢ + 3)=12. 8. 164+ 2(4y —7)—12y7=0. 
2. d(@ —1)= 30. 9. 5a—4(4—-27)—-11=0. 
3. 4(@ + 6)= 16. 10. 2(@ +1)—3=3(a —1). 
4. 2(5 —@) + 1 = 2. 11. 4(2%— 5)4+15=3 (a+ 10). 
5. 5(@—3)+14=4. 12. 3(¢@+ 6)+8=5(6+2). 
6. 5@@ —7)+ 8a =4. 13. T(x + 5)=4 (a + 8)+ 3. 
7. 4(44¢ —1)4+ 3=2. 14. T(y—2)—2(8+y)=9. 
79 
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15. 9y—32y—4)=2(6-y)+7 

16. 2n—9(2n+ 4)= 2(n — 9). 

17. Tx —12 —2(¢@ — 5)=2 —14. 

18. 584 —1)—TA=3(A47)-1. 

19. (n—4)(n+ 8)=7—(8 — n) (2+ 5B). 
Solution. Expanding, (n*+4n—32)=7— (15 —2n-— 7’). 
Removing parentheses, n?+4n—32=7—15+2n+4 n2. 


Subtracting n? from each member, and combining, 


4n— 32 =—8 +27 
Transposing and combining, ip SB Pd 
Dividing by 2, n =12. 
Check. (12 — 4) G2 +48) =7— @ day (2 +5): 
Simplifying, S152 0) Cea 
that is, 160 7 (alas); 
or 160 = 160. 


20. (2 + 3)? —(@ + 5)? =— 40. 

21. (@+ 2? —@— 44+ 48=0. 

22. (2x — 4)(8a — 6)= 627+ 72 

23. (@ + 4) (@ + 6) = (a + 18) (x +13). 

24. (h+2)(h4+3)=(h — 5) (h — 2). 

25. (kK —T)(8 +k)—(k— 5)(K+7)4+5=0. 


ORAL EXERCISES 

1. The Ane of a rectangle is « — 3 and its width is 4, 
What is its area? its perimeter? 

2. The length of a rectangle is a and its breadth is 0. 
What is its area? its perimeter? 

3. Express as a product the area of a rectangle whose length 
is 3a + 2 and whose breadth is Pe 1. What is its perimeter ? 

4. Each of three sheep cost $40. What was the cost of all? 


5. Each of » horses cost $200. What represents the cost 
of all? 


x 
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6. Each of w books cost 4 cents. What represents the cost 
of all? 


7. What is the total cost of x hats at a dollars each, and 
y hats at b dollars each? 

8. What is the cost of h horses at x + 15 dollars each? 

9. Represent the total cost of w chairs at y+ 4 dollars 
each, and 6 chairs at z — 2 dollars each. 

10. A is m years old. What will be his age 6 years hence? 
x years hence? What was his age 5 years ago? a years ago? 

11. A’s age in years is three times B’s. If B is « years old, 

. represent A’s age (a) now, (0) 7 years hence, (¢) 4 years ago, 
(d) the sum of their ages 4 years hence. 

12. A’s age is 2n — 3 years. What will be his age 12 years 
from now? ) years from now? What was his age 7 years ago? 
x years ago? 

"13. A and B each have d dollars. If A gives B five dollars, 
how much will each then have? 

14. A and B each have « + 25 dollars. If B gives d dollars 
to A, how much will each then have? 

15. If A has x + 25 dollars, and B has 2” + 8 dollars, express 
as an equation each of the following statements: 

(a) A has as many dollars as B. 

(>) A and B together have $250. 

(c) A has $15 less than B. 

(d) If A gains $75 and B loses $20, they have equal amounts. 

16. If A’s age is n years, B’s 3n + 5 years, and C’s 2n — 4 
years, express 

(a) the ages of A, B, and C six years hence ; 

(0) the ages of A, B, and C five years ago. 

Express each of the following statements as an equation : 

(c) The sum of the ages of A and B six years hence will 

~ be 50 years. 
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(d) The difference of the ages of C and A four years ago 
was 19 years. 

(e) In 12 years A will be as old as B is now. : 

(f) Six years ago C was as old as A will be 15 years hence. 

(g) In « years B will be 54 years. 

(h) In five years the sum of the ages of A, B, and C will 
be 100 years. 


17. A picture is 10 inches wide and 12 inches long and has 
a frame 2 inches wide. What are the outside dimensions of 
the frame ? 


18. If the frame in the preceding exercise were a inches 
wide, what would represent the outside dimensions of the 
frame? the area of the picture and frame? the area of the 
picture 2? the area of the frame ? 


46. Problems involving parentheses. The following prob- 
lems involve two or more unknowns and the use of paren- 
theses. One of the unknowns can always be represented 
by a single letter and the others by bmomials involving 
this letter and one or more numbers. It will be necessary 
in some of the problems to inclose each of these binomials 
in a parenthesis and to think of them and use them as if 
each represented a single number. When the student can 
use a binomial in this way as readily as he uses a single 
letter, like 2, he has made considerable progress in the 
algebraic way of thinking. 

So far as possible the method of translating the problem — 
into the symbolic language of algebra which was mentioned — 
on page 61 should be followed. 


For example: The sum of two numbers is 34. Four times the | 
less equals three times the greater, plus 10. Find the numbers. 
Here there are two unknowns, the greater number and the less. 
Each can be represented in terms of a letter, or this letter and a 
number, as follows: 
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Let n represent the less number. Then 34 —n must represent 
the greater. 
By the conditions of the problem, 


four times the less equals three times the greater, plus 10. 


4 x n = 3 x CL 7) 10; 
or 4n=3(84—n) +10. 
Again: Seven times A’s age two years ago equals five times his 
beet C= = 5 x 
age ten years hence. 
(a +10), 
or 7(a—2)=5(@ +10). 
PROBLEMS 


1. The sum of two numbers is 49. Twice the greater 
equals 7 plus five times the less. Find each number. 

2. The sum of two numbers is 45. Ten times the less equals 
300 minus five times the greater. Find each number. 

3. The sum of two numbers is 15. Twice one of them, 
minus ten times the other, equals zero. What are the numbers ? 

4. Separate 75 into two parts such that 29 plus four times 
the less equals three times the greater. 

5. Twice a certain integer, plus four times the next con- 
secutive integer, is 106. What are the integers ? 

6. Three times a certain integer, subtracted from four times 
the next consecutive integer, is 17. What are the integers ? 

7. The sum of two numbers is 15. Seven times one number 
equals 54 plus ten times the other. Find the numbers. 

8. Twice a certain number equals 240 plus five times a 
second number. The sum of the numbers is 15. Find the 
numbers. 

9. The perimeter of a rectangle is 90 feet, and five times 
the greater side plus four times the less equals 207. What 
are the sides ? 
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10. The difference of the squares of two consecutive integers — 
is 85. Find the integers. 


11. The difference of the squares of two consecutive integers 
is 71. Find the integers. 


12. The difference of the squares of two consecutive odd 
integers is 104. Find the integers. 


13. The square of an integer plus the square of the next 
consecutive integer is 17 less than twice the square of the 
greater integer. Find the integers. 


14. The difference of the squares of two consecutive odd 
integers is 48. Find the integers. 


15. The product of two consecutive odd integers is 42 less 
than the square of the greater integer. Find the integers. 


16. The product of two consecutive even integers equals 
44 increased by the square of the smaller. Find the integers. 


17. A’s age in years is three times B’s, and C is 10 years 
older than B. The sum of their ages is 45 years. Find the 
age of each. 


18. A’s age in years is twice B’s, and C is 7 years older 
than A. Six years hence the sum of their ages will be 85 
years. How old is each ? ; 


19. A is 10 years older than B, and C is 6 years younger 
than B. Six years ago the sum of their ages was 40 years. 
Find the age of each. 

20. A is 2 years more than twice as old as B, and C is 
7 years younger than A. In 6 years the sum of their ages 
will be 75 years. Find the age of each. 

21. A is now 50 and B is 36 years old. How many years 
ago was A three times as old as B? 


22. A is now 19 years old and B is 54. In how many years 
will A be exactly half as old as B? 


. \ 
a 
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23. A is 30 years older than B. In 20 years A will be twice 
as old as B. Find the age of each now. 

24. A is three times as old as B. In 15 years A will be 
twice as old as B. Find the present age of each. 

25. A’s age is 8 years more than twice B’s age. Sixteen years 
ago A was four times as old as B. Find the age of each now. 

26. A square has the same area as a rectangle whose length 
is 8 inches greater, and whose breadth is 4 inches less, than the 
side of the square. Find the dimensions of each. 


Solution. By the conditions of the problem, 
the area of the square = the area of the rectangle. 

Let s = the length of the side of the square in inches. 

Then s + 8 = the length of the rectangle in inches, 
and s —4 =the breadth of the rectangle in inches. 

Now the area of the square is s+s, or s?, square inches, and the 
area of the rectangle is (s + 8)(s — 4), or s? + 4s — 82, square inches. 

Therefore = 's? -+ 45 — 32. (1) 

Solving (1), s = 8, the length of the side of the square ; 

s+8=16, the length of the rectangle, 
and s —4 =4, the breadth of the rectangle. 

‘Check. The area of the square is 8- 8 = 64 square inches, and the 
area of the rectangle is also 16.4 = 64 square inches. 

27. A square field has the same area as a rectangular field 
whose length is 15 rods greater, and whose breadth is 10 rods 
less, than the side of the square. Find the dimensions of each 
field. on ; 

28. A tennis court, for singles, is 3 feet shorter than three 
times its breadth. The distance around the court is 210 feet. 
Find the length and the breadth of the court. 

29. A tennis court, for doubles, is 6 feet longer than twice 
its breadth. The perimeter of the court is 228 feet. Find the 


dimensions of the court. 
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30. The breadth of a basket-ball court is 20 feet less than 
its length. The perimeter of the court is 80 yards. Find the 
dimensions. 

31. The perimeter of a rectangular athletic field is 780 feet. 
Its length is 5 yards less than twice its breadth. Find the 
dimensions. 

32. In a rectangle 24 feet broad and 30 feet long a grass- 
plot is to be laid out, surrounded by a flower bed of uniform 
width. It is desired that the perimeter of the grassplot be 
exactly one half that of the entire rectangle. How wide should 
the flower bed be made ? 

33. The value of 15 pieces of money, consisting of nickels 
and dimes, is 90 cents. Find the number of each. 


Solution. By the conditions of the problem, 
the value of the dimes + the value of the nickels = 90 cents. 


Let d =the number of dimes. 
Then 15 — d= the number of nickels. 
Now 10 d = the value of the dimes in cents, 
and 5 (15 — d) = the value of the nickels in cents. 
Therefore 10d+5(5—d)=90. (1) 
Solving (1), d = 3, the number of dimes, 
and 15 — d= 12, the number of nickels. 
Check. 3-104+12-5=30+4 60 = 90. 


34. The value of 35 coins, consisting of dimes and quarters, 
is $6.50. Find the number of each. 


35. The value of 30 coins, consisting of nickels and dimes, 
is $2.60. Find the number of each. 


36. A collection of nickels, dimes, and quarters amounts to 
$10.80. There are 5 more nickels than dimes, and the number 
of quarters is double the number of nickels and dimes together. 
Find the number of each, 


ey" 


CHAPTER X 
DIVISION 


47. Division of monomials. The rule for division of 
numerical terms was stated on page 29. 
Just as 2+ 3 is written 2, so a+6 may be written as 


: a 
a fraction, —- 


b 

2 

Similarly, (ie ee 
id 

and ees ge ale 

3b 

But [ogeingee ee Oe 
4b b? 


By the definition of an exponent (p. 9), 
C= 038900 d,and ~= a d, 


2 


AE OIRO feo thl 
Then a = pistol Give = 0 20r Oo 


fod 
2xX9xX7xX2xK2x2 
2xXx2x 2 


/ 
A-L-po: 
and ae = 2 = REA ON ESN ax, or ax?— 2, 


Similarly, 26+ 2?= Zor. 2b os 


In like manner 6 by? + 2 = 3 by’, or 3b- y?~®. 
These examples illustrate the 


Principle. The exponent of any letter in the quotient ts 


equal to its exponent in the dividend minus its exponent in 
the divisor. 
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‘ 


The foregoing principle expressed in general terms is 
ne 1 = pee. 


What this equation means when / = a and when dis greater than 
a will be explained later. 
a-g- g 


Hence a letter which has the same exponent in divisor 
and dividend: should not appear in the quotient. 
The law of signs in division may be indicated as follows: 
+ab+(+a)=+4+6. 
+ab+(—a)=— 6. 
— ab =+(+ a)=—6. 
— ab + (— a)=-+k 


From what precedes we see that az?+a?= =i 


2a : ; : 
Now —12a+66= = Here the quotient is a fraction, and 


the minus sign indicates that the fraction is negative. 


Similarly, 94+(—3y)=— Sa 


and — 24 ay + (— 62) =+ 


For the division of monomials we have the 


Rule. Divide the numerical coefficient of the dividend by 
the numerical coefficient of the divisor, keeping in mind the 
rule of signs for division. : 

Write after this quotient all the letters of the dividend except 
those having the same exponent in divisor and dividend, giving 
to each letter an exponent equal to its exponent in the dividend 
minus its exponent in the divisor. 

If there are any letters in the divisor unlike those in 
the dividend, write them under the preceding result as a 
denominator. 


eu 
i 
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ORAL EXERCISES 


Perform the indicated division : 


1. — 20 + 2. 15. — 182’ + (— 62%). 

2. 12+(— 3). 16. — 35axz® + 5 az’. 

3. —36+(— 4). 17. 12 aa’ + (— 3 be°). 

4. 8a? + a2 18. 144% +(— 2a). 

5. wz a. 19. — 28 ay* + (—T cy’). 

6. — a*+ a’. 20. — 28 a’a® +(— 4 ax”), 

7. 2° + (— 2). 21. 70 a? + (—14 2y%), 

8. — 2° +(— 2°). 22. 16 actx + 2 axe’. 

9. ax® +(— an). 23. 48 ax? + (—16 dar). 
10. — a*x? + ax. 24. — 36 x*y® 2 (— 6 27y%), 
11. — wae + cx. 25. 63 cd® +(— 9 ed®). 

12. a®a®e* +- a*x. 26. 640°)" +(—16 ad"). 

138-0 — 80° = 2 a. 27. — 28 a”? + (—T ab"). 

14. 92? +(— 32). 28. — 36.a‘ad® + 9 ad". 
east 97,8 27,11 ,,18 

29. Hee: 31. se 33. ene os = 

9D) rp24, 56 p18, 26 y T1421 
se ea ees Sec . a Falgl : 


48. Division of a polynomial by a monomial. In multi- 
plying a polynomial by a monomial (p. 73) we multiply 
each term of the polynomial by the monomial. In division 
of a polynomial by a monomial we reverse the steps of 
multiplication and divide each term of the polynomial by 


the monomial. 
ax ba 


Thus (aa + br) = e@=— +—=4a+6. 
Caw 

these 6 a4—-1227418 x iets ees 

Again, ee =—2e+4u—6. 


90 
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Therefore, for the division of a polynomial by a monomial 
we have the 


Rule. Divide each term of the polynomial by the monomial 
and write the partial quotients in succession. 


ORAL EXERCISES 


Perform the indicated division : 


ih 


18. 
19. 
"* 20. 


21. 


Oo ae 


9a—18a? 9 ax®—12 a®a® 
: 42 ee ee 


—3a — 8 ax’ 
ac— a 8x —122° ac + ab 
eo 5. es 5 a. 
—4a a 
627—Azxr ; 6 ax —10 a2? 25 ay + 30 ar? 
2x ; 2 ax — dary : 


9: 


16 62* — 36 6°27 Ged? = @cs= acd" 
10. ‘ia 5. eee 1S; ae sb = 
14 aPy* — 28 xy? a aac* — ba* + cx? 
tay? } ae 
Ae A aty — 8 aby? +12 ay* See 15 a7? + 9 att? — 30 at : 
A arty — 3a? 


11 


16 a*b? — 24 a°h® — 48 ad? 
; — 8a? 
17 85 aye — 61 a®y2? +102 a®ye* —170 a®y®e 
; +17 xyz : 
4(@ +3)+ a(a +3) da(dx+4)—4y(8a44), 
. 22. : 
x -+3 8a +4 
2(@ +1)+ 3a(@+1) (a—b)e—(a—b)x 


16 


23. 


os e+1 a—b 


(a+a)—2(a+e)? 4, W@—y)'—33@-yf 
at+a 7. (a ax yy 
(a + by — 38(a+ by on —5(ae—2d)e+ a(ac?— 2d) 
(a +b)? E 5 (ac? — 2d) it 


VISION. p ty + 


2. a _The process 


A. 


5 EXAMPLES 
“1. Divide 2* —52 46 by 2 —3. 
Solution. z? 52+ 6\z —3 = Divisor Check. « —3 
2-32 - \¢—2 = Quotient z—2 
—22+6 gw —3r 
—22+6 —22+6 


2. Divide 167 4.120% —15 — 22.27 by 22 — 3. 
Solution. 127 — 2227 +162—15| 2z2—3 = Divisor 
4 127-1877 (6 — 22+ 5 = Quotient 
— 47 +4162 
— 47+ 62 
+10z2-15 
4102-15 
Check. 627—224+5 
22 —3 
127— 4774102 
—18277+ 62-15 
127 —227 4162-15 

_ The method of dividing one polynomial by another is 
xpressed in the 
Arrange the dividend and the divisor according to the 
ending (or ascending) powers of some common letter, called 
he letter of arrangement. 

Divide the fira term of the dividend by the first term of the 
di visor and write the result as the first term of the quotient. 
Multiply the entire divisor by the first term of the quotient, 
ite the result under the dividend, and subtract, being careful 
2 the terms of the remainder in the same order a8 those 


eed 


| eee ret os 7 


ie oe 
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To find the second term of the quotient, divide the first 
term of this remainder by the first term of the divisor, and 
proceed as before until there is no remainder, or until the 
remainder is of lower degree in the letter of arrangement 
than the divisor. 

Check for division. The product of the divisor and the 
quotient should equal the dividend. 


EXERCISES 


Divide the following and check Exercises 1, 2, 3, 12, 17, 
and 18: 


1. ¥E 10% at 24bya+4. 9. 4a°—8ar+3a7 by 2x—S8a. 
. 2 —2e—15 byx+3. 10. 2?—82?+6a2412 by x—2. 
_v@+ta—6byx—2. 11. 82°—120?+6a—1 by 22-1. 
~_38e+5a+2bdyr4+1. 12. e&—-1le—6 by «+3. 
. 2¢7—3a—2by2a4+1. 18. e—142%—8 by x—4. 
. 5a?— 224+8byxr—4. 14. 2? —2a?—-527+6 by x—3. 
- 627+19x%—Tbhy3a—1. 15. a? —5x42 by 2? +27—-1. 
. 382°7—-axr—2a*byx—a. 16. «—112+6 by2?+32—2, 
17. et—112°+22+412 by 2724+ 2¢—4. 
18. 7+ 8 by a2+2. 20. 272° + 8a* by Bp OD 5. 
19. 8a°+1 by 2241. 21. ax+3a—br—3b by «+3. 
22. 3ax— ay — 66x + 2 by by 26— a4 
23. 28 axe + 9ny — 2lay —12 ne by 3y —4a@. 


oat no fF WB W 


If there is no remainder, we have seen that the process 
of division may be expressed as follows: 


Dividend 


—— = Quotient. 
Divisor 


a | 
If there is a remainder, the following relation holds: 


Dividend Remainder 
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Divisor ee ee Divisor 

This last corresponds to what is done in arithmetic in 
dividing 17 by 5, which is written 1.0 = 32, This means 
that ti=3 +2, the plus sign being understood. 

General check for division. (a) When the division is exact. 
Multiply the divisor by the quotient. The product should 
be the dividend. 

(6) When there is a remainder. Multiply the divisor by 
the partial quotient and add the remainder to the product 
obtained. The result should be the dividend. 


Notr. We saw on pagel that it is customary to represent the 


‘product of two letters by placing one after the other with no sign 


between them. Thus a) means a times 6. But addition, not multi- 


plication, is implied by placing the fraction ? after the number 3. 


This practice comes down to us from the Arabs, who denoted all 
additions by placing the number symbols in succession without any 


sign of operation... The later Greeks also had the same notation. 


EXERCISES 
Divide the following and check Exercises 1,7, 11, 14, and 22: 
1. 62? —1382+6 by 2x —3. 
2. 2524+ 3027 —T7 by 54747. 
3. 627+112 — 35 by 2447. 
4.19a@+12a?— 21 by 4a—3. 
Hint. Rearrange the terms in the dividend. 
5.8 8+ a% +44 — 227 by x — 2. 
6. a® — 3a) + 3 ab? — & by a — 8. 
4. 2 — 1527+ 652 +4 63 by « —7. 
8. 5a + Oe — 252° —1 by 527-1. 
9. 24° —1427?+ 142412 by 2x—4. 
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10. 62° —18%+412 by 3a —3. 

11. 40°+164%+412 by 2? +a—3. 

12. 62° — 2274+102+418 by 3a?—42+4+9. 

13. 3a? + 28a? + 29a — 140 by 3a — 5. 

14. — 374 — 62° — 24 4 2327 by 2a — 3. 

15. 207 +10ay —44 — 20y by 244+ 10y. 

16. 477+ 3cx+ 8ax+ 6ae by 444+ 36. 

17. 538a44+8—538¢7 +4120 by 4@2—Ta—1. 

18. — 150° +560 — 99a +70 by 83a? —-Ta+10. 
19. 3a*+110?—30e°+17x—4 by x—32?—4, 
20. 6an+15ay —10 ny — 9ax by 38a — 2n. 

21. 23a? + a — 55a +11 0° — 140 by a? — 5. 

22. 252% —10 a7 4 36% +472 by 5a — 6. 

23.48 41+a++4a4+60 by 1+ ¢4 2a. 

24. 40a” — 31a?+ 21+ ot — 428 by x? — 3 —Te. 
25. a*— 8a® + 24a*— 82a416 by @—40a4-4. 
26.. 224 — 4227+ 10 a* — 27 x* — 419 by 9 4+ 22? — 5a. 
27. ax — bey —2bau+4by+3cx — 2ay by 2y—-z. 
28. at + ax? + at by a? — ax + a? 

29. a+ + 40+ + 30°) by 20? +4 a? — abd. 

30. a — 42%? + 88 by a + 2y? + Qay. 

31. 9a* + 49b* + 29 ab? by 7027+ 3074 4ab. 


32. 22 — 7 by x — y. 38. 2 +y by x+y. 
33. a> —1250° by a — 5d. 39. ao + y° by x — y. 
34. 2 —16 by x 4 2. 40. v —y by x+y. 
35. 2®—1 by # —1. 41. 2 —y by x—y. 
36. a° + 34308 by a +70. 42. 270°+ 8 n” by 327+ 2 nt. 


37. 8a*— 642° by 2a—4a*® 48. ¥® —5 y? — 3000 by y — 5. 


CHAPTER XI 
EQUATIONS AND PROBLEMS 


50. Equations involving literal coefficients. The most 
general form of an equation in one unknown is that in 
which the unknown occurs with literal coefficients. The 
simplest general form is ax = 6, in which 2 is the unknown. 
The solution of such equations involves no riew principle. 
It is merely necessary to perform the usual operations with 
letters instead of with ordinary numbers. This should 
cause no difficulty, since in algebra the letters are really 
nothing but symbols for numbers, and should be used in 
all operations as freely as if they were integers. 

In solving equations whose coefficients involve letters 
the answers obtained will usually involve these same let- 
ters. Only in exceptional cases may one expect to obtain 
the root of such an equation in purely numerical form. 

In the following exercises the unknown is represented 
by a letter near the end of the alphabet, as z or y, while 
the letters in the coefficients and known terms are taken 
from the beginning of the alphabet. 


ORAL EXERCISES 


Solve for the unknown: 


lt. 2—a= 0. 6. x2—a=b. 11. bx = ad. 

De PROS BG, (em onti— Od: 12. an =a Ea. 

2 ISOS 8. b7 — 106: 13. 2y=2a+46. 

-4.”4—a= 4. De 1 SA 14. 3ay = 6ab. 

5. ot 3a= a. 10. axz=a. 15. 8%2=6a+4+30. 
95 
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16. 24 —6a=46. 19. (a+b)e=a+b. 
17. ay — ab = 2a. 20. (a+ b)y= (a+b). 
18. 2ay +4ab = 1040. 21. (a —b)x%= (a — bd) (a+b). 


22. (a+b) (a—c)x =(a+b)(a—C). 
23. (a —b) (a+ b)x = 2ab(a + b) (a — B). 


EXERCISES 
Solve for the unknown, and check : 


hep 2 1 = "hi —O Ge 


Solution. sz—-—a=2+5a4. 

Transposing, 32— a= da- a, 

Combining, 2m 16.0. 

Dividing by 2, ge 

Check. 3-3a—a=3at+5a, 

or 3G = Ola. 

2. b2 + b= 46. 11. dc — cx = A be. 

3. 2¢+a=a+b., 12. 5 +2)=1008. 
4,.y—b=a—b, 13. 6(¢c ~~) 418¢= 0. 
Goda | 41d le Oe 14. bx — (b+ c)=5b—-e. 
6. ce +e = 6. 15. 7+ 2(b—ce)=4c+4 26. 
7. ac t+ab=ae. 16. 3ax — ab = 208 — ac. 
8. dba — P= 50. 17. 4cy — 3ac = 5ae + 2cy. 
9.07°4+3cxr=Tae. 18. 3cy+2be=6 be +2 cy— 3ac. 


10. 5a24+6¢0= a2 19. 4hy — 7 ab = 6 ab? + 3 by. 
90. at S40 =e eee 

Solution. ax —40.=47+4— 22. 

Transposing, ax +22=a%+4a+4. 


Writing the coefficients of x as a binomial, 


(a+ 2)z2=a?4+4a+4, 
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Dividing both members by the coefficient of 2, 
fai e+4a+4 
a+2 
Performing the division, t=at2, 
Check. Substituting a + 2 for z in the original equation, 
a(a+2)—4a=a?+4—-—2(a+ 2), 

Expanding, @+2a—4a=a?+4—-2a-—4, 
or @—2a=a?—2a, 

21. ax + bx = ac + be. 23. aa +1—a'—ae= 0, 

22. 5ax+4er=50ad+4+ 400. 24. aw +2ab=2 a7 + bea. 

25. axw—a—-4=8a—-2. 

26. ax — ac + be = 2ac — 5 bc + 2 bx. 

27. 40? + (a + bx) co =(a — ba)e. 

Hint. Perform the indicated multiplications first. 
28. @+a)(a+b)=—27 +20'+ 3 ab. 

29. 15(@ — a)— 6(@+ a4)=3(54a— 32). 

51. Uniform motion. If a man walks for 8 hours at the 
rate of 3 miles per hour, he will walk in all 8 x 3, or 
24, miles. If a train runs for 12 hours at the rate of 45 
miles per hour, the total distance traversed is 12 x 45, or 
540, miles. These examples illustrate uniform motion. In all 


: problems of uniform motion, the elements involved are 


(a) Time, measured in seconds, minutes, hours, etc. 

(6) Rate of motion (velocity), or the distance traveled 
in a unit of time (one second, one hour, one day, as the 
case may be). 

(ce) Distance (total), measured in feet, inches, miles, 
meters, etc. 

If a body moves uniformly for a time ¢, at a rate 7, 
and covers in all a distance d, then the numbers repre- 
sented by d, 7, and ¢ are connected by the equation 


d=rxt. (1) 
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This relation or formula gives an insight into the power 
of the algebraic method. By means of arithmetical num- 
bers alone we can express the relation which holds between 
the time, the rate, and the distance only for a particular 
case. By means of the literal equation (1) we express the 
relation which is true not merely for one case, but for 
countless cases. In fact, it holds whenever we are dealing 
with uniform motion, whatever numerical values d, 7, 
and ¢ may have. 

The use of letters enables us in this way to express a 
law in general terms, and hence to include in one short 
expression a more perfect idea of the relation implied by 
uniform motion than could be given by many equations 
involving only arithmetic numbers. 


ORAL EXERCISES 


i. Sound travels in air about 1100 feet a second. <A soldier 
observes the shower of earth thrown up by an exploding shell, 
and 10 seconds later hears the sound of the explosion. How 
far was he from the place where the shell struck ? 

2. A man observing a woodman fell a tree hears the sound 
of the ax three fifths of a second after the blow. How far 
apart are the two men? 

3. How far does an automobile travel if it runs 

(a) 18 miles per hour for 5 hours ? 

(6) 16 miles per hour for /# hours ? 

(c) m miles per hour for h hours ? 

(d) 20 miles per hour for ¢ + 4 hours ? 

(e) 2% — 4 miles per hour for ¢ hours ? 


4. What is the rate of an automobile if it runs uniformly 


(a) 200 miles in 8 hours ? (c¢) m miles in hf hours ? 
(6) m miles in 8 hours ? (d) 200 miles in « + 3 hours? 
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5. An automobile travels a distance d at a rate of 20 miles 
an hour. Another car runs 50 miles farther at 25 miles an 
hour. Represent the number of hours required by each ear for 
its trip. If the first car required the same time as the other, 
what equation involving d can be formed ? 


6. In a naval engagement the opposing battle cruisers were 
fighting at a distance of ten miles. If the average velocity of 
the shells was 2640 me per second, how many seconds did 
they remain in the air? 


7. An automobile runs 20 miles per hour for ¢ hours, 'and 
a second one runs 14 miles per hour for ¢+ 2 hours. Repre- 
sent the distance each travels. Form an equation which states 
that the distances traveled by each are the same. 


8. James travels ¢ miles per hour for 8 hours, and John 
travels ¢ — 3 hours at the rate of 12 miles per hour. Represent — 


. the distance each travels. What equation in ¢ may be formed 


if both travel the same distance ? 


9. James travels from A to B in ¢ hours at 12 miles an 
hour. John leaves A just 2 hours after James, and traveling 
16 miles per hour reaches B at the same time as James. Rep- 
resent the distance James travels, the distance John travels, 
and state the equation in'¢ which may be formed. 


10. Two automobiles leave two towns 225 miles apart at 
the same time and travel toward each other. One travels 
m woiles per hour, while the other travels 5 miles per hour less. 
They meet in 5 hours. Represent the time, the rate, and the 
distance for each. What will represent the sum of the dis- 
tances traveled ? What equation in m may be formed ? 


11. Two cars run 200 miles, one in ¢ hours, the other in 
1 hour less time. Represent the rate of each car in miles per 
hour. If the rate of one is 4 miles per hour more than the 
other, what equation in ¢ can be formed? If the rate of one is 


- twice the rate of the other ? 
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EXAMPLES IN UNIFORM MOTION 


1. A pedestrian traveling 4 miles per hour is overtaken 14 
hours after leaving a certain point by a horseman who left the 
sane starting point 8 hours after the pedestrian. Find the 
rate of the horseman. 


Solution. This is a problem in uniform motion, involving the 
distance, the rate, and the time of a pedestrian and of a horseman 
respectively. By a careful reading of the problem one discovers that — 
the time for each was a different number of hours, that each went 
at a different rate, but that each traveled the same distance. Hence 
the equation will be formed by expressing d in terms of r and ¢ for 
both the pedestrian and the horseman and then equating the two 
expressions for d. 

By the conditions : 


r, or rate in miles Distance in miles, 


t, or time in hours 


per hour d=7xt 
Pedestrian 56=4 x 14 
Horseman L 6-2 
Hence 6a = 56; 
and x= 9. 
Check. 4-14=56; 94-6 = 56. 


BiocrapnicaLt Nore. Sir Isaac Newton. Sir Isaac Newton (1642- 
1727) was probably the keenest mathematical thinker who ever lived. 
He was the son of a farmer of slender means, and as a boy was rather 
lazy. It is said, however, that his complete victory over a larger boy in a 
fight at school led him to feel that perhaps he could be equally success- 
ful in his studies if he really tried. His ambition and interest being once 
roused, he never ceased to apply himself during the rest of his long life. 

His most important scientific achievement was the discovery and verifi- 
cation of the laws of motion. In his great work called the ‘*Principia” 
he showed by mathematical reasoning that all bodies, great and small, — 
the planet revolving around the sun, as well as the apple falling from the 
tree, —follow the same laws. His greatest discovery in pure mathematics 
was that of a method called the calculus, which is the basis of most of the 
advances in mathematics and in theoretical physics made since his time. 
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But important as was Newton’s mathematical work, his most. signifi- 
cant contribution to mankind was an idea, —the idea that the world in 
which we live is not independent of the rest of the universe, but that 
every smallest particle of matter is connected with the most remote planet 
and star; that we cannot think of the earth as the center of all things, but 
that we merely occupy our place in a system governed by universal law. 


2. Two men, A and B, start from the same place at the same 
time and travel in opposite directions. B goes twice as fast as A. 
In 9 hours they are 54 miles apart. Find the rate of each. 

One can conveniently represent the conditions of this problem 
in the form of a table, as follows: 


r, or rate in miles Distance in miles, 


i, or time in hours per hour d=rxt 


i Ir 


27. 


Since the men are 54 miles apart at the end of the given time, 


the sum of the distances traveled is 54. 


Hence , 8a n= 54, 
or P= 2, and 2 r= 4. 
Check. oo Me Dt OK 4 64, 


It should be particularly noted in choosing letters for 
the unknowns that it is not enough to say, for instance, 
let z equal the distance, or let ¢ equal the time. This 
means nothing unless the unit of distance and the unit 
of time are also stated. The unknown distance is either 
a number of feet, or miles, or some other unit of length, 
and the unknown time is a number of seconds, or hours, or 
some other specific unit of time. A similar remark is perti- 
nent each time a letter is taken to represent the measure 
of any quantity. 

The student should make a table for each of the follow- 
ing problems, similar to those given in. the examples. 
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PROBLEMS 


ln Problems 1-7, A and B start from the same place at 
the same time and travel in opposite directions. 


i ae goes 6 miles per hour and B goes 9 miles per hour. 
In how many hours will they be 90 miles apart ? 


2. A travels three times as fast as B. In 6 hours they .are 
120 miles apart. Find the rate of each. 


3. A travels 4 miles more per hour than B. After 8 hours 
they are 144 miles apart. Find the rate of each. 


4. A goes 3 miles less per hour than B. After 9 hours the 
distance between them is 189 miles. Find the rate of each. 


5. B goes 4 miles less per hour than A and travels two 
thirds as fast as A. Find the rate of each. After how many 
hours will the distance between them be 180 miles ? 


6. A travels 2 hours and stops. B travels 5 hours at a rate 
double A’s rate. Then they are 144 miles apart. Find their 
rates and the distance each has traveled. 


7. Both A and B travel the same distance, B in 9 hours, 
A in 6. B’s rate. is 4 miles per hour less than A’s. Find the 
rate of each, and the distance each traveled. 


In Problems 8-13, A and B start at the same time from 
two points 192 miles apart and travel toward each other until 
they meet. Find the rate of each: 


8. If they travel at the same rate and meet in 8 hours. 


9. If A travels 2 miles less per hour than B and they meet 
in 12 hours. 


10. If B travels three times as fast as A and they meet in 
12 hours. 


11. If they meet in 9 hours and B travels 42 miles more 
than A. 


\ 
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12. If they meet in 6 hours and B goes 4 miles more per 
hour than A. 


13. If they meet in 12 hours and A travels 6 miles more per 
hour than B. 


In Problems 14-16, A and B start at the same time from 
two points 144 miles apart and travel toward each other until 
they meet. Find the number of hours from the start until the 
time of meeting: 


14. If B goes 4 miles more per hour than A and travels 
twice as far as A. 


15. If A travels 6 miles per hour and B travels 9 miles 
per hour, but B is delayed 4 hours on the way. | 


16. If A is delayed 3 hours and B is delayed 5 hours, and 
their rates are 16 miles and 8 miles per hour respectively.’ 


17. The distance from Kansas City to St. Louis is 285 miles. 
A passenger train running 45 miles per hour leaves Kansas 
City for St. Louis at the same time a freight train running 
12 miles per hour leaves St. Louis for Kansas City. In how 
many hours will they meet ? 


18. A starts from a certain place and travels 4 miles per 
hour. Six hours later B starts from the same place and 
travels in the same direction at the rate of 6 miles per hour. 
How many hours does B travel before overtaking A ? 


19. Two bicyclists 108 miles apart start at the same time 
and travel toward each other. One travels 10 miles per hour, 
the other 12 miles per hour. The latter is delayed 2 hours on 
the way. in how many hours will they meet, and how far has 
each traveled ? 


20. A passenger train starts 2 hours later than a freight 
train, from the same station but.in an opposite direction. The 
rate of the passenger train is 42 miles per hour and the rate 
RE 
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of the freight train is 24 miles per hour. In how many hours 
after the passenger train starts will the two trains be 246 miles 
apart ? 

21. A messenger going at the rate of 8 miles per hour has 
journeyed 2 hours when it is found necessary to change the 
message. At what rate must a second messenger then travel 
to overtake the first in 8 hours ? 


22. A man having 4 hours at his disposal wished to ride as 
far out of town as possible on a trolley car whose rate is 
10 miles per hour, and’ to return on foot at the rate of 3 miles 
per hour. On the way back he can take a short cut and save 
one mile. How long a time may he ride on the car ? 


The velocity of a bullet continually decreases from the 
instant it leaves the gun. This is due to the resistance of the 
air. In the following problems consider the velocity of sound 
to be 1100 feet per second: 


23. Two and one-half seconds after a marksman fires his 
rifle he hears the bullet strike the target, which is 550 yards 
distant. Find the average velocity of the bullet. 


24. One and three-quarters seconds after a marksman fires 
his revolver he hears the bullet strike the target 50 rods dis- 
tant. Find the average velocity of the bullet. 
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CHAPTER XII 
IMPORTANT SPECIAL PRODUCTS 


52. The square of a binomial. The multiplication 


a+b 
a+b 
2+ ab 
. + ab+ 6 
2+ 2ab+ 6? 


gives the formula 
(a+ bP =a@’+2ab+ 0’. 
This may be expressed in words as follows: 


I. The square of the sum of two terms is the square of the 
first term plus twice the product of the two terms plus the 


square of the second term. 


Similarly, (a— 6)?’ =a’ —2ab+ 0’, 
which may be expressed in words as follows: 

II. The square of the difference of two terms is the square 
of the first term minus twice the product of the two terms plus 
the square of the second term. 


Study the application of I and II in the following: 


EXAMPLES 
ibe (a +1)?= eo 2e +1. 3. (834+a%=9+6a+¢@. 
2y— 2H y —Ay +4. 4. (b—m)?=25—10 m+m?. 
5. (3 a+ by? = 9? 4- 6ab 4+ 0. 
105 
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ORAL EXERCISES 


Expand the following by I or II, page 105: 


1. @+1). 7. (6+ 2). ~ 13. @—e). 
2. (b +2). 8. (9 — dy, 14. (a + 2b)2 
3. (a — 5)’. 9. d1— yy. 15. (3a —~2). 
4. (y +10)”. 10. («1 + a)’. 16. (5%—y)?. 
5. (2 — 12)”. 11. y+). 17. (77+ mj)’. 
6. (2+ 2). 12. (m — n)’. 18. (12 m — n)* 
State two equal binomials whose product is: 
19. m?+4m-4+4. Pies HE UP ahs AY. 
20. a? +102 +25. 23, 12 4+14h +49. 
Pyle ai ae (ee ey 24. 64—16m + m’. 


Find the value of the following: - 
25. (5 + 2). 
Solution. (5 + 2)?=524+2-5-2427=25 42044 =49. 
26. (10+ 1). 27. (9 + 2)?. 
28. (10 — 3)”. 
Solution. (10 — 3)?=10?— 2-10-3 + 37=100 — 604+ 9 = 49. 


29. (12 — 2)? 33. (53). 38. (29). 
30. (14 — 4)’. 34. (103)?. Hint. (29)? = 
31. (21). 35. (109)*, Cet ae 
Hinr. (21)? = 36. (201)? ee Gel 
(20 ae ete. 37. (504)? 40. ee 
32. (32) ee: 41. (998) 
EXERCISES 


Expand the following : 
1. (2e—3d). 5. (Ta? + 2y)* 9. (12 ab? — 3)? 
2. (52—2y). 6. (527—3y). 10. (5a% — 2a)? 
3°Ga = 20) 1. G+ 2U) Mile 3 cd”), 
4. (42+5y'), 8. (1a%+2)% 12. (—4 ay? — 3.22%? 


Ps 
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Make any changes which are necessary in the following so 
that each numerator will be the square of its denominator : 


e+2ay+y¥ :  m +16m— 64 
13. ————_*—_—... 19: ——_____—_—__.. 
xaty 8 + m 
ee ts 2 4 2 
“4,” mn + 2" 20. a eee 25 
m—n at+s5 
a’?4+10a-+ 25 Oo? — 6a +1 
toe seein Se Ma 
a+s ea 3a +1 
a +122 + 36 A Arab a O02 
16. : ‘ : 
6 Pee ae 2a—3b 
Haya: 2 A Oo) 72 7) 
fi ph ia a 95 cee ey 
2+¢2 2u7— By 
OSeee | ee ae 2 2 
18. 25 He ae ve 4a 2) ey of 28 
5 —2@ Sy — 2a 


53. The product of the sum and the difference of two terms. 
_ The multiplication 


a+b 

a =D 

a2 + ab 
—ab—PB 

@  —& 


gives the formula (a+ 6)(a— 0) =a’ — DB’. 

This may be expressed in words as follows: 

II. The product of the sum and the difference of two terms 
equals the difference of their squares taken in the same order 
as the difference of the terms. 

The pupil should study the application of III in the 
following : 

EXAMPLES 
1. (a@+1)@—-—lN=27-1. 3. @+2) (a — 2) = a? — 2. 
2. (5—2)(6+x)=25—2. 4. Qe—-y)(2 e+y)=40—%7. 
5. (? — 3) (P+ 3)= i 
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ORAL EXERCISES 


Perform the following indicated operations 


1. (4 +2)(a—2). 15. (2a +3be)(2a — 3be’). 
2. (m.+ 7) (m —7). 16. (4 + 3a*b) (a — 3a’b). , 
3. (h+9)(h— 9). 17. (Ta +2a)(2a —Ta)*” 
4. (6+ 1t)(6— 2). 18. (524+ 3y)(dy— 52). 
5. d—a#)(14 2). 19. (5m? —4n) (5m 4+ 4n). 
6. (ec + d)(c—d). 20. (2ab + 3c) (2ab— 3¢). 
Te(e+3y)(@—3y). ‘ 21. (Qed? — 2)Qcd* + 2). 
8. 5Ga+2y)\(5a—2y). 22. A0mn?—3p)10mn*+3p) 
9. (1+ 42)(1—42). 23. (4a?— 91?) +(2a43)). 
10. 9a—1)(9a+1). 24. (9a?— 2577) +(8a%—5y), 
11. (2+37r)(2—3,7). 25. (40°? — c*)+ (2 ab — ¢). 
12. (a? — 4) (a? + 4). a6. (49 — a4) + (7+ 2. 
13. (Ta? +2y)(Tx?—2y). 27. (25a*— 4)+(52? +4 2). 


14. (4a7+32°y)(42°—32%y). 28. (86.a* — 49)+ (7+ 6a’). 


State two binomials whose product is: 


29. m?>— 9. 33. 81 — p’*. 

30. ce? — 16. 34. 100 — h?. 
31. 49 — m*. 35. a — 4x”, 
32. m? — 49. 36. 2? — 97. 


Find the value of: 

Bie C2, +2) 1), 

42. (40 + 3)(40 — 3). 
45. 22 x 18. 


37. 
38. 
39. 
40. 


Hinr. 22 x 18 = (20 + 2) (20 — 2) ete. 


46.13 0 T 48. 43% 3. SOG Thao: 
47. 23x 17. 49. 64% 56. 151. 83 77: 


25 a? — 4 y?, 
9 a? — 1687. 
DOs ae 
1— 49 x”, 


43-80 4-130. 
44. (50 — 2)(50 + 2). 


52. 96 x 104. 
53. 91 x 109. 


yy. 


—_ 
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54. The product of two binomials having a common term. 


The multiplication 


gives the formula 


eta 
a+é 
e+ ax 


+ ba + ab 


w+(a+b)x+ab 


(x+ a)(x+ b)= x? +(a+b)x+ ab. 


This may be expressed in words as follows: 


IV. The product of two binomials having a common term 
equals the square of the common term, plus the algebraic sum 
of the unlike terms multiplied by the’ common term, plus the 


algebraic product of the unlike terms. 


The pupil should study the application of IV in the 


following : 


EXAMPLES 


1. (@4+1)(@+2)=274+04 2)e74+2=0°+32+2. 
2 (¢—2)(e—3)=+(—-2—3)¢e+6=0—5e+ 6. 
3. (n— 5)(n4+ 2)= nr? 4+(— 5+ 2)n—-10 =v? — 3n —10, 


ORAL EXERCISES 


Multiply the following mentally : 


be Get 2) (@ + 1), 


- (¢+3)(¢+2). 


. (0+ B) (+4). 


aor nw»r Ww Ww 


. (¢— 3)(¢— 4). 


-(4+4)(h +5). 
. (@ + 5)(@ +38). 
-(@+7)(@4+4+2). 


Berns 2) ebb), 


9. 
10. 
11. 
- (¢c +10) (ce — 3). 
-(¢—T)(e+ 5). 
. («© +a)(@ +0). 
- (a+hkh)(« +l). 
. («© +a)(@— ¢). 


(a — 5) (a — 2). 
(Ce ON Ce S). 
(e — 8)(¢+ 9).: 
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EXERCISES 


Write the quotients for the following by inspection and 
check by multiplication : 


1 w+5e+4+6 3 Ce ee 
A a+s3 ; x+ 2 
5 ded a Ue 9 a — 3a— 28 
: Goa j ; a— 
3 a+ila+10 10 e@—3ab+20 
j a+10 : a—b 
i Ob DO. ae | x ay — by 
SHES Eee 8 y 
C= bees mm — 4mn ~— 21 nr? 
2 (5 ie m+3n ) 
e—9c+14 7 eR al otse 
6. ———————_ 13. ———————__-- 
c—T7 r—Y9s 
C2 Oe 412 7” — rs — 903? 
ee Deer ey, ie 


55. The product of two binomials of the form (ax + b) 
(cx+d). The multiplications 


6274+152 ace? + bex 
Teh ae se 3 and + adx+ bd 
62242924 35 aca? + (be + ad) x + bd 


show that in the product of any two binomials of the form 
(ax + b)(ex + d) 

(a) the first term is the product of the first terms of 
the binomials, 

(6) the second term is the sum of the cross ‘products, and 

(c) the third term is the algebraic product of the second 
terms of the binomials. 


Write the products in the following: 

Gee Mp5). 

. 5h —4)(5h — 4). 

. (6k — 6)(5k — 6). 

- (8+4+m)(4+ 2m). 

- (—n) (TF —3n). 

. (2a—6)(38a+4 20). 

. (64+9c)(2a—9e). 
- (22° —Ty) (32? — 2y). 
. (@—5d) (5+ 24d). 

- (40+ 9d?) (2c — 5d”). 


y 1 
B 2 
3 
4 
5 


Oo © 1 


P 
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EXAMPLES 
[Pappa 
1. (8%+42)(4e +4 5)=122? 4+ 844152410 
l } 
— 1297 + 232410, 
el 
2. (644+1)8a— 2)=150? + 3a—10a—2 
I ] 
== iG Ae i ees 


ic a 
3. (4b —3)(6+2)=48 + 5b—6. 
[a ee eee 


EXERCISES 


- (2a+1) (e+ 3). 
. (Ba+2)@+4+5). 

- (@+4)(22+43). 

- (27% + 3)(@+7). 

- 2e+3)(¢+4+ 8). 

- (4¢€4+3)(4¢€+3). 
. (Om + 2) (5m + 2), 
- (4m —1)(2m+8). 
- (6n — 3)(3n — 5). 
- 2n+7) Bn — 2). 


ORAL REVIEW EXERCISES 


Perform the following indicated operations : 


— 


ao ao Ff W WD 


- (m+ 27r). 

- (A— 3k). 

- (2a +18) 

- (6s — dz). 

. (+32). 

« (2m — 3n’)?. 


fil. 


- (a+3¢)(a— 3e). 
- (6a+1)(5a—1). 
- (bn? — Dy. 


. (3 rs? +2 Ds 


(22% +3y)(2x—3y) 


. (40k — 5 h*)’. 


« 
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13. (5a? — z) (5a? + z). 17. (a+3)(@+2). 
14. (— 5a’? — 2c)’. 18. (a — 9)(a —4). 
15. (31). 19. (7 m’n + 3) (7 m?n — 3). 
16. (49). 20. (4ay? +52) (4 ay? — 52”). 
21. (@t+y)(@+y)@— y). 
Hint. Multiply the product of the first and third binomials by the 


second binomial. 


27. 


28. 
29. 
30. (w— y)(«#+ 3y). 
31. 
32. 


22. 
23. 
« (x? +1) (a? — 1) (a* +1) (2? + 1). 
_[(e- 6) Fell te + 6)—e}. 


(a — 2)(a? + 4) (a + 2). 
(m + n) (m + n*) (am — n) (an* + 1’). 


-[@+ty+2][@+y)— 2}. 


(@ + 2a)(a@ + a). 33. (80° + 4)(8a? 4 4). 
(2e+1) (e+ 2). 34. (a? + 36) (2a? — dD). 
(3 d* + 4) (2a? +5). 35. (5 a” — y) (52? — y). 


36. (4¢° + d’)(4e — d?). 


(¢ —3d)(c—d). 37. (4a°—2a*) (4a°—3 a*). 
(A? + 2 k) (V? — 3 k). 38. (5 eye) (244+3 yz zy 


39. 
40. 
41. 
42. 
43. 
44, 
45. 


(a? + 2am + m? *"\ (a + m). 
(i = ty) +(@ — 2y). 
(@—3a+ 2)+(a—2), 
(49 —14@ +4 a?)+(7T— 2). 
(? —5e+6)+(e—3). 
(9c? — 4)+(8¢4 2). 

(@ —16d —17)+(d +1). 


What is the quickest way to multiply : 


46. 
47. 
48. 


@+y@+y@e-—ye-y? 
(a? + a?) (« + a) (x* + a4) (2 — a)? 
(4a? + a?) (2a + a) (16 a+ + a’) (2a — a)? 


CHAPTER XIII 
FACTORING 


56. Definitions. Factoring is the process of finding two 
or more expressions whose product is equal to a given 
expression. 

Many simple exercises in factoring were solved in the 
preceding chapter in connection with the rules of multi- 
plication there given. In fact the process of factoring is 
the reverse of multiplication. 

The subject of factoring is extensive. In this chapter 
we shall consider only the more common forms of factor- 
able expressions, using only such factors as have integers 
as coefficients. 

If a polynomial cannot be expressed as the product 
of expressions other than itself and 1, it is said to be 
prime. 

57. Square root of monomials. In factoring it is often 
necessary to find the square root, the cube root, and other 
roots of monomials. 

The square root of a monomial is one of the two equal 
factors whose product is the monomial. 


Since + 2-+2=4 and —2-—2=4, the square root of 4 is + 2, 
which means both plus 2 and minus 2. 
Similarly, the square root of 9 is + 3 and the square root of a? is + a. 


That is, Hvery positive number or algebraic expression 
has two square roots which have the same absolute value but 


opposite signs. 
113 
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It is customary to speak of the positive square root of 


a number as the principal square root, and if no sign precedes . 


the radical, the principal root is understood. 
Thus V4 = 2, not —2; —V4=—2, not + 2. 


When both the positive and the negative square roots 
are considered, the double sign must precede the radical. 


Since 28-2? = (— 2°) (— 2°) = 2, then + V2? =42% 


That is, The exponent of any letter in the square root of 
a monomial ts one half the exponent of that letter in the 
monomial. 


Hence for extracting the square root of a monomial 
where both positive and negative factors are desired we 
have the 


Rule. Write the square root of the numerical coefficient pre- 
ceded by the double sign + and followed by all the letters of 
the monomial, giving to each letter an exponent equal to one 
half its exponent in the monomial. 


A rule much like the preceding holds for fourth root, 
sixth root, and other even roots. 


Thus +V 81c8 =+3c%, and +Va8 =4 a. 


In the chapters on Factoring and Fractions, where square 
roots arise, only the principal square root will be considered. 

According to the definition of square root, the two 
factors of a term, either of which is its square root, must 
be equal. Consequently they must have the same sign. 

58. Cube root of monomials. The cube root of a mono- 
mial is one of the three equal factors whose product is 
the monomial. 


Since 3-3-3 = 27, V27 = 3. 
And ass) (2 32-3..=8 = 20 7R yee as 


es 
Pent. 
—se 


Se Oa ee 
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; ea That is, The cube root of a monomial has the same sign as 
the monomial. 
Since gs Ps ob — gid, W715 = 8, 


Similarly, as a5z?+ ax? - a5z2 = qibz6, —-W/qlba8 = abz?, 

That is, The exponent of any letter in the cube root of a 
term is one third of the exponent of that letter in the term. 

Hence for extracting the cube root of a monomial we 
have the 

Rule. Write the cube root of the numerical coefficient pre- 
ceded by the sign of the monomial and followed by all the 
letters of the monomial, giving to each letter an exponent equal 
to one third of its exponent in the monomial. 

A rule much like the preceding holds for fifth root, 
seventh root, and other odd roots. 


Thus V— 32 =— 2, V2 = z?, and V128 v2 = 2 23, 


ORAL EXERCISES 


Find the value of the following: 


1. V3, 13. V49 7254. 25. V9. 25 681. 

2a te 14. V100 a0. 26. Vm (n?)? 

3, V6. 15. V144 a*y”, 27, Va°(o)>. 

4. VBP. 16. V196 A°k™. 28. V4 2? (y?)2 

Ba 9 B% 17. V121 a", a9. V'22. (72. 

6. V4.2. 18. V225 od". 30. V3?. (244 

7. V9 a4. 19. V289 ae’. 31. pene 

8. V16.22. 20. V361 ay"2™, 32. V25 - 26. rt 

9, V25 x8. 21. V225 mindz. 83. 2Va. 

10. V40%x"*. 22. V2. 34.5%, 34. BV a. 2, 

11. V36 ate?. 93, V10'. 62-0", 85. TV 0? By’ 
2 12. V64m'n®, 4. V5. 2-9. 36. V5". 


ea 
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\ 


S79V (2) 44. V125 2%. 51. Vx%/"*. 
B6)-V(= 8) <2). 45. Seager, 52. V2ta™ 
39. V5*. 3°, 46. V(— ay B. 53. V35°. 
40. V8 - 3% 47. V(— 3-8-0. 54. V6. 


41. ¥— 97.8. 48. 4/1000. 55. 32 0. 

42. */27 . 2°. 49. /—729.9%-s% 56. V— 243 0%. 

43. V— 64.0%. 50. Vaid? 57. V4. Bae, 

59. Polynomials with a common monomial factor. The 
type form is ab + ac — ad. 

Since ab+ac—ad=a(b+e—d), 


we have, for factoring expressions having a common mono- 
mial factor, the following 

Rule. Determine by inspection the monomial factor which 
is the product of all numerical and literal factors common to 
all terms of the polynomial. 

Divide the polynomial by this monomial factor. 

Write the quotient in a parenthesis preceded by the mono- 
mial factor. 


EXAMPLE 
Factor 10 ad? — 15 6°. 


Solution. The common monomial factor of both terms is seen 
to be 5 6%. Dividing the binomial by 5 0?, the quotient is 2a— 30. 
Therefore 10 ad? —15 08 =5 l?(2a—3 Dd). 


ORAL EXERCISES 
Factor the following: 
1.2¢2+2. 6. 7T~a%—14 11. 264+2c¢. 16. 20c+18cd. 
~de+6. %. 10e+20. 12. 5r7—10s. 17. 25m—20mn. 
-2a—4, 8. 5m—15. 13. 64—A4y. 18. 27% — 36 ay. 
-3e¢+9. 9.10—2n. 14. 1007+4+2y. 19. 307 —127s. 
- 5ce—10. 10. 12—6a. 15. 16a—40. 20. 354+ 4st. 


oF WwW WwW 


7 De ee 
r. Ses 
PON 


: \y 
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EXERCISES 


Write the prime factors of the following: 


- 
- © 


60. 


. oan +184. 
a One’ = Sa. 


5 ha = Cae 


Orie Se 


6 ies = Wiis ; 


102° — 47" 
1847+ 274+ 92. 


Ag ei 


5 BE WEG ALD E 


4o*— 8ax+ 202. 


5 HGH ND Gi GE 


12. 
13. 
14. 
5 OP = WE Oa = NS a. 
- 16 m®? — 32 m?n + 24 m?n?2. 
. — vb — 2a? + ab? 


. Solve for x, aa = a(m+ nN). 


dy + bye — 3y’. 
PAL GP SUR ALD op 
57741074157? 


. Solve for z, ax = ab + ae. 

. Solve for y, ny = nr + ns + nt. 
21. 
22. 


Solve for y, my=mh—mk—ml. 


Solve for z, aa =2a—ab+ai 


Polynomials which may be factored by grouping terms 
and taking out a common binomial factor. The type form is 


ax+ay+ bx-+ by. 


Plainly axw+tayt+be+by=a(at+y)+b(t+y). 


Dividing both terms of a(x+y)+6(@+y) by (@+ y), 
the quotient is a+ 6. 


Therefore axv+ay+be+by=(«#+y)(a+6). 


EXAMPLE 


Factor 2ay +3 ab + 6 ay + ba. 


Solution. 


22y+3ab+ 6ay + bx = 
2ay + Bay + bx + 3 ab 


lI 


2y(a@+3a)+b(@+3a)= 
(c+ 3a)(2y+ 4). 


~I 
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The preceding example illustrates the 


Rule. Arrange the terms of the polynomial to be factored 


in groups of two or more terms each, such that in each group 
a monomial factor may be written outside a parenthesis, 
which in each case contains the same expression. . 
Rewrite, placing these monomial factors outside parentheses. 
Then divide by the expression in parenthesis and write the 
divisor as one factor and the quotient as the other. 


Polynomials which may be factored by grouping terms 
according to the foregoing rule usually contain either 
four, six, or eight terms. 


It is important to note that one can obtain two apparently differ- 
ent sets of factors for a given expression. Thus 


(QUT) Ce NG 22 m)(2"2—nNn), 
for each pair by actual multiplication gives mn — nr — 2 mx 4+ 2 rz. 
An inspection of the expression shows that the binomials of the 


first pair are the negatives respectively of those inthe second pair; 
hence either pair of factors is correct. 


The relation that the process of factoring bears to the 
processes of multiplication and division of monomials and 
polynomials should be constantly kept in mind. In multi- 
plication we have two factors given and are required to 
find their product. In division we have the product and 
one factor given and are required to find the other factor. 
In factoring, however, the problem is a little more difficult, 
for we have only the product given, and our experience 
is supposed to enable us to determine the factors. For 
this reason a very careful study of various typical forms 
of products is necessary. 

There is no simple operation the performance of which 
makes us sure that we have found the prime factors of a 


giver sj tiore Only insight and experience enable us \_ 
_ to find prime factors with certainty. _ Be 
A. partial check, however, that may be applied to all 

_ the exercises in factoring, consists in actually multiplying 
together the factors that have been found. The result 


_ should be the original expression. 
er 


ORAL EXERCISES 

Factor the following: 
! - d(@+y+eet+y). 7. 32(24—y)— 5y(2a—y). 
- a(2b+¢)+¢(2b+¢). 8. m(m—5n)—2n(m—5n). 
.m(a+snz)—n(a+3z2). 9. 2a(a—b)—3b(a—Dd). 
- 2a(a—2y)—y(@e—2y). 10. 5e(@— 3)4+ 3(@— 8). 
- 3r(s+7t)—(s47t). ~- 11. 4r(r —7)—T(r —7). 
- 2m(m+n)+3n(n4+m). 12. Ts(s—t)—2t(s—?). 

13. 9m(m —2n)+4n(m — 2n). 

14. Tx(32—4y)—2y(3a4—4y). 

15. 11 ab(a — 3b)— 5e(a — 3b). 


ROE pt FIN Be 


an PF ww me 
ae Aa ee 


EXERCISES 

* Factor the following : 
Py 1. 2a(a — x) + 3(a — a). 
Hint. This can be written 2a(a— 2) —3(a—2). 
2. 7m(m—2n)—2(2n—m). 
3. 3h(5h—k)p- kh 5h) — hk (5h — k). 
4. Tx(2x—By)—2y(2a—5y) tOy— 22). 
5 
6 


« (8a— 2a) + 9a(—2x+3a)+u(20— 3a). 
. ah + bh + ak + bk. 


| une 
ae ) | er 
, aie eis Min, NUP Bde ie coe gna 
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-mrtnr+ms + ns. 


8. 2ac+ c+ 2ad + bd. 
9. 8act+tcr+9ay4+ dzxy. 


12. 


24. 
25. 
26. 
27. 
28. 


. 6ax +15 ba +4 ay +10dy. 
Hie 


Dob an -— 2a ae 
6AF4+4Vk +3 hk? 4+ 2K. 
19. 2a? — 6072 a oe 
20. 572 — 2rs* +107’s — 43% 
21. 2002-5277 +4 ay — yy’. 


ac — bc — ad + dd. 29. 
ac — ad — be + bd. 30. 
2Zam—6bm—d8an+9bn. 31. 
Sha—likea—hy+iky. 32. 
we — 3ay — 227+ 6y*. 33. 


02. 6.ac— 3¢--2Zad— 


13. mh — nh + mk — nk. 
14. 2ax —6ay+ be — 3by. 
15. av — cr +as — cs. 

16. mr — nr+ ms — ns. 
17. Zhe —2ke + hy — ky. 
18. 32° — 3a°y +ay— 7. 


d. 


23. 8ax +15 by —12 ay —10 de. 


Solution. 8az +15 by —1 


2 ay —10 627 = 


Sax —12 ay —10 dz +15 by = 


£G(2a 8) 0 Oi 


Gz—34) 4a 00). 


2 of = (6 ab abe oes 
10 a*— 25 ab? +- 5 6*— 2 ab 
1437 — 35.0275- 10a 44 
sae? == WU Nae Seal Ss Sie" 
ao = 2 b> 5 ab! 


34. Solve for #, x(a +b)=r(a+b)+s(a+ b). : 
35. Solve for x, ma + nz = mr + nr + ms + ns. 


Hint. In the preceding equation, and in similar ones, the value of the 
unknown should be obtained by the use of factoring. Mental division 
should be employed, not ordinary long division. 


36. 
37. 
38. 
39. 


Solve for y; ay + by = ae + be — ab — 0”. 


Solve for 2, ke —lz = hk — hl — k? + ik. 


Solve for y, ey + ad — ae = de — ce + ay. 
Solve for m, 2k + hl— mk = kl +2h—mbh. 


as 
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61. Trinomials which are perfect squares. Here the type 
; form is a? + 2.ab+ 0°. 
This, by page 105, gives us the two expressions: 


@+2ab+h=(a+b)%, 
@—2ab+ P= (a— bd)? 


If an algebraic expression is the product of two equal 
factors, it is said to be a perfect square. 

A trinomial, arranged according to the descending powers 
of one letter, is a perfect square if the first and third terms 
are positive and if the absolute value of the middle term is 
twice the product of the absolute values of the square roots of 
the other two terms. . 

Thus in the type form above, the middle term 2 ab =2+ Va?. Vb% 

Similarly, the trinomial 4 z? — 20 zy? + 25 y* is a perfect square, 
since the middle term 20 2y? = 2. V4.2?» V25 yi! =2.22-5 9, 


\ ORAL EXERCISES 


Form perfect trinomial squares by supplying the missing 
terms in the following: 


; 1. a? + (?) + 2%. 11. 2? —4%+(?). 
| 2. cht (2) + 25. 12. 2?+102 + (2). 
3. s?+(?) +167. 13. c’— 8c+4+(?). 
4. W?+ (?) +1. 14. n?—12n+4+(?). 
5. 1+(?)+4/1. 15. n?— 20n+(?). 
6. 9a?— (?) + 4. 16. «?—18x+(?). 
7. P+ Qed + (2). 17. 2?— 2624+ (2). 
8. a — 2ax+(?). 18. 47?—47+(?). 
: 9. v7 — 6y + (2). 19. 9a?+ 62 +(?). 
a 10. 2+ 2+ (2). 20. 9a®— 6a +(?). 
a 


7 
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Q1. 162°— 2424 (?). Q4. (7?) +107 + 25. 
22. 160°— 40a +(?). 25. (?) 18" +81. 
23. 2527 — 60x + (?). 26. (?) — 8a+ a7. 


For obtaining one of the two equal factors of a perfect 
trinomial square we have the 

Rule. Arrange the terms of the trinomial according to the 
descending powers of some letter in it. 

Extract the square root of the first and third terms and 
connect the results by the sign of the middle term. 


Before applying the foregoing rule one should never 
forget to observe whether the expression to be factored 
is a perfect trmomial square or not. 


ORAL EXERCISES 


Factor the following : 


ike ar tes Se a 13. 7+ 2c+1. 

2. +6049. 14.1—2a2+2% 

3. ®—8c416. 15. det de 4-1. 

A a7 AO Gao 16. Orcs bie eee 

lig ee iO e  i55. 199) Co eer 

6. A?—12h% +36. 18. 1627+ 8241. 

7. 49 —149 + 2% 19. 1627— 24249, 
8. 644+16m + m2 202d = 2 Ola as 
9. 81 —18 m + m2 21. 9+422724 49 27, 
10. n?— 20 n+ 100. 22. 16— 242 4922 
11. = 22k +121. 23. 25 — 40x +162 \a 
12. 144 — 24y 4 2 24. 494+ 70x + 25a 


ft °’ 


\ 
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EXERCISES 
_ Write the factors for the following: 
1. 97° 4+ 67s 4+ 3%. 10. 121 a? — 4400 4+ 402 
2. Age Lae 11. 810°+126 ay + 49 7. 
3. 9a? — bay +7. 12. 36 a? + 25 7 — 60 ay. 
4. 1627 — 8am + m’. 13. 169 a? + 92? — 78 ab. 
5. m?+10mn + 25 n’. 14. 49d? + 210 cd + 225 &. 
6. 257? —10 ye + a”. 15. 196 a —140 ab + 2507. 
7. 81a? +18 ab + B 16. 9076? —12a) +4, 
8. m? — 26 mn +169 n?. 17. 16 2? + 56 cx + 49. 
9. 9h? — GCOAk +100 ke’. 18. 9 mn? — 24 mnp +16 p* 


It is only in the beginning of factoring that polynomials 
are classified for the student. In the practical work of 
handling fractions and solving equations he must deter- 
mine for himself the type of the polynomial to be factored. 
It is therefore very important that he fix in mind the 
various types and the manner of factoring each. More- 
over, he should remember that the polynomials which arise 
in practice often have three or more factors. Miscellaneous 
review exercises afford excellent practice in recognizing 
types and in determining a// the prime factors. 

At this point the suggestions given on page 135 will 
prove helpful, though only the first three of the types there 
given have as yet been considered. — 

3 REVIEW EXERCISES 

Separate into prime factors : 

1. 2? + 627+ 9u. 

2. Qe? +4u + 2. 

3. 2° —1027 + 25. 

4. a® + 20° + ab’. 


a? + 2 aa + an’. 

26 — 20 + 50. 
100 a” — 80a? +16 a 
98¢+ 28c27?+ 2. 


or DD 
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9. 807 — 407° + 57”. 13. 126 Pd? +147 ced + 27 cda*. 
10. 245 0° —140 2+ 200% 14. 2ac+4cex + 2ay + 4zy. 
11. 45 m? — 60mn + 20n7. 15. 2ax — 6bx + 2ay — 6 by. 
12. 2ax + 4a? 4+ 2 az’. 16. 3mr—6nr+15 ms — 30 ns. 

17. 12ab — 6bce —6ax+ 3%. 
18. Solve for x, az + ce =m(a+c)—n(a+ec). 
19. Solve for z, (a+ b)x=a?+2ab+P. 
20. Solve for m, mh — mk = h? — 2hk + k’. 
21. Solve for n, nr —2ns =r?—4rs +457 
22. Solve for y, ky —4kl1—-P =4— ky — ly. 
23. Solve for y, acy — ad* — a? = ady — 2 acd. 
24. Solve for z, 2 ade — ae? = ad* — adz + aez. 
62. A binomial the difference of two squares. The type 
form is Guia 
By page 107, a —F=(a+b)(a—b). 
Hence we have the 


Rule. Regarding each term of the binomial as positive, 
extract its square root. 

Add the two square roots for one factor, and subtract the 
second from the first for the other. 


EXAMPLES 
1. Factor ct — d* 
Solution. c* — d* = (c? + d?) (c? — d*), by application of the rule; 
= (c? + d*)(¢ + d)(¢ — a), by application of the 
Tule''to.¢? = a>. 
2. Factor 81 a8 — 167”. 
Solution. 81a*—16 y= (9 at + 44°) (9 at — 4 7) 
= Gat+ 4y°) Ba? + 2y*) (a? — 2), 


, i 
ee 
‘ eel 


ae. a oe 
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ORAL EXERCISES 


Factor: 
1. 2 — 8. 4a? — 25. 15. 169 a? — 10022, 
Re oh A: 9. 9a? — 477. 16. 25 x — 36 4. 
3. 47-1. 10. 162*— 7%. 17. 360+ — 49 y%, 
4.4m?—1. 11. 92 — 64a2 18. 162 — 121.0%, 
5. 9— 7. 12. 100a?—1218% 19. 64a — 81'e?, 
Go ei 13. 12127 494% 20. 1000212144, 
71-40 14. 1442 —121d% 21. 144. 0° — 16948. 


Solve for 2, | 
(22. x(a + 3)= a? — 9. 24. a(k+7)=k? — 49, 
23. x(¢e — 5)=e — 25. 25. e(2+c)=4—e. 


EXERCISES ‘ 


- Factor the following: 
1. a — Db. 6. 81— <4. 11. cd*—1. 
2. at 1. 7. 6252* — 1. 12. c§ — 81. 
‘ 3. a* — 16. 8. 625 — at. 13. & — ¢*, 
4. r*— 81. 9. 625 2* — 167%. 14. a‘b® — 16. 
5. 16a*—1. 10. a? — c*. 15. a*y® — 2. 


16. («+ y)*?— 2. 
Hint. (@+ y)? -—2=[(e+y)4+ 2] [(@ + y) — Z] ete. 


17. (@ — y)? — 25. 20. 4(a — 9)? — 9a’. 
18. (24 + 5)?— 47/7. 21. 9(a — 6)? — 25. 
19. (3a — 7)? — 2”. 22. 2527 (¢ + d)?— 97’. 


23. 4a*—(2¢— d)’. 
Hint. 4a? — (2c — d)? = [2a + (2c — d)] [2a— (2c — d)] ete. 
. 2527? —(a —36)*. 26. 81a? — 4(ct + 2)% 
. 49 a? —(3a@ +4 2)?. 27. 100 — a6 +c)’. 


“ rire’ COU RSE BIN", GED ee ia a] z 


ey a 


a » 28. oie —4P(c— apis 33. 25 a2? — YG poy. rs 


a4 / 29. 2? —(y +2). a4. 467 = G oe d). 

— 80. ce? — (0 — e)*. 35. 16 cd? — (a? + 2)’. 

ah. bat —-(@— a) 36. 25 cd? — B(c + dy 

iy 32. 90%? — 4(a — by”. 87. 49 7s? — 9 (7? — 3) 

' Some polynomials of four or six terms may be arranged as i 
the difference of two squares and factored as in the preceding © 
exercises. 

‘ . EXERCISES 

< Factor : <a 

a l. P+ 2ay+ 7 — 2. a 

Solution. 22+ 22y4+ y=—2= 
Gi)! ;. 
; (@@t+yte)@ty—2). -¥ 
h 2. 24+ 224+1—y¥7 4. @—100 +25 —4a%. 
3-2 — 6a +9—h 5. 4a@+4a4+1-902 | 
6. 16 + 240+ 9a? — 2502. ae 
7. 402 —12ab +98 — 904. “23 
8. War +4y7 — 20cy — 162% x 
9. 92? + 25 y! — Sl xt — 30ay’. - 
10. 60ab — 25 ct + 90? +100 a2 a 
11. 1 — 14 ab? + 49 ad — 6+. 
12. 4 — 20 ab?e® +25 abe — 46°, 
13. 92° — 80 ay + 257? — 162%. 
14. 16 a8 — 8 xy? + y4 — 24 1 
15. 2 — m? + 2mn — nn’. 
Solution. i —m?+2mn— n= 
— (m? — 2mn +n?) = 
; SS (i=. = 
hee x 
(i+m—n)(L—m +n). 
es é' TNT ou: asics wiles RNG esa 


ee . a oe eee ee, ed OR aL et 


Peale 7 Pe RC WP 
he \CTORING. 
i 16. ube ak allan 18. ? — 4a? —12 ab — 90% 4 
Bae. cee P +10 ye — 25 2. 19. 42 — 0? +10ab— 250% 
'g 20. 9d? — a? + bab — OP. 2 


21. 16 — 25 m? +10mn — n*. 


REVIEW EXERCISES 


_ Factor: 
1. aa?— ay. 10. 5 atc?— 45 c+. 
4 2. ac —40%c. 11. ax?— 2 a+ ax. 
, 3. a? +6¢764+ 9 ab. 12. ax*’— aa. 
5 A PLEA + 13. 2a°— 1622. 
: 5. dx?— 25 d®. 14. xy — 16 27’. 
6. Be 308+ 92 16 
pe: 7. 22?— 18 xy’. 16. o°— ay. | 
8. 4+ 27° 47°. 17. 32a*— 1250. 
9. ab — 6 a°b + 9 ab’. 18. 32(@ + y)?— 122% 
Va 19. 2027+ 2027+ 5a*+ 5x’. 
A, 20. 874 87°(3s + 4)”. 


21. 8a*—12 whe —18 07D? — 20 
22. Solve for x, x(a + 2) = a@’— 4. } 
cE 23. Solve for y, by + 5y = U— 25, 
. 24. Solve for z, 2(?+ 25) (¢ — 5) = c— 625. 
25. Solve for m, mh*— mhk = h®— hk’. 
26. Solve for n, acn + 2¢— ae = 2cen — 2e. 


63. The quadratic trinomial. The type form is 
x? + bx+c. 


For many trinomials of this type two binomial factors 
y) may be found of the form (w+r)(#+s). The method 
of factoring to be used is the reverse of the method of 


- 
Bias 
a 


a d wa e Fr 4 ee 


128 FIRST COURSE IN ALGEBRA 


multiplying two binomials given on page 109. From a 
study of the four examples there given it is evident that 
(1) The first term of each binomial factor is the square 
root of the first term of the trinomial. 
(2) The second terms of the binomials are those factors 
of the last term of the trinomial whose algebraic sum equals 
the coefficient of the middle term of the trinomial. 


EXAMPLES 


1. Factor 2? +12 + 32. 

Solution. @+12¢4+32= (EDiG+ ?). 

Tt is necessary to find two numbers whose product is + 382 and 
whose sum is + 12. 

Now 82 =1532.= 2.16 =4<8: 

The first two pairs are rejected, for each fails to give the sum 


+12. The third pair of factors of 32, namely 4 and 8, gives the 
correct sum. 


Therefore x2 +122 +4382 =(@ + 8)(a@ + 4). 


2. Factor a? —114@ + 24. 
Solution. Since 24 is positive, its two factors must have the same ~ 
sign; since i is eee e, both factors must be negative. Now 
24=1-24=2-12=3-8=4-6. By inspection of these products, 


— 3 and —8 are and to be the required numbers. 


Therefore a@—lla+24=(a—38)(a — 8). 


Sa Hactor ot — o == 


Solution. The product — 42 is negative; hence the required factors 
have unlike signs. The sum, —1, being negative, the negative factor 
of —42 must have the greater absolute value. Now 42 =1-42 = 
2-21=3-14=6-7. We see that 6 + (—7)=— 


Therefore e®—c—42=(¢ + 6) (e—7). 


FACTORING 


a EXERCISES 
Factor : 
gee hae. 6s. A?—164-4-15. 11. s+ 2s — 35. 
ee he i 7. nw—8n+16. 12. s2%—6s49. 
- +4244. 8. A@—ATk+30. 13. 2 +¢— 42: 
4.¢°—824+12. 9. m—10m425. 14. 2? +52 — 14. 
- m—13m+30. 10. r?*— 5r —14. 15. 104—39 a 
16a 17. oe 14 GAO, 
- —2e tet 20. 
Solution. By taking out the factor —1, we may factor as usual. 
—2#+2+420=—1(@*?—z— 20)=—1@—5)(¢ +4) 

=(5—2)(c+4). 

_ Note that (—1) is not retained as a factor in the final result. 
- —2?—2z+12. 30. —4s— 71+ 3" 
- —m—8m+9. 31. 27+ 62 —2 
eae Oo — a: 32. 2° 4+ 2rr — 3r7. 
ee a 33. m* + 2mn — 99 n* 
. 24442n—n?. 34. 1? —3hk—130F. 
O02 es ANS. iH Se AV Tg) SE LY 
ae — 36. 77+157rs —100s%. 
. @& ~a—110. 37. 5hk + k? — 36 h’. 
ae 12.07 -}- oo. 38. 7’s* — 3 rst — 4047 
we — OO + de. 39. ah? + 8abe +72. 
_ W—d554+ 6h, 40. 33 p* — mn? — 8 mnp. 


REVIEW EXERCISES 
Factor the following: 


ox: at + 72? +1227. 6. 16a? —4ab% 
gaa 12a 30 0. (2 FOG aah 
3. 227 +100 — 48. 8. 5a* — 20 xy’. 
mb +15 ¢ —140¢. 9. 7*5 + 1077s? + 21 7s*. 


«5. 3m* + 66m’ + 363 m’*. 10. 2 A7k? + 2 h?k® —12 hk’. 
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lie 27 — 1627, — 15. 5 rts —407°s? + 60 7°s?,, 
12. 45 mn? — 20 mn’. 16. 39 d*—10 cd’ — ed’. 
13. 2 a®y +10 27/7? +4+12 27 17. 182° + Tka* — k*a°*. 
14. 4¢0 --4¢e? — 24 ca: 18. 8abe® + a*b*c* — 65 &€. 


19. 6ah?+4+ 3 h%c +18 ahk + 9 chk. 
20. 30m2nr —10 mr + 45 m?n —15 m. 
DA a PA he GE) Sil — diem 
Poesy Np SAG) Saati? IA 
23. 40° — 4ay’ — 8ayz — 4are*, 
24. Solve for x, «(a+ 2)=a+5a+4+6. 
25. Solve for y, ym — y =m? — 4m +3. 
26. Solve for z, re +r=7?+52— 20. 
27. Solve for 7, ar + 3ac— a= 2er4+ 2e. 
28. Solve for s, 2as + a? + a*= 6a? +4 as. 
64. The general quadratic trinomial. The type form is 
ax? + bx+c. 
For many trinomials of this type, two’ binomial factors of 


the form (Ax + &) (mx+n) may be found. The method of 
factoring such trinomials is illustrated in the following: 


EXAMPLES 
1. Factor 227 + 5a + 3. 

; 5 : . ! a (1) 
Solution. 227+ 52+3=(?2+4+?)(@2+?). = (2) 
To get the proper factors we must supply “9 e+?e 

such numbers for the interrogation points in Sy eee 
(1) and in (2) as will give (3). 207 +5x2+4+3 (3) 


227 for the product of the first two terms of the binomials, 
+3 for the product of the last two terms of the binomials, and 
+52 for the sum of the cross products. 
Now Pig WP Stars 
and +3=1-3. 


Pe 


—* 


e The 1 theirs Inkd 78 may oe substituted for the interrogation 
points in (1) and (2) in either of the following ways: 


22+1 22r4+38 
ie (Incorrect) z et (Correct) 


The first pair is rejected, for it fails to give a product having the 


F. required middle term, +52. The second pair gives the correct 
product. 


Therefore  207+52+3=(2%+8)(c¢+)). 

2. Factor 3a?— a — 10. 

Solution. 322=32r-27 

4 peda Spee 1s 19 223. So 


Tr 


Test the following pairs of binomials: 


s aati * g4+h 382-1 g—-1 82a@+2 24+2 82-2 «2-2. 


~ x—10 32—10 7410 32410 2-5 B2—5 2x4+5 Bxet+5 


Only the last pair gives the desired product. 
‘Therefore 8.27 —¢-=10'= (2— 2) (3 oF 5). 


After a little practice it will usually be found unnecessary to write 
~ down all of the pairs of bisomunls that do not produce the required 
- product. : 
Tf none of the pairs gives the required product, the given trino- 
 mial is prime. 


a EXERCISES , 
Factor : 
Mi. 8x 4 72 +2. ally ene peer: 
Zak + Tx + 6. 8. 6 +7¢ — 20. 
S 63. 827+ 82+5. 9. 1027+ 9"+ 2. 
me 4. 2a*— 90410. 10. 6a? + 5a —6. 
SB Hin, Since the last term is 11. 20? +132 + 18. 


: + positive aa the second negative, 12. 3d? 10d = 25. 
only negative factors of 10 need 
_ be considered. 13. 5a? — 38a — 16. 


5. ba? —2Za—3. 14. 102° +727 — 6. 
Bee 6. 6 47428. 15. 4k? + 20h + 21. 


ects. 


Mee, 


132 


16. 
17. 
18. 
19. 

20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
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O77 30. — 2. 
16¢— Sc —o: 
10 7 — 7 b— 12. 


1227 — 8a —15. 
147° — 39r+10- 
Vlad = Gilar — Bo: 
Din st ——nlipg hae 
36 2? — 36a + 5. 
OGr Ae an, = Sh 
AC — Yalan oy), 
Me, Meas Miso 
Dak shag Pas OD) 


Hint. 1224 + ¢? — 20= 


12 (x)? + x? — 20. 


28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 


50 a* + 5 a? — 3. 
Gee ape 
124+172° + 62°. 
@—3ab+20 

Ge dvi 

ce — cd —12d*. 

22° + 5ay +27. 
2a — 5ab+ 207. 
3a —10ay+ 37. 
102° — 27 ay + 5 y’. 
122? + 23 ay — 27. 
30 a? —13 ay — 7’. 
30 a + 109 xy + 307. 


REVIEW EXERCISES 


Factor the following: 


Pw wo eH 


5 Ghar SE ete a 

. de +18274 Wea 

» 20a* — 602° + 452%. 
. 50 ax? — 140 ax + 98 a. 


5 
6. 
7. 602° 
8. 


27 a® — 362° +12 2°. 
8at + 22? —1. 

— 3527 — 602. 
Baby — 4a? + ay. 


9. 12a°y + 21 ay? — 6 a7’. 
10. 5a°y + 10 27y? — 75 ay’. 
WL. 62777 +12 ar’a + 4 re? + 8 azr. 
12. —18 aay — 45 wey — 6 ax — 15 ae. 


13. 45 xy 


2+ 21 ay — 


6 x2. 


14. Solve for 7, r(a+1)=20+4+3a+1. 
15. Solve for s, sb + sc= 0? — be —2¢ 
16. Solve for 2, 2ha = 6h? +h —2 +. 


17. Solve for y, cy — cd — 


20 = dy — 3d? 


a — 
. é 3 e 


vF 
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65. A binomial the sum or the difference of two cubes. 
The type form is EB. 


a+ divided by (@+6) gives the quotient a? — ab + 0%, 
and a?— 63 divided by (a—6) gives the quotient a+ ab+0?. 


Therefore a? +0? =(a+ 6) (a? — ab + &), (1) 
and — a® — 6 =(a—b) (a + ab + 6). (2) 


Formulas (1) and (2) above may be expressed in words 
as follows: 


(1) The factors of the sum of the cubes of two terms are 
(a) a binomial which is the sum of the terms and (6) a 
trinomial in which the terms are the square of the first term 
minus the product of the first and the second term plus the 
square of the second term. 

(2) The factors of the difference of the cubes of two terms 
are (a) a binomial which is the difference of the terms and 
(6) a trinomial in which the terms are the square of the first 
term plus the product of the first and the second term plus the 
square of the second term. 


EXAMPLES 
1. Factor a® ++ 27. 
Solution. a? + 27 =a? + 3°?=(a+3)(7—a-3 + 3) 
=(A-+ 3)(Q2— 9 G-bi2)s 
2. Factor 27 a® — 640% 
Solution. 27 a® — 64 03 = (8 a*)® — (45)? 
=(8¢0—4b))[8¢)7+6 a”) (4b) + (4 b)?} 
= (Ber = Oe at +12 ab + 16 0?). 
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EXERCISES 
Factor the following: 

1. 2? + 7’. 7. 8— 2%. 13. 
2. m? — n’. 8. 64+ 7’. 14. 
Sra eiae sy, 9. 27 4 Sak 15: 
4. 6? — 64. 10. m* — n’. 16. 
5. & + 8a’. 11. 1252 — 77. 17. 
6..m® — 125 n’. 12. 1 — 27 m?n’. 18. 

19% a@° + 64: 20. m® 


8a*y’ + 1. 
216 — x’. 
m> + n°. 
x + 7%. 
eet yf. 
642° + y’. 


is 


Hint. This expression may be regarded either as the difference of two 
cubes, (m?)? — (n”)3, or as the difference of two squares, (m*)? — (n?)?. 
Since the difference of two squares is one of the simplest type forms to 
factor, one should always use it when possible. 


Thus 


21. g°—y*% 23. 2° — 647% 25. 642° —1. 
22. a&— 64. 24. 1—a® 


EF WwW WO 


xt + ay? 


2 aty — 


m® — n& = (m® + n3)(m3 — n°) ete. 


REVIEW EXERCISES 


2 xy". 


DOP AN as 


5a® — 40 2°. 


9. 
10. 
ills 
12. 
13. 


Solve for x, 3a — ax = 27 — a’. 


Solve for x, bu — 8 = ® — 2a. 


27. 2? —1. 
26. a2@— 3% a8. y®@— 
Be a ea 
6. «® —7z* — 8. 
7. 2° — 64a% 
8. Sat 42 ele NGS 


Solve for a, ca —27 = e+ 38cx — 92. 


Solve for 7, a8 + a@r= 8 —2ar—A4r. 


Solve for s, abs + as + a = ab? — ab’s. 


gy 
a. 
. 
2 
% 
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66. General directions for factoring. Since no general 
method of factoring can be stated in a few simple rules, 
the process must be learned by means of such type forms 
and typical solutions as are given in the preceding pages. 
When once these have been thoroughly mastered, readi- 
ness in factoring expressions which are represented by 
them becomes a matter of experience. Usually a student 
finds it comparatively easy to factor a list of exercises 
classified under a particular type form, yet a list of mis- 
cellaneous exercises he finds difficult. This usually indi- 
cates inability to determine the type of an expression from 
its appearance. Until the student, by careful study of the 
type forms, has acquired the ability to do this, he will 
make little progress. There are many types that are not 
included in ,this book, which the student who continues 
the study of algebra will meet later. 

The following suggestions will prove helpful in solving 
the types here considered : 


I. First look for a common monomial factor, and if 
there is one (other than 1), separate the expression into 
its greatest monomial factor and the corresponding poly- 
nomial factor. 

II. Then by the form of the polynomial factor determine 
with which of the following types tt should be classed and 
use the methods of factoring applicable to that type. 


1. ax+ay+ bx + by. 4. x*+ bx+. 
2..a+—2 ab+ vv’. 5. ax? +bx+. 
3. a— OB. 6. a? pF. 


Ul. Proceed again as in IT with each polynomial factor 
obtained until the original expression has been separated into 
its prime factors. 

RE 
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MISCELLANEOUS EXERCISES 


Factor : 
ily Ge —— Abe “1825 415 2—2d2—10 ag 
We Dasa Gb 2 au 197 Oa oie 
3. ax?+ any + aa? + wey. 20. a + 30% — ab’? — 30°. 
4. 42*+ 400 2°— 116 2°. 21. 20 aty + 38 2°? — 30 27y’*. 
5. 2 cx® + 2 cx”? —12 ca. 20 Sax — 2a — 20a 10: 
6. 5a? — 100% — 75 ab”. 23. 9074+ 40? —12ab—4 2" 
7. 10a*— 52? — 302°. 24. 4a°— aty*—4ay +7. 
8. 5a%4+ 4027. 25. 2ty—Ad— 22y. 
9. ey + 30° 4+ 8y 4 24. 26. 2° —Aa®y? + ay? — 47. 
LO = Or ae Oe aa Oe. 
11. 16¢°— 82° — 2a. Pty ies fy 
1 GSI Gi 25). 29. tS ae 8 a= 32a 
13. — 45 a’x? — sa? +18ae. 30. 2— Sa2tt 1627 . 
14. 9a? — 30 aay’ + 25 ay’. 31. 22°y+4a°y+2ay —2ay’. 
15. «’ — 63 x6 — 64. 82. 8ay — 8a7+2y¥—2y. 
16. «®— 64y”. 33. 4a*+ 42°— 4° 2% 
17. 6a*—Ta’y —5y*. 34. a'— 13 a'+ 3607, 


35. w8y? — 40%? + 3 aty® — 12 ay? 

36. Solve for x, ax + ad + bd = ac + be — ba. 
37. Solve for w, aw +6a+3=a+b+4 32. 
38. Solve for x, 107 — 25 — 5a = 7? — rz. 

39. Solve for 2, 4d? + 2da — ec? =— ez. * 

40. Solve for 2,47°+94+4+32=27r2¢4+12r. 
41. Solve for x, m + 42 —Ta = m? — mz. 

42. Solve for a,a+15+ 5a = 2a? — 2az. 

43. Solve for x, —3e¢—x=2¢6=2cx — 2. 

44. Solve for x, 677 —12r4+4e2=—re+4ra —8. 
45. Solve for y, a — & = ay — cy. 


8 8 8 


hyd, % SheA ayy 
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CHAPTER XIV 


SOLUTION OF EQUATIONS BY FACTORING 


67. Simple equations. A simple or linear equation in one 
unknown is one which may be put in such a form that 


(a) the unknown does not appear in any denominator; 
(6) only the first power of the unknown is involved. 


Thus 3z2—4=7, 2n+5=4n4+41, ar +b=0, are simple ‘equa- 
tions. (—1)(#+3)=(@+ 4)(z—6) is also a simple equation, 
since on multiplying out it becomes 2? +22—38 =2?— 22 — 24, 
from which, after transposition, we get 4z + 21= 0. 


In the preceding chapters only simple equations have 
been considered. 

68. Quadratic equations. A quadratic equation in one un- 
known is one that may be put in such a form that 


(a) the unknown does not appear in any denominator ; 
(6) the second but no higher power of the unknown 
is involved. 
‘Thus #2+42—5=0, 322—-4=52+4+6, az?+bx4+cec=0, are 
quadratic equations. 


A quadratic equation is often called an equation of the 
second degree. 

The term in a quadratic equation which does not involve 
the unknown is called the constant term. 

69. Solution of equations. The methods of factoring 


given in Chapter XIII enable us to solve many quadratic 
137 
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equations. In the solution of equations A factoring, use 
is made of the following 


Principle. If the product of two or more factors is zero, 
one of the factors must be zero. 


Two or more, or even all, of the factors may be zero, but 
the vanishing of one is szfficient to make the product zero. 
Consider the equation, in factored form, 


(2-2) @—4)=0. (1) 


If this equation is to be solved, all of the numbers which 
satisfy it must be found. That is, we must find every 
value of 2 for which the product on the left of (1) is zero. 
If the product is to equal zero, the foregoing principle re- 
quires that one of the factors be zero. Hence any value of 
x which satisfies (1) must make either z—2=0 or a—4=0. 
Hence w must equal either 2 or 4. On substituting 2 for z in 
(1) we obtain (2— 2) (2—4) =0, or 0- (—2)=0. Hence 2 
is a root of (1). On substituting 4 for x in (1) we obtain 
(4 —2)(4 —4)=0, or 2.0=0. Hence 4 is a root of (1). 
A moment’s inspection makes it clear that 2 and 4 are the 
only roots of the equation. 


ORAL EXERCISES 


For what value of x is each of the following expressions 
equal to zero? 
1. x— 2, 3. «—8. 5. 3a—12. 
2. wtb. 4. ¢ +10. 6. Za 4 
7. What is the value of 2 x 0? of (—2)x 0? of 9x 0? 
of 0 x 21? 
8. Make a general statement which includes all the results 
of Exercise 7. 
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What is the value of : 

9. (« —1)(@~— 2) whenz2=3? 1? 0? 

10. (aw — 4) (x — 8) whenw =3? 2? 4? 

11. (@ — 3)(#— 5) when x =—1? 3? 6? 

12. (2x%+1)(8e—1) whenx=—1? 4? 0? 
“a 13. x(a —1) whenx2=0? 1? 2? 
14. (2 —1)(x — 2)(@ — 8) whenaw =1? 2? 3? 

15. 3a(¢@+ 2) when x =— 2? 0? 2? 


In Exercises 16-22, which of the numbers at the right of 
each equation is a root of that equation ? 


16. (@ — 3)\(a—1)=0. 1, 2,°3: 
17. @+2)\@—4=0. — A, — 2, 2, 4. 
, 18. a(3a — 2)=0. oa ial 
: 19. 2%+1)(@+3)=0. —},—2, —3. 
20. («c —1)@— 2)@— 3)=0. 1, Z, 3, 4. 
21. x(@+1)(@—1)=0. — 1, 0, 1, 2. 
22. («@ —1)°*(@ — 9)= 0. i Meas an U3 
What are the roots of the equations in Exercises 23-28 ? 
23. (« —1)(«+1)=0. 26. (2a — 3)(a—1)=0. 
24. (x + 2) (a — 3)= 0. 27. (6%+ 2)\@+2)=0. 


25. («—2)(«@—1)@+2)=0. 28. 2x2 —1)(82+5)=0. 
29. Is there any one value of « which makes both factors 
of (« — 3)(«+ 6) equal to zero? 


EXAMPLES 


1. Solve the quadratic equation 27+ 5a = 6. 
é Solution. Transposing, 2?+57—6=0. 
i Factoring, (a —1)(@7+6)=0. 


The value of z which makes the factor x —1 equal to zero is a 
root of the quadratic. Setting z —1= 0, we obtain « =1. 
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Similarly, the value of z which makes 2+ 6 equal to zero is a 
root of the quadratic. Setting c + 6 = 0, we obtain x =— 6. 
Hence 1 and — 6 are the roots of the given quadratic equation. 


Check. Substituting 1 for z in z?+ 52 =6, we have 1+5=6. 
Substituting — 6 for z in z? + 54 =6, we have 36 — 30 =6. 


2. Solve the quadratic equation a = 4a. 

Solution. Transposing, z?—427=0. 

Factoring, z(a@—4)=0. 

The factors are w and —4. The value which makes the first 
factor zero is x =0. The value of « which makes the second factor 
zero is x = 4. Hence the roots of 22 —42=0 are 0 and 4. 


Check. Substituting = 0 in z?7=427,0=0. 
Substituting « = 4 in 7 =42, 16 =16. 


For solving an equation in one unknown by factoring 
we have the 


Rule. Transpose the terms so that the right member is zero. 
Then factor the expression on the left, set each factor which 
contains the unknown equal to zero, and solve the resulting 
equations. 


It must be kept in mind that a root of an equation is 
a number which satisfies the equation. 


One should never divide each member of an equation by an 
expression contamng the unknown, for in this manner roots 
may be lost. 


Thus, if in Example 2 we had divided both sides of the 
equation by x, the resulting equation would have been 
x—4=0, which, to be sure, gives us one root of the 
given equation. But we have lost the root z=0 which 
corresponds to the factor by which we divided. 


_ 
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EXERCISES 


Find the roots of the following quadratic equations, and 
check as directed by the teacher: 


1..27 —9=0. 7. v= dx. 13. 274+ 8 =— 62. 
2.a27—25=0. 8. 327=9x. 14. 2?°=3%+10. 
3. x? =16. 9. 2?—424+3=0. 15. 427—162=0, 
4. «7? = 49. 10. #°—62+9=0. 16. 5274+ 352—0. 
Steen ei OO $1. a — Tee — 12. 17. 8 — 99 Sa". 
6. 227+62=0. 12. #? += 20. 18. 12%—28=—2? 
19. x? 162+ 64=0. 305 47 = 45% 
20. 2? — $64 =15-. 31. 2 =16 74 

21. 12 — 252 4+122?=0. 32. 2? — 2in FP =| 0. 
22. 32° + a= 4. 33. a7 + 407 = 4an. 
23. 18427 = 9x + 20. 34. a? —ax= 0 


- («+ 8) («# +1)=—12. 

a ea Ip — 12 oe, 

. etl? = a 

. 50a + 24 = 25 27. 

- @—11) (#+3)=2e@ + 42. 


a — a* = 0: 


37. «2? — bx — av = 0. 
7 — ow = Zan. 
. #2 —axe—be+ab=0. 


.e@tbr=4b4+ 42. 
70. Cubic equations. An equation in # which may be 
put in the form 

aw + bot + cr+d=0, 


where the coefficients a, 6, c, and d represent numbers, is 

called a cubic equation, or an equation of the third degree. 

Some equations of higher degree than the second may 
be solved by the method of factoring. 


rr 
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or 


‘ EXAMPLE 
Solve the cubic equation 2? — 9a = 9 — a”. (1) 
Solution. Transposing, oe + o®—9x—9 =0. 
Grouping, z*(¢ +1)—9(@ +1) =0. 


Factoring, (a +1) (#?— 9) = 90, 
(c +1)(@4+ 8)(4@— 3) = 0. 
Setting each factor equal to zero, 
xz +1=0, whence zx =—1, 
x+3=0, whence z =— 3, 
x—8=0, whence x = 3. 


Therefore —1, —38, and 3 are the roots of the equation 


2-927 =9-—2% 


Check. When x =—1, (1) becomes —1+9=9-—1. 
When z = — 8, (1) becomes — 27 + 27=9 — 9. 
When «= 3; (4) becomes | 27 > 27 — 9 9° 


EXERCISES 


Find the roots of the following equations, and check : 


lie 9a 10: 8. 30° — 227 — 127-4 60) 

2. 3e—122. 9 2 ee 

3. 8+42°-127%=0. 10. 2(@* — x)= 3(1 — 2”). 

4. 8 —14¢= 527 1. ao S52 — 0: 

5. bat = 2a — 32°. 125° — 1397 OOO: 

6. a — a? —474+4=0. 13. at = 427. 

1 2a — = 8a —4. 14. -¢* = 26x77 — 25, 
PROBLEMS 


f1. The square of a certain number, plus the number itself, 


1s 


¥ 


42. Find the number. 


Hint. n?+ n= 42. 


2. If from the square of a certain number three times the: 


number be taken, the remainder will be 54, Find the number. 


hate eee 


—— 
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43. If to the square of a certain number the sum of twice 
the number and 9 be added, the result will be 129. Find the 
number. 


‘a Three times the square of a certain number is equal to 
our times the number. What is the number ? 


5. A certain number is added to 16, and the same number 
is also added to 21; the product of the two sums is 546. What 
is the number? 


6. A certain number is subtracted from 15, and the same 
number is also subtracted from 25; the product of the re- 
mainders is 119. Find the number. 


7. From 30 a certain number is subtracted, and the same 
number is added to 18; the product of the results thus obtained 
is 560. Find the number. 


8. If a certain number be added to 15, and the same number 
be subtracted from 22, the product of the sum and difference 
thus obtained will be 36 more than 50 times the number. Find 
the number. 


9. If from the square of four times a certain number, five 
times the number be taken, the result will be 15 times the 
square of the number. Find the number. 


The student has probably observed that a quadratic equation has two 
roots — one corresponding to each factor which contains an unknown. 
In Problems 1-9, where the question is asked about a ‘‘ certain number,”’ 
both roots of the equation are solutions of the problem, since both are 
numbers. In problems like the 10th, where the question is asked about 
some measurement, it frequently happens that one of the roots is a 
number which cannot measure the particular kind of thing with which 
the problem deals. Thus one root of the equation to which Problem 10 
leads is — 20; and — 20 as the length of a lot is meaningless. Hence we 


” reject it as a solution of the problem, in spite of the fact that it occurs as 


a root of the equation. Similarly, if a problem dealing with dimensions 


ity . . . 4 . - f. a1. ee 
yields an equation with a negative root, or if a problem asking “how 


4 _ many men”’ yields an equation with a fractional root, we reject these 
= 
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roots. Although they satisfy the algebraic conditions of the equation 
to which the problem leads, they fail to comply with the physical 
conditions of the problem itself, and consequently should not be re- 
tained as answers. 


10. The depth of a certain lot whose area is 1600 square 
feet is four times its frontage. Find its dimensions. 


11. The area of the floor of a certain room is 54 square 
yards. The length is 3 yards more than the breadth. What 
are the dimensions of the floor ? 


12. The area of a rectangular field is 216 square rods. 
The field° is 6 rods longer than it is wide. Find its 
dimensions, 


13. The sum of the squares of two consecutive integers is 
313. Find the numbers. 


14. The sum of the squares of two consecutive odd integers 
is 514. Find the numbers. 


15. The sum of the squares of three consecutive odd integers 
is 251. Find the numbers. 


16. An uncovered box 6 inches deep, with square bottom, 
has 112 square inches of inside surface. Find the other inside 
dimensions. 


17. Remembering that the faces of a cube are squares, find 
the edge of a cubical box whose entire outer surface is 216 
square inches. 


18. A rectangular box is three times as long and twice as 
wide as it is deep. There are 550 square inches in its entire 
outer surface. Find its dimensions. 


19. A box is 3 inches longer and 1 inch wider than it is 
deep. There are 62 square inches in its entire outer surface. 
Find its dimensions. 
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The altitude of a triangle is the perpendicular from any 
vertex to the side opposite. This side is called the dase. 

In the adjacent figures BD is the altitude and AC is the 
base of each triangle. 


B 


ee See les) 


A Doe A 

If @ is the altitude of a triangle and 0 its base, the area of 
the triangle is © : 

In making use of this and similar formulas the unit in terms 


of which the lines are measured must be specified. 

20. The area of a triangle is 40 square feet; its altitude is 
8 feet. Find the base. 

21. The altitude of a triangle is twice the base and the area 
is 36 square feet. Find the base and the altitude. 

22. The base of a triangle is 5 times the altitude and the 
area is 40 square feet. Find the base and the altitude. 

23. The area of a triangle is 48 square inches; the base is 
six times the altitude. Find the altitude and the base. 

24. The area of a triangle is 24 square feet; the altitude is 
2 feet longer than the base. Find the altitude and the base. 


Hint. Let x = the base in feet. 
Then x + 2 =the altitude in feet, 
2 
and ra ies sige = the area. 
2 2 
2 OA 
Therefore t Sees 24, 


Multiplying each member by 2, this equation becomes 
“2+ 2" = 48. 
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25. The altitude of a triangle is 4 feet longer than the base. 
The area is 6 square feet. Find the base and the altitude. 


26. One leg of a right triangle is 4 yards longer than the 
other and the area is 30 square yards. Find the legs. 


27. The area of a right triangle is 26 square yards and one 
leg is 8 feet longer than the other. Find the legs. 


28. The area of a triangle is 28 square feet and the base 
is 6 inches longer than twice the altitude. Find the base and 
altitude. 


29. The area of a triangle is 12 square yards and the alti- 
tude is 6 feet less than twice the base. Find the base and the 
altitude. 


A trapezoid is a four-sided figure, two of whose sides are 
unequal and parallel. g 

The bases of a trapezoid are the 
two parallel sides, } and e. 

The altitude, a, is the perpen- 
dicular distance between the bases. b 

The area of a trapezoid is given by the formula ere . 

30. Find the area of a trapezoid whose bases are 10 and 18 
and whose altitude is 12. 


31. The altitude of a trapezoid is 8 inches, its area is 96 


square inches, and one base is 4 inches longer than the other. 
Find each base. 


Hint. Let x = the length of one base in inches. 
Then «x + 4= the length of the other base in inches, 
8(@+a+4 
and sexet!. or 8a + 16 = area of the trapezoid, 


Therefore 82 + 16 = 96. 


32. One base of a trapezoid is 12 feet, the other base is three 
times the altitude, and the area is 90 square feet, Find the 
altitude. 


ae nd ae latter is two thirds of the other base. The area is 250 _ 
square feet. Find the bases and the altitude. 


_ $4. One base of a trapezoid is 12 feet longer than the alti- : 
"se tude, the other base is 6 feet longer than the altitude, and the 
area is 112 square feet. Find the bases and the altitude. 


a 


35. The bases of a trapezoid are respectively 1 foot and 
5 feet longer than the altitude, and the area is 30 square F 
yards. Find the bases and the altitude. 


36. One base of a trapezoid is 6 feet longer than the other, — 
the altitude is one half the sum of the bases, and the area is 
9 square yards. Find the bases and the altitude. 


3%. The area of a trapezoid is 8 square yards, the altitude 
equals one base, and the other base exceeds the aliivade by 
_ 2 feet. Find the bases and the altitude. 


= 38. One base of a trapezoid exceeds the other by 10 feet, 
the altitude is 2 feet longer than five times the shorter base, 
and the area is 22 square yards. Find the altitude and the ‘ 
two bases. 


a * te ‘foie 


ot Rc APE 


FRACTIONS 


71. Algebraic fractions. The expression 7 in which: a 


and 6 represent numbers or polynomials, is an algebraic 
fraction. It is read “a divided by 6,” or “a over 6.” A 
fraction is an indicated quotient in which the dividend is the 
numerator’and the divisor the denominator. The numerator 
and denominator are often called the terms of a fraction. 

Certain operations upon fractions, such as multiplying 
both numerator and denominator by a number (raising to 
higher terms), and dividing both numerator and denomi- 
nator by a number (reducing to lower terms), are often 
necessary before the processes of addition or subtraction of 
two or more fractions can be performed. 

The change of a fraction to lower or to higher terms, 
and the addition and the subtraction of fractions in both 
arithmetic and algebra, depend on the 

Principle. The numerator and the denominator of a fraction 
may be multiplied by the same expression or divided by the 
same expression without changing the value of the fraction. 


Sue Ae 13 ls = 6 &3 
Th Ss ==", and = =". 
am a 4.4. 16>) eS0 S026 ome 
Sravanly: Ge NG a_a+n_a/n 
a b ben bn b b+n Ob/n 


: 4 
Since rary and ” are each equal to 1, each of the four preceding 
n 


illustrations is really a multiplication or a division of a fraction 
by 1. This produces no change in the numerical value of any fraction, 
though it may change its form. 
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ORAL EXERCISES 


Read the result of multiplying both numerator and denomi- 
_ nator of each fraction by the factor on its right: 


ik 3 5 Zz 

i - 2. a. = 5: .— : A . 
3 7 5 4 7 ae a. 
2 he. 

25° 3. 4. 2. 3. 6. oS L 8. - an. 
5 Zz b a+en2 


How are the fractions on the right obtained from those 


1 3 2, $ 4 8a 
9. 9” 63 11. Be 20° 13. 9’ a 

1 3 3 6 i pales 
eo 15: Po Blas 1 T02’ 3008 


_ Read the result of dividing both numerator and denominator 
_ of each fraction by the number on its right : 


2 5 2a 2a 

Ay, vi 2. Lz 20° iy 19. wa Ze 24 ee, Ai 
3 Ws a a+ab 

16. 9° AS 18. 138° 6. 20. ai a. (op ae glk ae a. 


How are the fractions on the right obtained from those 
_ which precede ? 


4 2 24 ae xy? y 
23. To’ 5 PD 5p 30° 5 Pi fp, Lue is 

12,2 a a 2a cz 
24. 8” 3 PAoy oie A 28. Ga By 


72. Reduction of fractions to lowest terms. A fraction 
is in its lowest terms when no factor except 1 is common 
~ to both numerator and denominator. 

Cancellation is the process of dividing the numerator and 
“4 _ the denominator of a fraction by a factor common to both. 
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EXAMPLES 


Reduce to lowest terms : 


1 BA a®b°c? 
° A bs 
144 ab?c 3 gaps 
Solution 54 a%c? _ WF. aifiot _ 8 ab? | 
* 144 abet a 3 - bgt 8c? 
3 e 
9 Nope ext BOL Ge 


Oy 36 a aioe ae be 

Sohtion Sees KA (a2 + 9) +35 (a—B8y 

coe 6 ae — 36a®—162a f@(a? + 3)la+d)(a—s) 
i 


_ 2a7(a2* +9) 
3:(a? + 8) 


The pupil should note that a factor which occurs one 
or thore times in both numerator and denominator of a 
fraction can be canceled only the same number of times. 

For reducing a fraction to its lowest terms we have the 


Rule. Separate the numerator and the denominator into 
their prime factors and cancel the factors common to both. 


Cancellation as used in the rule means an actual divi- 
sion of the numerator and the denominator by the same 
expression. Therefore only factors which are common to the 
numerator and the denominator can be canceled. 

The terms (the parts connected by plus or minus signs) 
in polynomial numerators and denominators, even if alike, 
can never be canceled. For example, it would be incorrect 


to “cancel” thus: ad, as the resulting fraction would 
be 2 instead of the true value, %. Similarly, in the fraction 
r+tat+4eé 


ytat8e no cancellation is possible. 


e have seen that we may multiply or divide both numerator 
and denominator of a fraction by the same number without affecting 
the value of the fraction. But we should never forget that adding 
the same number to or subtracting the same number from both numerator 


_ numerator and denominator leads to a different value. Compare this 
_ statement with the operations that may be performed on each 
& member of an equation as given on pages 39-40. 


EXERCISES 
. Reduce to lowest terms: 
_ 36 a 27 ede 0 = 6 ae 
2 eee e ene SS ele ae 
ie 54 a? BS 45 ce? Sy 
ES : 2 52 2? a 108 mn? i On? —1 
«(180 ay * DS pia" 9x? — 9442 
84 m? Qa 5 AOE Way 
FS 126 mn ae a + ab ss: 15@7+7a—2 
xy 4 ¢?—8 ed e&—A4e 
4, ap. 14H te hii 18. &—8e 
ro Aa 10 ay? — 5 ay? e—6ce+8 
. 227 ig 15 ay’ ; f+e—6 
5 abe 9a? — 6a 20 +a — 3a 
e 3ac. es ea ea Saesione 
10 aa? 4 At i — a 50a — 228 
Bo oak "4a? — 200 +25 " g®4+ 8a2?+15a 
xv — 49a £5 a—@+2a—2_ 
es OTe 8 at eee a) 


2a y + 2a@ay + 2 acy + 2exy 
; 2 axe +20? — ay — xy 


(irae pga ee 

27. (a — 2)" . a + 80%? + 20% 
Bigs 24. 27 at + a? 
‘ om eee ef: 927°— a? 


_ and denominator changes the value of the fraction. Also, squaring both — 


ee 
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73. Lowest common multiple. The lowest common mul- 
tiple (L.C.M.) of two or more arithmetical or algebraic 
expressions is the expression having the least number 
of factors which will exactly contain each of the given 
expressions. 

If two or more polynomials have no common factor 
other than 1, they are said to be prime to each other. 

Thus 5 a*b and 42°y are prime to each other, as also are 
2e2+4e2 and 2—9. On the other hand, 27—9 and 
a —6«-+9 are not prime to each other, since they contain 
the common factor 2 — 3. 


ORAL EXERCISES 


Without separating the expressions into their prime factors, 
find the L.C.M. of the following: 


1.4, 6. GF Se 11. 5, 10, 158) ARES OTe: 
2. 5, 10. WT, 14 12. 6,10,12. 17. 8, 20,40. 
5608: 8. 10,15. - 13.6,8.12— 48, aetomme 
1.6, & 9..12,18. 44, 7, 1498 Soyo) eee ae 
5. 8,10. 10. 4,68 15: 714210 “20. eee 


EXAMPLE 


Find the L.C.M. of 36 a}, 72 a°d*, and 108 a%d?c3. 


Solution. 36 2b = 22. 32 2g2b>, 
V2 a°b* = 23 32 a°b*, 
108 a®b2c3 = 22. 33. a3h2c8, 


Since the L.C.M. must contain each of the expressions, it must 
have 2° as a factor. It will then contain 27, which occurs in both the 
first and the third monomials. Similarly, the L.C.M. must contain 
as factors 88, a, 65, and-c?. 

Therefore the L.C.M. is 2%- 3° a®°c3, which equals 216 a®b®c8, 


i 


__- FRACTIONS 


The method of finding the L.C.M. of two or more 
eX pressions is stated in the following 


| Rall. Separate cach expression into its prime Sactors. 
en find the product of all the different prime factors, 
ein each factor the greatest number of times it occurs in 
any one expression. 


EXERCISES 
Find the L.C.M. of the following: 
1. 96, 36, 40. 11. 6.4%), 9 ab’c, 30 b%c’. 
_ 2. 45, 105, 175. 12. 4f, 10 df?, 24 ed?e’. 
3. 50, 44, 110, 275. 13. 2 a%c, 18 aa*k’, 45 x*k. 
4. a'x, aa’, a’a?. 14. 2? — xy, 2a*y’. 
5. mn, m?, m’n’?. 15. a? + ab, 2ah. 
6. 2x, 62", 42%, 16. 5c —10, 10¢. 
4. Br, 12, 15 7. , 14%, — bk, Pk. 
Das, 4 @, 6.47, 8 a°, . 18. ac’, 3.a’c, 
9. 2 ax’, 3 ax, a*ex’. 6 ae — 9 ac?. 
10. 4 ay, 6 x*yz", 10 x27. 19. a? + ab, ab + 0. 


20. 3a? + Gary +3 ay’, 9a*y —9 ay’, 6 a4 —12 ay + 6 ay” 
- Solution. 8274+ 62%y7 + 307? =34(¢+ 4)? 
9 x8y — 9 xy? = Bry (a2 + y) («4 —-Y) 

; 6 at —12 wy + 6 oy? = 2-347 (4 — yy). 
a Hence the L.C.M. is 2+ 37 22y(x + y)* (4 — y)*. 

Be 88. a? — ad, 2a — 28, 2.0% — 2ab. 

22. an — ay, + ay, x — 4’. 
(23, a — 4,0 +8042, a—a—2. 

24. 4a? —9, 2a? +774 6, 207+ x — 6. 
6. 2 —1,2.—1, o°+2e+1. 
- 26. 7 —9,20+60+184, 2a — 54a. 

27. 28 —4a, 407+ 20,207 +4a, 20? —3H—2. 
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74. Equivalent fractions. Two fractions are equivalent 
when one can be obtained from the other either by multi- 
plying or by dividing both numerator and denominator by 
the same expression. 


y, 


For example, : and a are equivalent fractions; also =o and 2 
z 


5 10 


The lowest common denominator (L.C.D.) of two or more 
fractions is the L.C.M. of their denominators. 


EXAMPLES 


Reduce to respectively equivalent fractions having the low- 
est common denominator : 

1. 2, 3, and y5- 

Solution. The L.C.M. of the denominators is 60. Multiplying the 
numerator and the denominator of the first fraction by 12, of the 
second by 10, and of the third by 3, we obtain #8, 29, and 2} 
respectively. 

3u SY 
Pe and a 
8 yz? Or 

Solution. The L.C.M. of the denominators is 24 72yz%.  Maulti- 
plying both numerator and denominator of the first fraction by the 
factor 3 x, which is a factor of the L.C.M., but not of the denom- 


IX 


inator of the fraction, gives ———- 
ok Lye 


4x 
and denominator of the second fraction by the factor 4 yz, which 
is a factor of the L.C.M., but not of the denominator of this fraction, 
20 yz st Ae : Dae 20 yz 
=—55 Hence the required fractions are an ae 
24 aPyz? 24. x2 ye? 24 x2ye* 
3 4a 8b 
: and, = 
9 bc 6 ac? 


Solution. The L.C.D. is 18 ab2c?. 


Multiplying both numerator 


gives 


Then 22% = 44:20 _ 8 ac MD eho SNe OHEUE 
90% 98%e-2ac 18ab%2 Gack 6act-38% 18ab%c? 


Ove ere 


- FRACTIONS 


_ lowest terms) to respectively equivalent fractions having 
the L.C.D., we have the 
—-Rule. If the prime factors of the denominators are not 
apparent, rewrite the fractions with their denominators in 
factored form. 
Find the L.C.M. of the denominators of the fractions. 
Multiply the numerator and the denominator of each frac- 
tion by those factors of this L.O.M. which are not found in 
the denominator of that fraction. 


‘ORAL EXERCISES 


State the lowest common denominator of the fractions in 
each of the following exercises. Then change the fractions to 
& respectively equivalent fractions having this L.C.D, 


eee Le 


i, SAIS a eae eam CL ca hae ra oe SY a 
ee 2.4, 1. Was Aeldoiy ost 17. 4, 3,3 
Me ea hi te REE 
me 4.14 9. tego 14 qo ass aoe 19. 3 Te 
© 5. fr gy 10. a ge «15. 2 F- 20. fro ts 


EXERCISES 


Change the following fractions to respectively equivalent 
fractions having the lowest common denominator : 


Ue 5a 3an 20x" | 5 roy 2e ba 
Me 374’ 5. er a4 Sis, 5 a OD 
8a 5a? Tx Sia 6 ab 15 a’ 3a 5a a 
ea: iw 4 10 24 "ay by 10y 
D Gite bee 0 OF 9 an tC 4a 
uf Seon. ba ’ cde’ cde’ cde 
o+td 3e—d 4a Te 4y | Ze 
12¢’ 152 2462 .32ay? Bae 10 ye? 
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3 1 
a—5 @ +5 i 

Solution. The L.C.D. is (x — 5) (x +5). Multiplying both numer- 
ator and denominator of the first fraction by z + 5, and those of the 

3(@ +5) 4 4(x—5) f 
(«—5)@+5) GE 5)(e—2) 


I: 


second fraction by z—5, gives 


82415 42 —20 : 
Uiaceae and 26 respectively. 
5 i x 3a 
Es kD yi Oe Ie Ge hee 
a b SIR Bib 
a. Geb oe db = pals rae 
Ae ee 


Solution. The L.C.D. is (4 — a) (4 + a)a. The respectively equiva- 
lent fractions are 


2a(4 + aja ‘ a(4—a)a ee 24—a)(4+4)_ 
(4—a)4+aja 44+a)4-a)a a(4 — a) (4 + a) 
x Doe 2 Ne — Wo 3 
. ne. Lee 19. > > * 
ety «—y « e—5d e—5 ¢ 
18 2a 3 =a m Site 
soy a ag oS "m—n m—n m 
5 2 
ates Spear’ 


Hint. Rewrite the fractions with the second denominator in factored 
form. 


5 22 = &: 

a a. Sieg: Acca Ae =e 
L— xy w—y See | eaten Gis a 
3 2a St? 

Bee ee gy eee ee ee 
a—b? atdb g—2 @—A e— be --6 
San =e £65 373 

O4. “sha a og. 22 & 3) =F a 2 ; 
(-SUP WS a&—%9a &—5e2+6a a—8 
ain : i 

95. uae xe 99. wa), 2a : 
vy x—y e—8 &4+2a+4a 


A \ 
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5a 3a 
2a + 3a’ Ito — 6 
—4ea ba 
3—2 34 82—327 


—1 batty 

. aty—3 2+ 7P—9+22y 

' Norr. The problem of operating with fractions presented great 
difficulties to all the early races. The Egyptians and the Greeks, 
even down to the sixth century of our era, always reduced their 
fractions to the sum of several fractions, each of which had 1 for 
a numerator. For example, § would be expressed as }+ }4. The 
Romans usually expressed all the fractions of a sum in terms of 
fractions with the common denominator 12. The Babylonians re- 
sorted to a similar device, but used 60 for the denominator. In 
some way they all attempted to evade the difficulty of considering 
changes in both numerator and denominator. The Hindus seem to 
have been the first to reduce fractions to a common denominator, 
though Euclid (300 B.c.) was familiar with the method of finding 
the least common multiple of two or more numbers. 


30. 
31. 


32. 


75. Addition and subtraction of fractions. If two or more 
fractions have the samé¢ denominator, their sum is the frac- 
tion obtained by adding their numerators and writing the 
result over their common denominator. 
Die in Le 4, hie 30. 0 
F ple, = +=4+—+-=—,and —+ —+—=—-. 
or example, 5 + 5 + 5 5” 7 7 3 7 

If two fractions have the same denominators, their differ- 
ence is the fraction obtained by subtracting the numerator 
of the subtrahend from the numerator of the minuend and 
writing the result over their common denominator. 


(ae ee LY uy 
‘ fe and fas, 
For example, eg 32 et 7 
If it is required to add or to subtract two fractions hav- 


ing unlike denominators, the fractions must be changed 


es Pe ee 
’ Mai) a 
2 “as 


: ri 
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to respectively equivalent fractions having a common de- 
nominator; then their sum or their difference is obtained 
as explained above. 

For example, to find the sum of 3+ 3+ 4% we reduce the 
fractions to respectively equivalent fractions having the common 
Uae 40, by Pee both numerator and denominator 


2 by 10, of 2 by 5, and of 4% by 4. The fractions become 3%, 
a eee 8 respectively, and theit sum is $3. 


In adding algebraic fractions with unlike denominators, 


as — and mane proceed in a similar way. 
Y 


Multiply both terms of — bY d, and of ” ers y. The fractions 


become ad and “4 ceed the sum of rs is a i Simi- 
yd rr yc 
he td | hy 


larly, Ree ee hed equals 
y 


ad — ny 
d yd yd 


The pupil should always reduce fractional results to their 
lowest terms. 


ORAL EXERCISES 


Fup the algebraic sum of: 


10. ==. i¢, SSS 2 


i's + 
4 gnloo color 
Ss 
8 
cS 
Q 
<= 


++ He 40 


—-. Lg: — 


colo olat oolno 


<O| 
> 
i] 
bo 
~ 
bo 
~ 


ie: eae ding. Aw oar ee 
n 3x 3% 


Nat ont AD 
3 


cole 
x 
=) 
SS 


ieee — ae. 
a aa ee BOE Sa 
P 14. Ba tas 20. pai a 
y y CY xv — yy 
1 2 Ene). 3 9 

a: 


tow 
“1 
we 


=}} 


<2) 


LS. + —. , : 
f oe eS pee Gb i 


ae -» BC  ba—2e = 
ee 2a! bac Ba 


- Solution. The L.C.D. is 6 ae. 


Be, 5a-2e—2e~-4 _ 5e- 5e-8e ee (2c—4)2 ac 


ie 


ee 6 ac Ba 2¢-3e ag Bac-a | 80+20¢ 
a ya c? + (5 a? — 2 ac) —(4 ac? — 8 ac) 
A 6 ac 
~ 1c? + Bak —2ac—4a¢? + 8 ac 
a O70 ; 
5 + bac—4aci+lbe 
3 6 a’o— ~ z 


Check. Setting the Seat expression équal ie the final resi 
and substituting 2 for a and 3 for c, we obtain 


5e ,5a—2ce 2c—4 5a?+6ac—4acP?4+15c? 


—* —__ eee Ee Se eee 


2a 6 ae Ba 6 we 
15 ,1_1_ 20 + 36 ~72 +135 
mae ay iD ‘ 


135, 8 24 _ 119 
Loe ETA T2 
119 = =119 
2 7 


- fre tions (in their lowest terms) we have the 


Rule. Reduce the fractions to respectively equivalent Srac- 
t tions having the lowest common denominator. Write in succes- 
sion over the lowest common denominator the numerators of 
e equivalent fractions, inclosing each numerator in a paren- 
thesis preceded by the sign of the corresponding fraction. 

_ Rewrite the fraction just obtained, removing the parentheses 
in the numerator. 

Then combine like terms in the numerator and, if necessary, 
reduce the resulting fraction to its lowest terms. 


Therefore, to find the algebraic sum of two or more 


160 


FIRST COURSE IN ALGEBRA 


EXERCISES 
Find the algebraic sum of : 


5 ee 


eo ie iti 3a 
2. Potts 9. 23 — ib 16. 36 — $2 + 42- 
sa 10. 4 ea 
frye -E8. -EG 
5. fe tay 12. 33 +37 19. 43 — 73 + $6- 
6. 2 — 3. 13. 144375. 20. 344+2-44 
Wea — oe . 14-4) —Ge +2. 21: o5 — ae + a 
Byte Akay A Ore 
22. <p ae om mt ory eae 
Vin Gh MOG: G2) ao 
235 5 2a 2 SF 10” 26. 5 ee 
(Ora 0 Onmrar oO Rip == 3) Sap SS 
SCT is 5 TL gis 
On — Ds 2 aon 4 
BT = araenanee 
og w—Sa 3824+2a a—Te 
yee LO 18 20 
30 4m—1 a—-m m+sa—5 
: 6 8 30 
Y; 7 2 3 
31. = . eng alee 
1 338 36 Se: Se 
2 5 10a 2a 112285 
oe: BaD ga ede am 3a 2a a 
2 3 5 = 
33 2 2 38. sa+1 ee 5 a 
5a 10a 6a 5a Bae 6a 
2 
34. % ey 2 39. fn Ds 2 30% —T 
A 0 ee 3a? 2a 5 a? 
35 Cn Ae tS 40 2a 39 1 feg 3s 
O— ae i2a "Baty 10a 15 ay? 
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ieee TGR cam AU 
Co oi — 1() 
Solution. 
pata a 2a—l ee 8a+2 Me 2a—-1 
@—4> @—sa-10 (a+2)@=2) (a+ 2)(a—5) 
(8a+2)(a—5) (2a —1)(a—2) 


~ (@+2)(a—2)(a—5) (a+ 2)(@—5)(a— 2) 
_ Gat 2)(a—5)—@a—1)(a—2) 
(a +2) (a — 2)(@—5) 
3.a*—18a—10 —(2a?—5a+2) 
(@+ 2)(@—2)@=—5) 
_38@—13a—10—20?+5a—2 
(a+2)(a—2)(a—5) 
c a*?—8a—12 nate hi 80 Lee 
(a+ 2)(a—2)(a—5) a®—5a?—4a+ 20 
Unless other directions are given, the denominators should be 
retained in factored form throughout the process. 


Check. Let a =3. 
Didier Dg he Gi Oe 
a’ —4 @—8a—10 (4+ 2)(a—2)(a—5) 
942 6-1 _9—24—12 
9-4 9—9-10 5-1-(—2) 
Be te oe a 27 _ 27 
5 —10 —10 10 «10 
In checking work in fractions such values must be chosen for the 
letters as will make no denominator zero. This prevents the substitution 
of — 2, 2, or 5 for a in the foregoing example. 


ee ey eee 
, a—9 #—5ax+6 34y p—lly—42 
Wei soi pos mage ot 

x pee ere ne ae ae 


/ 
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Oa 3e+2Z ore 


EF a 2e4+1 Po t 
m> + m 38m +7 m — 3° 
m—8 mM+2m+4m m—2 
@+2ab+h Dia 2b 

he C= " Gedo: 2 ab — 0: 
a 3 A x 

age os = ; 
g—a«—-2 e=2. 24+42 

aay a b+a 2b 

Sf) ing) Dene = Gon 
cx? 2 ca ca? (¢ — 2) 

ae: Cae “C= oe & — cx? 

ae. ate @—a+e are 


a—c @+ate @&—e 

et 3249 east sae 54 
e—38e+9 “243 24 27 
2—9d — ha 4a _ 22-5 
2Qa+5 2074157425 «+5 


57. 


58. 


76. Changes of sign in a fraction. The sign of a fraction 
is the plus or minus sign placed before the line separating 
the numerator from the denominator. Hence there are in a 
fraction three signs to consider, —the sign of the fraction, 
the sign of the numerator, and the sign of the denominator, 

Now in division the quotient of two expressions having 
like signs is positive, and the quotient of two Sci guen ees 
having unlike signs is negative. 


ae 8 


Therefore sera; agra + = ne 
see +8 
Or, in general terms, 4: ie oe ee ee 
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These examples illustrate the 

Principle. Without altering the value of a fraction the fol- 
lowing changes in sign may be made: 

(a) The sign of the numerator and the sign of the de- 
nominator. 

(6) The- sign of the numerator and the sign before the 
Fraction. 

(c) The sign of the denominator and the sign before the 
traction. 

Hence any fraction may be written in at least four 
ways, if proper changes of sign are made. 


32 SAG = Be 32 
Th as ee os ea 4 
r setae 4 Se i G5) ee 
Similarly, 
va bn GEG Alt — veh 20— a = 2p 


PS ccs bg ke Gee bee 


The pupil should note particularly that changing the sign of the | 
numerator involves a change of sign in each term of the numerator. 
Similarly, a change of sign of the denominator involves a change of 
sign in each term of the denominator. 


EXERCISES 
Write each of the following fractions in three other ways: 
a n =) 2a—b 
1—- 3. — =. 5. —— 1. ——— >: 
—h d L—Y¥ — a 
pats 4 2 : u— 2 c—3d 
ad WG 0 ne = 3 oF 
ae een 
Uo — i D} GA orl 
. (eee ds Sere he 10. == Puen 
ba—6—-2 1— 2’ 


77. Changing signs of factors of denominators. In their 


—3 
present form the L.C.D. of a—3 
a=  T—a 


(a—7)(7—«a). But instead of taking these factors it is 


is apparently 
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better to apply the principle of section 76 and rewrite 
the fractions so that the denominators will be identical. 


fate anf T=a) a= a= Th. ame 
L 4—24 a 2¢—4 37-4 

pad eae oS \ ea xz—3 por. 
3 5 3 5 

clus: J 0: Gee oes 


In’ addition and subtraction of fractions whenever a 
factor occurs in one denominator which is the negative of 
a factor in. another, the form of one of the fractions should 
be changed according to section 76. This will greatly 
simplify the work and decrease the likelihood of errors. 


EXERCISES 
Simplity the following : 
7 5) NR. eR SE 
il ae 3. : 
u—5 5—2 x—a a—2 
a b 4.2 —2 2+¢2 3a 
ey ee ee Vr; .3—a wages 
: a lie ESS 07 
ho a 
2 = 2 
Hiei — +5qa _ a a? + 5a. eee 
5-a @-—2% a—5 (a+5)(a—5) 
2 9 ZO = Ol 20 — Of ee ora oel 
6 8. 
t 


Leo So¢ bot  1—ba. ea Se 
fa.) 3 ae 4 4 Ks. i 10 ab - Ge : 
Ai —a2 ~x#—A49 3 G20 Ab? — 90a 
4e+1 beri! 
“22-1” Poa ee 
—ll@4+46—6@ Bae. Tae 
Ge Dl a+T $5 pee 
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78. Reduction of a mixed expression to a fraction. The 
mixed number 3? reaily means 3+ 2. It is equal to 8 + 2 
or 484+2=—17. The corresponding case in algebra is rep- 


resented by a+ z 
Cc 


Now ee eo 
Cae LEC 
Similarly, 


‘ 9 2 
eae Sed Gays. 3a _(at+1)(at Dees Did + 6a42° 
a+2 Il a+2 a+2 a+2 a+2 


The process involved in this operation is really nothing 
more than the addition of two fractions, one of which has the 
denominator 1. Hence the method of section 75 applies. 


ORAL EXERCISES 


Reduce to fractional form: 


9 1 2 
aes 1b. 145. 23. +3 
a act +. 
3. 4+ 7. ie 24. (5) — 3! 
A O44. e , F 
rv 
5. 643 Wee 25. (5) -=" 
x : 
6. 24+ 3. ss PXe bat 
7. £43. 18. oe a (Eh =e 
1 
8. ame s? Oe ees : 
9. 13 _ 3. I YP = r+ 
A 4 2 
ee. ie 20. °—1., 8.08 na 
ten .6 : : 
21. %— =. i 
12. 544 eae eM | 
13. 7 — 3 r\? 2 
des | alike re ae 
fae 2 4.3 ee @ Bd ae 


. 
a 


Pern a wy Pe 


rr * pis 


TE te Ge 


Write the following mixed expressions in fractional form : _ a 


2 
ee ee 9. (5). 
x n i 2 
e c 2x\* 
ae ear 6. Bat? 10. 2? — (=): 
c s 2a? 
Ss  Aaaeree Wacky 11. 2 at —~>- 
=¥ x 327 (geen 
4. 5a=— 8. = ee . 
2 ee 
13. poy ¢ 17. im ae See ¥ 
e+d_ m—n ae 
ety a 7 
—2y— - 18. 2?— ay — — 
ks 4 aay 8. 2" = ay age $ 
sop ee” ea ee ee ‘ 
15. a +0 5; 19.) 5 25 +62 pats 
25 a? a+? . gg 3 
16. B67 eg ee eg 9 tee 
21. 2 +4a— Seat eee 
145 P4OD a 
22. b+2— 5°". —(20-1- oe): 
Hinr. Removing parentheses and combining, we eet ‘x 
140 B24 9b 14d B49 oa 
b+2— 1 ey es 
Bes) —1 ee Reo ay 


Abin fs ube r 
i. (3-35). = (8-5) 6-2 
—S)-( 

$28) (e+ 5. Re Whee 


FRACTIONS 167 


79. Multiplication of fractions. In algebra as in arithmetic 
the product of two or more fractions is the product of their 
numerators divided by the product of their denominators. 


Thus $.$= 438. 
Similarly, ogee 
bd bd 
and §-F= $5. =I 8, 
In lik ee ee eae 
n like manner Nig mT ts a 


If a factor occurs one or more times in any numerator 
and in any denominator of the indicated product of two 
or more fractions, it should be canceled the same number 
of times from both, thus giving the product of the several 
fractions in lower terms. 


Thus ue Pre Oe, 
pce 
EXAMPLE 


2 
Multiply sae by eae 


; Bac? 15 d%e BAP Bite bie 
Pee hd “Heats Vs d Yor 6 a0 


eye 


To find the product of two or more fractions or mixed 
expressions we have the 

Rule. If there are integral or mixed expressions, reduce 
them to fractional form. 

Separate each numerator and each denominator into tts 
prime factors. 

Oancel the factors common to any numerator ang any 
_ denominator. 

Write the product of the factors remaining in the numerator 
over the product of the factors remaining in the denominator. 

RE 
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ORAL EXERCISES 
Simplify 
Dey 2 2a\* 

Logg 12. 9s M6 (34). 
eae ee ae ga 
3 12) i ay 9 @ 2 aN 13 (S 7 17: (* =e zy. 

Oe Te “2 ¢ Te 2 x? 
aes 10. 2. a4 22 1g: 
5. eae “nm aa Sa "mn m+n 
6. Ti : it ay EISa\e 2a+¢ tos 

eR E 15. ( ): 19. Sean 
tke (<5) y? a t ae x ae 
EXERCISES 
Multiply 
1. 33-20 4. 15-35. 7. Deny ae 
2. a: 5. ag ea 8. —1yy- din 
3. ¢- 43.3, 6. 24. —117 9. 34-16. 22 

10. 32. (6)?- 44 17. 21 ay seu (22) 

11. 4.22 . (215 142°\3 x” 

Sah 62 re (4 i e ae 15d 

12. 32 10a8° dc 2d ac 

10x? 2423 i9 10m (a ) (2) 
aS 182? 152 "ni? ~\15 m/  \6 m?n} 
15ax® 1205 162? (22)" By? 
‘ : é 20. -——.. s 
- 42> 4007 9@ 3Yy 2 x? 
Sed? 18 (6a)? 12508 
; Pees 3 ; eps. 
Ses 40 dass ae al 08 2(aaP 
oeY 6a? Se 8m? \? Iba * 
a6; (; = "102° 3a Ee . — ; a 
a’ —9 Die 20 —10¢ 


23. 


w—2a—15 20-80? a—6a+9 
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Solution. aa oA , 201007 _ 
@—2a—-15 2a—8a@? at—bat9 


Ls . 
a—3 
Check. Let a = 2 
a—9 a—4 2a 10 a? i 
a@—2a—-15 2a2—8e@? at®—6a+9 a—3B 
Pe Sn ea 
— 1 =160° 9 = 1 
iy al 
lh le PG |g 
BOS 4 1 
—l=-1 
2 x 4 Py tS Pak eee 
ve aca aoe 26. © i me By) oe 
by oa +9 a? — 9 Le - 8 
oe @—4- 3a'— By : on ose w= 9 
“eg—y €+6c+8 eT ie ee: 
=F e—Txe+ti10 22°+102?+ 502 
S195 oe? — 4 


oe 10 ae 

(a? — 4)? 4+ a? 

oO, @+4an+42? 
C4 ae -2en— 3a — 6x 
ONO One AOL 


29. 


30. 


ek Gor "100?+ Bac 
= ae Oe 50) 2 — 3 2—10 2— x 
ESS a ae © ed ee 


(x?— 4) (@ +3) a—a2—6 (@ — 2) 
2124418 G4)? 243 

Aly 1) AE in an L—e€ 
Chae Gz20 ©) 58 oF aoe 


33. 


34. 
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5 3a 
os (4+ oe :) (Gay —1): 


Dees 
Hint. (44 a )(; ag —1)= i a os ete. 


a*#—1/\2a—1 @—1 24—1- 

The student should note ane the difference between the 
procedure in multiplying two expressions like the above and that 
followed in adding them or in subtracting one from the other. (See 
Exercise 22, p. 166.) 


36. & s ‘) can: Gs 2 xy + Tay 
P a — 88) \x4 day +447 
(0-5-5380 542) 
(32-4427) (43) @ + gage t 4) 
ae: (22-52) (Be +5. a) eae oe 
wo. (3-573) (ene) ee 


2 2 D 72 
41. (264+5 20) (a+ =o Ae spt 4b) aoa: 
a= ee 


38. 


ie) 


2b 8 
80. Division of fractions. In arithmetic ga 8 ee 
= 803 oe §211=3. i= 4. Also $+1¢—3+H= 
OAT ae } dias , 
aac ie a c a a a a a a 
Similarly, -+—-=—.—-=—;3 and -+n=a=-==— 
y bd itr "emo b 5b nbn 
Also {3 (« a “| =e Cee (= a ") = “de d = ad : 
b Gy), a d 6b ed+n bed+bn 


For division of fractions we have the 


Rule. Reduce all integral or mixed expressions to fractional 
form. 

Then invert the divisor, or divisors, and proceed as in mul- 
tiplication. of fractions. 
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EXERCISES 


Perform the indicated operations : 


1. 3+ 3 7 es ge 11 10a? 152? 
Re. 9 2a 2 “ly 2144 
ers: : CEN feta to, 12.ab?_, 18.0% 
3. 12+ 3 ev Ge ohwe Tho Cy De, DO 
eae ge? gee fy Aan  2ax 
oe Te Cate Ste 
15 3 Mags i X 
Bee hey eam ape 
og CANS! SS Nae me aaa ‘\5e/* 10008 
ECR oa 5 2 r (14 ab) 
Ib ee oe 18. Tagua t 12a 
Peze 4 Se ts Ys 256 | Bat 
ba 15, 2 a? Bar) (10 at (8)? 
i 12d | 8e 10de 20 (2a). (ay fIX 
" 35e “Ted 3ed* 85 L2G SIGE NS 


Hint. See Rule, page 13. 

10—4a _ 5a—2a@ 
se on 
(a—3) | a@--9 


21. 


22. : 
Op NEES ERE) 
a) 0 — 20 

23. ene ee SST F aa . 


geal ok tag? Ie ar 
G@=—a @+3al2 
m + 8m 


24. 


25. (2m? — 4m + 8) + 


3m 


S ( mes )+ te. 
oF (@+1-<) Resrae Lip elles 


he ae ees - ee d 
ee Je) TF \— Ze 


2 


~ 
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og. (0 0S ee ee 
Ny” a] OND 2 ey eee Ot) 
xv — Bay + 67? ( 107 \+ ie 2) Ye 
a 92°—6ay+ty 0 ey ' 3a?+ 8ry—3y 
(2m)? (m? sf) 3 ee AS 
20: mo + 64- 5 eG e: Reon 24 7 
ae 4\  9a?—A4 
a 99, le 3! (8e+44+5-)+ 55 
Ob (2 ‘hae =)+ C= (4 24a ). 
“ ad af Oe + Qe eal ee) 
LZ V27TP +88 (3a | 2) | ( ahead 
cont ax Grote eee es x 


81. Complex fractions. A complex fraction is a frac- 
tional expression containing one or more fractions either 
in the numerator, or in the denominator, or in both. 


EXAMPLE 
Saag 
1+-— 2 
Simplify __. 9 
a—3+ 2 
a 


Solution. Reducing the numerator and denominator to simple 


fractions, ee ees 
Lae GO Siete Oh—— 
a 


a a? 
mm ho 55, Cre 
a—-3 42 a 38a+2 

a a 


Performing the indicated division, the right member becomes 


. (a—T) (w+ 9) ad ae OS es 
gt “(a—2)(a—ty a? -2a 
a 
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Check. Letting a =3, 


To simplify a complex fraction we have the 


Rule. Reduce both the numerator and the denominator to 
simple fractions, then perform the indicated division. 


EXERCISES 
Simplify : 
1. goer. wogaraees eae oe, 4, 1S Be 
—_ 7 1—3 3— 2 344 
~ a 6 aaa ake oueaUL 
#4+3-4+G) G+ OO+H' 
5 tga? . —P=a" 
= P+ 4+ @ 
3 2 oe? a? b? 
9. aris y b a a 
5 12.) —— 15. 7 
1+- a+6é6+- 
1 y & 
Oa 2 
= ae 
pr 0 x 
eid 7 16. A 
C aaa ia ee 
: 75 z 
- 2 2 aa ( 
jae a 454-2 
Z c 19 y a 
11 ¥ 14. 2 Dy 9 
ame ee. gp 2-4 
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Sake. 1 Nee 
a | oxy if 
18. Nae, 24. ; = y 
L 
Lite hs af ae 
y 1 1 1 
il == 
19 Se aS 5p Dep ee 
Pee <7 ee 
e 9 ae ae 
x J > eae 
(w+ 3y) eo ee 
FY ETE 6. eee 
Bee Qx 3a 
Y «& e—2 2£—3 
(55°) 2(6+ d)—3(2a—c) 
a1. 2a} = 2ab — bc +2ad — cd 
(b — 3a)? “elas 2 = eerie 
4 24 —e. hae 
BES cia (rey By 
99. 2y Bele 28 4a he: 
o—2y wbo2y " (5x +4y) 
YY 9 
w& 2y 4a eae 
eS eee 5 19.6 
og; Sah Pres 2a—a—6 
toed ; 21 
a iA) 10S 9 eaaee 


CHAPTER XVI 
EQUATIONS CONTAINING FRACTIONS 


82. Equations containing fractions with monomial denomi- 
nators. If fractions are involved in one or both members 
of an equation, it is necessary to find a number or a literal 
expression by which one may multiply both members in 
order to get rid of the fractions. (Compare Problem 24, 
p- 145.) This process involves the application of Axiom 
III, page 40, which is the only principle employed in this 
chapter that has not been used repeatedly in the earlier 
work with equations. 

Especial care is required to avoid error when a fraction 
which has two or more terms in its numerator is preceded 
by a minus sign. 


ORAL EXERCISES 


Solve for x, stating in each case the operations employed : 


1 Ga1 5. a4. 9. 5-5 =0. 13. “= 3=0 

2.552 6. “2 = 3 10 7 Ho. 4. =F 43=0. 

3. 5=1 7. “2 = 10 1. 5 +2=0. 15 27 —10=0 

4. 5 =6 8. 2 = 9, 12. 2 +1=0. 16 ttl a2, 
5 
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7 ee eee jp ee ef ee 
5 5 Qa 
On we 6S 
18. —S— = 8. 22. 1 = 26. 7 = 3. 
tp) ee ag: Ste. a7: - = 46 
Se x 22 
22—1 4 4 

= .—= 2. i —— 
20. 3 5. 24. — 28. = 2 


29. Using the least multiples possible, free Exercises 1-10, 
page 177, of fractions. 


EXAMPLES 
x 
3 


Solution. Multiplying both members by 15, the L.C.M. of the 
denominators, and canceling, we obtain 


52+32= 240, 
or 82 = 240. 


1. Solve the equation 5 + : = 16. 


= 50. 
Check. Substituting 30 for x in the given equation, 


20 4 30 = 16, 


or 10+ 6=16. 
2. Solve the equation = @ +1)— ae = = 


Solution. Removing the parenthesis, 


Multiplying both members by 12, the L.C.M. of the denominators, 
and canceling, with particular attention to the signs in the third 


fraction, we obtain 
9¢+9-—1074+14 = 28. 


Solving, Lie 
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Check. Substituting — 5 for 2 in the given equation, 


For solving equations containing fractions with mono- 
mial denominators, we have the 

Rule. Free the equation of any parentheses it may contain. 

Find the L.C.M. of the denominators of the fractions and 
multiply each term of the equation by rt, using cancellation 
wherever possible. 

Transpose and solve as usual. 


EXERCISES 
Solve for x, and check results as directed by the teacher : 
eter) ee 10) 


Wo OD 
1.5 +3 = 10. 8. A aE 5 =145)5 
ot ae etl w—2 w+8 
2 4+o=3. Sao, 3 1 ey) 
“x 2 2 5 Zo 
Can gO 103th? D4" 
x 4 Wy 
= —7 =x” = 26 
ft. 2 +5 6. re pert ss 9) 
Te ay x 3 4 fi 
Mee eee, 1 2 
4 9 L 
<= 38x y 
ee ees 6 7g 8 Fg 
2 2 A He 


34. 


2 
. wf _5(=2 120) + 
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a 2 


(c+ 5)(@—6)=0(”—3) 


83. (@ +7) («@ +18) = r(e —5): 


5 


‘l: 


5 = ogee 
= 9) 18. 5) 3 re 
Pek 2a jae 

3a 19. 1 all 
1 3 oil 
ge) ae 20. q@—)+ 1 as 
5a+12 4 es 

= Si oness 

iC ls x Soe 
Se eae 

oe ae 

a 

x x 

an See 

e 20 _ 3 

ai ID) Gi b 

ft 17.¢ 

OS a Gale Bhar aes 

9 : 

n(5- 2) 3 = pn — 32) 

Nc ps ae 2(2a*—1) 5 

a ae 

‘ RSS) 

Te Sl =a) —a) 

VOR = SH Din a 41 

oa. |.) Se a0 es 
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PROBLEMS 


1. One third of a certain number, plus -/; of that number, 
equals 15. Find the number. 


nN n 
le bosit, SS ise 
Nery s5 


2. The difference between 4 of a certain number and + 3 Of 
that number is 10. Find the eee 


3. The sum of two numbers is 38. One tenth of the greater 
number equals 4 of the less. Find the numbers. 

4. The width of a rectangle is 2 of its length. The perim- 
eter is 200 meters. Find the area of the rectangle. 

5. What number must be added to the numerator of the 


fraction + so that the PeORUARe fraction will be 4 of the number 
in question ? 


6. One half of a certain integer is $ the sum of the next 
two consecutive integers. Find the first integer. 


7. A certain even integer divided by 12 is equal to 5 of 
the sum of the next two consecutive even integers. Find the 
first integer. 

8. What number added to both terms of the fraction ? 
gives a fraction whose value is 3? 

9. Separate 24 into two parts such that } of their differ- 
ence is 4. 

10. One fourth the difference of three times a vertain num- 
ber and 4 equals + the difference of five times the number and 
4, Find the number. 


11. Separate 108 into two parts such that their quotient is 2. 


12. There are two numbers whose sum is 24. If Kee differ- 
ence be divided by their sum, the quotient will be ¢5 of the 
greater number. Find the numbers, 
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13. A’s age is § B’s age. In 10 years A’s age will be twice 
B’s age. Find their ages now. 


14. At the time of marriage a certain woman’s age was $ 


that of her husband. Twenty years later her age was § of his. , 


Find their ages at the time of marriage. 


15. A is 12 years older than B. Eight years ago B was 3 as 
old as A. Find their ages now. 

16. Jupiter has 5 more moons than Uranus, and Saturn two 
more than twice as many as Uranus; Mars has 7 fewer than 
Jupiter, and Neptune half as many as Mars. These planets 
together have 26 moons. How many has each ? 

17..A triangle has the same area as a trapezoid. The alti- 
tude of the triangle is 24 feet and its base is 12 feet. The 
altitude of the trapezoid is a third that of the triangle, and 
one of its bases equals the base of the triangle. Find the other 
base of the trapezoid. 


In solving Problems 18 and 19, the student should make a 
table similar to those shown on pages 100 and 101. 


18. A marksman hears the bullet strike the target 3 seconds 
after the report of his rifle. If the average velocity of the 
bullet is 1925 feet per second and the velocity of sound is 
1100 feet per second, find the distance to the target and the 


length of time the bullet was in the air. 

19. A gunner using one of the best modern rifles would hear 
the projectile strike a target 2640 yards distant 9? seconds 
after the report of the gun, provided the projectile maintained 
throughout its flight the same velocity it had on leaving the 


gun. Find this velocity if sound travels 1100 feet per second. 


83. Equations containing fractions with polynomial de- 
nominators. Although no new principle is involved in 
the exercises of this section, they serve to review many of 
the most important processes of algebra. 


— 
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ORAL EXERCISES 


Clear the following equations of fractions, stating in each 
case the operation employed. Do not solve the equations. 
Zz : 
iG — a 
A eb 
Solution. Multiplying each member of the equation by z + 1 we 
obtain the equation z =32 +3. 


6 

em en lgcias rut lg tee 

4 pat ay apa 16. 5 =). 

eer rr 

ey *, here re: a aes 

7. 2+ 7. 18, ==2—1 19. == 4 54 
EXERCISES 

Solve the following equations and check : 

1h area tr 


Solution. Multiply both members of the equation by 5 (a + 3), 
the L.C.M. of the denominators. This may be indicated symbolically 
as follows: 

[2 ++ pee =2| 5(a + 3). 
a+: 5 

By means of this form of expression one can readily see what 
ought to be canceled. 

Canceling, 10(2+8)+5(¢—1)=11(4 +3), 
or 102+ 304+52—5=112 + 33. 

Transposing and collecting, 4z=8, 
whence L—2, 
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eam te 
Check. i rere iene 
2+4=1 
I= 41 
x —3 w= il Se a4 
= == en) 
a Peay S ne, - ae 
5 4 eel és be _ 3-2 
6 = Fagen ae ire 2+2 


Solution. The L.C.M. of the denominators is 3(2 +2). Hence 
from an inspection of 
o% 38 = 2 : 
| =52+2|se+n 
we obtain 5z2(2+27)=38—2)+3202+2), 
or 10z2+527=9 —324 624+3 2%. 
Transposing and collecting, 
227+72—9=0. 
Factoring, (250 12 9))| (105 
whence x=— 2,1. 


Check as usual. 


oe 22 2 fom 1) x 
ie eee pela Cag ae 6 
a 15 %+3° -a2+9 
xg+3 “gp de ee 
a 2a Ae es 
z 5—a 4a—5 18. x+2 toed 
2 ee 4 4 sa +2 
NRG ba are sae ar hear 
1 “Ss 1 ak oe Se 
BeOS ge wile i118 aon iaigo a ie 
2-5. Ox 4 324-4 
Pag Te 6 a. 19. San ae 3 
ee 80 2 1 i 
13. =. } ae 
a, Oe iT mk ce an 
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Co SE 3 

220 4(a+3)- 5(@+3) 
2 

99.) 4a 6 a +11 


Je +3 2@+3) 3@+3) 
ay eS a 3 
oy A nn’ 


Hint. Multiply the terms of the last fraction by — 1. 


26 1 3x x—3 
ao = ———- 25. 5 = — 
x—3 3— x x—-2 2%—-#w 
32x LOM oe. 1 2x 

aS et SIG, Ga 3. 1 Oy? 

Hint. Rewriting the last fraction (see Hint after Exercise 23), and 
factoring the denominators, 

382 16 eae 22 
r—3 («—38)(@+3) 2+3 (#—83)(x +8) 


24. 


a. 


26. 


The L.C.M. of the denominators is (« — 8) (@ + 8). Hence from 


3a 16 x Qe 
eres aes iar ales 
we obtain 8a(@ + 3)—16=2 (2 — 8) — 22, 


which may be solved and checked as usual. 


In solving equations containing fractions with polynomial 
denominators the student should write the denominators and 
their L.C.M. in factored form, as in the preceding work. With 
this exception the rule on page 177 applies to all equations 
containing fractions. 


1 Zz, 6x 


af ere oo. fae — 9 
2a 3 24 

ae 2 es ue ne 

99. 33 _ 5% —12 4 


RE 


184 FIRST COURSE IN ALGEBRA 


Ge; 10 — 227 _ it 


ahr 07 AW gs” ge 4 
af 1l+ei «x«—2 Plead ‘ 
* Be ID ee 0 ae Dek: 6 
39 ipl Wag SWS + Sea = A 


34 — Boek eS pom 


84. Equations containing decimals. The method of solv- 
ing an equation containing decimals is illustrated in the 
following : ; 

EXAMPLE 

Solve the equation .3a-+ .7= 4.2 — 05x. 

Solution. Multiplying each member of the equation by 100, 

302+ 70 = 420 — 5z. 


Transposing and combining, 


Bia — Si). 
ale 
Check. Sex slOR-Ey, = 402 05 ao 
SVS CS 
Si SS 


In equations containing fractions, if decimals occur in any 
denominator, multiply both numerator and denominator of 
such a fraction by that power of ten which will reduce the 
decimals in both the numerator and the denominator to 
integers. Then clear of decimals and proceed as in the fore: 


going example. (See Hint after Exercise 20, p. 185.) 


EXERCISES 
Solve and check the following equations : 
1. 4a = 6. 4. .75 — Tx = .26. 
Qe oa Oro) : ey oy See = ily 
3. 3a+4=.26. 6. 3.75 = 2.15 — 5a. 
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7. 06a — 4.5 = 1.68. 9. 042 = 12+ 2.4. 
8. .03 a” + .16 = .58. 10. 8a — 2.7 = 55a. 
“U1. 15¢a%—42=8a — 49.5. 
12. 1.724 3.14 =— 9.66 —1.52. 
13. 83447 —1.25 « = 8.845 4+ 522. 
14. 1.7¢+4+ 17 — .082=4734+1.12. 
15. .12(2%+4 .5)— 20.52% — 2)= 4.. 
16. 6(8a% —1.1)— 840.72 —3)= 6a 4.24. 
Te AD de 32-62 675—Ax_ 3.5 


eT Be SAS ae ery 
19 51h 8 SR es SS 240 —1.5 
: 6 5 A 10 
Oy — 2-0 9a lee 
20. i a OA 23239). 


Hsyt. Multiplyingnumerator and denominator of each fraction by 100, 
600 x — 269 Hs 150z _ 
40 al 


Solve and check as usual. 


3.9. 


To avoid the possibility of repeating, in the check, a numeri- 
cal error made in the solution, the check should be performed 
by finding the value of each fraction separately, without clear- 
ing of fractions. 


Pai Ve 17 fe 
ee oe : 
22. 5 aF 12.5 =152+ 62 
o(8— Aw) .5(22—6) _ 
23. 6 iS iis 
tees isis x 
24. 3(5—27) 15-102 LRG 


Gee ONes mc 14 
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Nore. The introduction into Europe of the Arabic notation for 
numbers was one of the important events of the Middle Ages. This 
notation originated among the Hindus at least as early as a.p. 700 
It was adopted by the Arabs, and was introduced by the Moors into 
Spain during the twelfth and thirteenth centuries. Anyone who has 
tried to multiply two numbers in the Roman notation, like MDCCVII 
by MCXVIII, will realize the difficulties that surrounded arithmetical 
operations before the Arabic system was taught. Before the introduc- 
tion of this system one of the principal uses for arithmetic was the 
determination of the day of the month on which Easter came. Roger 
Bacon in the thirteenth century urged the theologians “to abound in 
the power of numbering,” so that they might carry out these com- 
putations. Business computations were made on the abacus, one 
form of which was a contrivance of wires and sliding balls on which 
arithmetical operations can be performed with great rapidity. 

Though computation in the decimal system was common in Europe 
from the thirteenth century, the final step in perfecting the notation 
was not taken until about 1600, when Sir John Napier and others 
made use of the decimal point in the modern sense. It was not until 
the beginning of the eighteenth century that it came into general use. 


85. Percentage. The methods of algebra may be used 
to advantage in treating many problems in percentage 
which are also found in arithmetic, and in solving many 
others which would be difficult or impossible to solve by 
arithmetical means alone. 


ORAL EXERCISES 
1. What is 4% of 60? 3. What is 3% of x + 40? 
2. What is 4% of a? 4. What is 6% of 4a —a? 
. What is the interest on $100 left for one year at 5% ? 
. What is the interest on $100 left for 6 years at 5% ? 
- What is the interest on $100 left for ¢ years at 6% ? 


COR At Oot 


. What is the interest on P dollars left for ¢ years at 6%? 


JOHN NAPIER 
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9. What is the interest on P dollars left for ¢ years at r%? 


10. What is the total amount due at the end of ¢ years if 
P doliars are left at r% ? 


If two sums of money are «x dollars and 2500 — x dollars 
respectively, express as an equation the statement made in 
each of Exercises 11-14. 

11. Four per cent of the first sum equals $24. 


12. Five per cent of the first sum plus 6% of the second 
sum equals $130. 


13. Six per cent of the first sum equals 4% of the second. 


14. Five per cent of the first sum is $44 more than 4% 
of the second. 


When FP dollars are left at simple interest for ¢ years, 
at a yearly rate of r%, the total amount 4 accumulated 
is given by the following formula: 


PAP r- H=PA+ rt) =A. 


It should be noted carefully that the value of r is a 
fraction of which the denominator is 100. Thus, if the 
rate is 5%, the value of r is ;35, or .05. 


EXAMPLE 


What sum of money placed at simple interest for 2 years at 
5% amounts to $99 ? 


Soiution. Principal + interest = 99. 


Let P = the principal. 
Then .05 P - 2 = the interest. for two years. 
Therefore Tet 7 LOZ —="99), 
or Ope 9 08 
Whence [P= Xs 


Check. 90+9=99. 
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EXERCISES 


1. What sum of money placed at interest for 1 year at 
6% amounts to $371? 

2. What sum of money placed at simple interest for 3 years 
at 4% will amount to $476 ? 

3. In how many years will $325, at 6% simple intercst, 
gain $39 ? 

, 4. In how many years will $480, at 61% simple interest, 

gain $156 ? 

5. At what per cent simple interest will $375 gain $75 in 
4 years ? 


4 


Solution. 375 x the rate of interest x 4 = 75. 


Let x = the rate of interest. 
Then. $375 « = the interest for 1 year, 
and oe% . $1500 2 = the interest for 4 years. 
Therefore L500 ks ==ier 
and : © = gp) OF YOO 


Hence the money is lent at 5%. 
6) At what per cent simple interest will $725 gain $145 in 

4 years ? 

7. At what oe cent simple interest will $250 amount to 
$317 .50 in 6 years ? 

(3) In how many years will $300 double itself et 5% 
simple interest ? 

9. In how many years will $500 tr able itself at 64, 
simple interest ? 

10. A part of $800 is invested at 3%, and the remainder at 
4%. The yearly income from the two investments is $30. 
Find each investment. 

Solution. One part x .03 + the other part x .04 = 30. 

Let x = the number of dollars invested at 3%. 

Then 800 — x = the number of dollars invested at 4%. 
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Therefore, by the Bonditions of the problem, 
08 x + .04(800 — x) = 30. 
Multiplying each member by 100, 
3z + 4(800 — x) = 8000. 
Solving, x ='200, 
and 800 — x = 600. 
Hence the 3% investment is $200, and the 4% investment is $600 


Check. 200 600 
03 04 
6.00 24.00 $6 + $24 = $30. 


11. A part of $1500 is invested at 5% and the remainder 
at 4%. The total annual income from the two investments is 
$69. Find the amount of each investment. 


12. A sum of money at 6% interest and a second sum at 
5% yield a total annual income of $50. The first sum exceeds 
the second by $100. Find each. 

13. A 4% investment yields annually just as much as one 
at 5%. If the sum of the investments is $3600, find each. 

14. A 5% investment yields annually $10 less than a 6% 
investment. If the sum of the two investments is $240, find 
each. 

aa 

5.) A man invests part of $4300 at 6% and the remainder 
at 5%. The investment at 6% yields annually $1.60 less than 
the one at 5%. Find the sum invested at 5%. 

16. A man invests part of $5360 at 5% and the remainder 
at 6%. The yearly income from the 5% investment is $63.40 
more than that from the 6% investment. Find the sum 
invested at 6%. 

17. A part of $4560 is invested at 4% and the remainder 
at 6%. The total yearly income is $202.40. Find the amount 
invested at 6%. 
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86. Literal equations. At this point the student should 
review the solutions on pages 95 and 96. 


EXERCISES 


Solve for z, and check as directed by the teacher : 


+ 1. 
2. 


Oo oO - WwW 


19. 


20. 


21. 


22. ; 


23. 


2ax—2a°= 6a? — 2 ax. 
50° —4cx =c(5a—4e). 
30x —47° =F —2 aXe. 
. 2@¢+4+3)—4a=6. 
. 83(@—-1)—9a=6. 
. 3(@—2)—4h=2(xa—2). 12. 


7. 
8. 
¢)- 
10. 
11. 


3(2a% — a)= 2(@ — a). 
A(x —b) = 2(@ +0). 

4a (62 —3b)=3)(8—4a). 
ax +- bx = a* + ab. 

cx + 67 = bx + be. 


ax 4+- 67 = a — bx. 


13. 6ab +15 cx —10 be — Dax = 0. 

14. 12 —154a+162@ = 20 az. 

15. aa +ba+cxa=ak + bk + ck. 

16. 2ax+2a+e~t+et+a4+1=0. 

17. 6ab + ka +40? = 2ax4+ 3bk + 2 ak. 
18. 5ax — 5a* —10ab = 8ac 4+ 6 be — 8 ez. 


Are 2 
24) ——d=“+a 
hz 2 kx 
Bee ee a Ses gh 
25 9 fs Ak — jh his 
9 vd 
26. es oie ae —3a=—4 
a 38 
27. = += 4 ue =be = 
7 9 ee Oa ara 
08 a aas SG 2h al! 
: 5a 4a Oi 


Oe x tae es 
®.28 
—-+-=a-+Q0. 
ah 0G 
ba 3a 
Bo 9 a - 
eee ee 
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b 3 d+3 
UG Seis aera: 
c k _@—ke+ 2h 
ec fe). 6a) 2ke(a —k) 
ee ee 
ab 13 48 


87. Meaning of primes and subscripts. Different but re- 
lated values are often represented by the same letter, with 
smaller characters written at the right and above or below 
the letter used; as, y’, vy, 2%, 423, t2, t,. These are read 
y prime, y second, x sub zero, 4x sub three, the square of 
t sub m, and t sub w respectively. Primes and subscripts, 
unlike exponents, possess no numerical significance, and the 
student should carefully note that 2, and x, are as different 
numerically as a and 6. 

The notation just explained is very convenient in physics, 
where Z, and Z, may denote different but related lengths ; 
W, and W, may represent two different weights ; and @, ¢,, 
and ¢, may mean three unequal but related intervals of time. 

Primes are cumbersome and easily confused with expo- 
nents; hence subscripts are preferable. ; 

The following equations are taken from algebra, geometry, 
and physics, where it is often necessary to express one of the 
quantities (weight, time, distance, etc.) in terms of the others. 
i EXERCISES 


Mi. Solvetoreh Ko 2arkR- 

(Formula for curved surface of cylinder.) 
ab 
z 
(Formula for area of triangle.) 


2. Solve fora; A= 


3. Solve for R; C=27R. 
(Formula for circumference of circle. m = about 22/7.) 
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4. Solve for rand ¢; d= rt. 
(Formula for uniform motion.) 


) D 
5. Solve for a and A; mag 360" 
(Formula relating to the measurement of angles.) 
D l 
(6,) Solve nifore (0.6 360 O° 
ry E 
Uy Solve for r; C = rae 
(Chm’s law for a simple electrical circuit.) 
E 
8. Solve for randa; C= Rissi 
9. Solve for r andn; C = oS 
R + nr 


10. Solve for F; C= 8(F— 32). 
(Formula for converting thermometer readings from one 
scale (Fahrenheit) to another (Centigrade).) 


W L 
11. Solve\for W,; — = —- 
hse 
12. Solve for rand ¢; A =P(1+7t). 
2 iB 
13. Solve for P,; + =—. 
J 2 P, 
(Formula relating to volume and pressure of a gas.) 


n(a +!) 
+. 


14. Solve for n and 7; s= 


rl — a 


eel 


15. Solve for a, J, and 7; s = 


ck 1D, a 

. Solve fora; —-~ =<. 

16. Solve for a; coe 
17. Solve for ¢,; V,=V,(1 + 00365 4,). 


18. Solvefor 6,; A = Cte, 
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88. The lever. The figure given below is a diagram of a 
machine called a lever. AC is a stiff bar resting on a single 
support at B. This support is called the fulcrum and AB 
and BC are spoken of as arms of the lever. 

Those who have played with a teeter board have had 
some experience with a lever, and they have found that, 
in order to balance, the heavier of two persons must sit 
nearer the fulcrum 

: A B C 
Bee pes lghterione) ~~ ae) a oe 
does. 

In general, if the lengths of the arms of a lever are 
1, and /, and the corresponding weights are W, and W,, 
a balance results when 


LW, =1,W,. 
Thus, if AB =3 feet and BC = 4 feet, a boy at A who weighs 


100 pounds will balance a boy at C who weighs 75 pounds; for 
3-100 =4.-75. 


PROBLEMS 


> 


1. A, who is 4 feet from the fulcrum, balances B, who is 
6 feet from it. A weighs 96 pounds. Find the weight of B. 


2. A, who weighs 100 pounds, balances B, who weighs 120 
pounds. B is 80 inches from the fulcrum. How far from 
it is A? 

3. A, who weighs 125 pounds, balances B, who weighs 100 
pounds. The distance between them is 9 feet. How far is 
each from the fulcrum ? 

4. Aand B together weigh 210 pounds. They balance when 
A is 3 feet 9 inches from the fulcrum and B is 5 feet from it. 
Find the weight of each. 


5. A weighs 2as much as B. The distance between them is 


24 feet. How far from 6 is the fulcrum if they balance ? 
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REVIEW PROBLEMS 
1. Separate 240 into two parts such that their quotient is 7. 


2. Separate 68 into two pe such that 2 of the greater 
shall equal ? of the less. 


3. Separate 4 into two parts such that $ of one part shall 
equal 4 of the other. 


4. Find two numbers whose sum is 98 and such that 
the greater divided by the less gives a partial quotient of 
3 and a remainder of 6. 


ividend 3 3 ainder 
Hints. Digen’ = Partial Quotient + Semedes. 
Divisor Divisor 
Wet < % = the less number. 
Then 98 — x = the greater number. 
2 98 —«z 6 
That is, ee 3+-.- 
ap 


Solve and check as usual. 


5. Separate 120 into two parts such that one divided by 
the other gives a partial quotient of 5 and a remainder of 12. 


6. The sum of two numbers is 1797. The greater divided 
by the less gives a partial quotient of 70 and a remainder of 
22. Find the numbers. 


7. Separate 1 into two parts such that their product is 
greater by 4 chan the square of the smaller part. 


8. The sum of two numbers is 16. Four times the greater 
number exceeds 50 by half as much as 28 exceeds the less. 
Find the numbers. 


9. A boy’s age now is 2 of what it will be 10 years hence. 
How old is he now ? 


10. One sixth of a certain man’s age 12 years ago equals $ 
of his age 8 years hence. What is his age now ? 
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~ 11. A collection of nickels and quarters contains 60 coins. 
Their total value is $11. How many are there of each ? 


12. Twenty-three coins, dimes and quarters, have the value 
$3.05. How many are there of each ? 


13. The square of half a certain even number is 14 less 
than j the product of the next two consecutive even numbers. 
Find the numbers. 


faa rectangle is 4 times as long as it is wide. If it were 
4 feet shorter and 1} feet wider, its area would be 11 square 
feet more. Find its length and breadth. 


2 


15. A rectangle is 4 as broad as it is long. If its length 
were doubled and its breadth diminished by 14, its area would 
be diminished by the square of half its breadth. What are its 
dimensions ? 

16. It costs as much to sod a square piece of ground at 
15 cents per square yard as to fence it at 20 cents per foot. 
Find the side of the square. 


17. A rectangular court is twice as long as it is wide. It 
costs half as much to fence it at 50 cents per yard as to seed 
it at 15 cents per square yard. Find its dimensions. 


18. A rectangular picture 2} times as long as wide is sur- 
rounded by a frame 2 inches wide. The area of the frame is 
128 square inches. Find the dimensions of the picture. 


19. A man bought apples at 16 cents per dozen. He sold 4 
of them at the rate of 3 for 5 cents, but the rest were not so 
good, and he had to sell them at the rate of 2 for 3 cents. He 
made a profit of 48 cents on the entire transaction. How many 
dozen apples did he buy ? 


20. A can doa piece of work in 2 days, B in 3 days, and C 
in 4 days. How long will it take them, working together ? 
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Solution. By the conditions of the problem A does } of the work 
in one day, B does } of the work in one day, and C does 3 of the 
work in one day. Let x represent the number of days required by 
A, B, and C together to do the work. 


Then Bee the fractional part of the work the three together do 
£ 


in one day. 
Leese ws led 
Th pa Bie ia ee 
erefore 5 4 + ree 
Solving, z= +2. 
‘Lv h aloe dS. 13 
Check. Sta 7 ae a 1S 


21. A can do a piece of work in 6 days, and B in 9 days. 
How many days will they require, working together ? 

Q2.) A can do a piece of work in 6 days, B and C each in 
8 days, D in 12 days. How many days will they require, 
working together ? 


23. A can do a piece of work in 3 days, B in 43 days. How 
many days will they require, working together ? 

24. A can do a piece of work in 8 days, A and B working 
together in 44 days. How long would it take B alone ? 


25. A can do a piece of work in 5} days, B in 4+ days, 
A, B, and C together in 13 days. How long would it take 
© alone ? 


26. A can do a piece of work in 8 days. After he has 
worked 3 days, B joins him and they finish the work in 3 
more days. How long would it have taken B to do the work 
alone ? 


Hint. What fractional part does A do in 1 day? in 8 days? in6 
days? What fractional part does B do in 1 day? in 3 days? 


27. A can do a piece of work in 4 days, B in 5 days. After 
A has worked alone for 1 day, B joins him and they finish the 
job together. How much longer does it take them ? 
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Two bicyclists start at the same time to ride from A 
to B, 80 miles distant. One travels 4 miles an hour more 
than the other. The faster bicyclist reaches B and at once 
returns, meeting the slower one at C, 64 miles from A. Find 
the rate of each. 


Solution. The problem states that the two travel at different 
rates, that. they travel different distances, but that the time is the 
same for each. Hence the equation must be formed by expressing 
the time ¢, or d/r, for each, and equating 
the two expressions for ¢. oT REBT 

The men together cover twice the dis- 
tance from A to B, or 160 miles. As the slower one travels 64 
miles, the faster travels 160—64, or 96, miles. If x equals the rate 
of the slower bicyclist in miles per hour, we have: 


din miles 


Slower bicyclist 64 


Faster bicyclist 160 — 64 = 96 


64 96 
Hence == = ue 
L r+A4 


Solving, we obtain xz = 8, the rate of the slower bicyclist in miles 


per hour, and « + 4 =12, the rate of the faster bicyclist. 
Check. $4 = 8, and ?§=8. 


29. Two bicyclists, A and B, start at the same time to ride — 
from X to Y, 60 miles distant. A travels 4 miles per hour less 
than B. The latter reaches Y and at once turns back, meeting 
A 12 miles from Y. Find the rate of each. 

30.) A train runs 360 miles. On the return trip it increases 
its rate by 5 miles an hour and makes the run in an hour less 
time. Find the rates going and returning. 
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31. An automobile makes a run of 120 miles. The chauffeur 
then increases the speed by 5 miles an hour and returns over 
the same route in 4 hours less time. Find the rates going and 
returning. 


32. A bicyclist traveling 15 miles per hour was overtaken 
114 hours after he started by an automobile which left the 
same starting point 3 hours and 20 minutes later. What was 
the rate of the automobile ? 


33. A man travels at a uniform rate from A to B, 120 miles 
distant. He travels the first 70 miles without stopping. The 
remainder of the journey, including a delay of 2 hours, requires 
the same time as the first part. Find his rate. 


Solution. By reading the problem we discover that the distances 
covered in the first and second portions of the journey are different, 
that the time of travel is not the same for each, but that the rate 
throughout is the same. Hence the equation will.be formed by 
finding two expressions for the rate r, or d/t, and setting them equal 
to each other. If x equals the number of hours required to travel 
70 miles, we have: 


| d/t=rin miles 


dinmiles | fin hours 
| per hour 


70 


First part of journey 


Second part of journey 


Hence —= 
Solving, we obtain « =7, the time in hours occupied in traveling 

the first 70 miles, and 70 + 7=10, the rate in miles per honr. 
Check. 70+10=7, and 7—5=2. 


34. A leaves a certain point and walks at the rate of 34 miles 
per hour. Two and a half hours later B leaves the same point 
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and drives in the opposite direction at the rate of 95 miles per 
hour. How much time must elapse after A starts before they 
will be 25 miles apart ? 


35. A and B start at the same time from two points 120 
miles apart and travel toward each other. A’s rate is 2 miles 
per hour less than B’s. The latter, having been delayed 2} 
hours on the way, has traveled the same distance as A when 
they meet. Find the rate of each. 


36. A man rows 4 miles per hour in still water. He finds 
that it requires 5 hours to row upstream a distance which he 
can row downstream in 3 hours. Find the rate of the current. 

Hint. Let =the rate of the current. Then 4— «=the rate up- 
_ stream, and 4+ «=the rate downstream. 

37. A man who can row 44 miles per hour in still water 
rows up a stream the rate of whose current is 2 miles per 
hour. After rowing back he finds that the entire trip took 
6 hours. How far upstream did he go? 

38. A man who can row 4 miles an hour in still water rows 
downstream and returns. The rate of the current is 14 miles 
per hour, and the time required for the round trip is 15 hours. 
How many hours did he take to return ? 


39. French scouts observe a German aéroplane leave its 
base, fly 24 miles due west over the French lines, and return 
to its starting point. They are prevented by an encounter with 
a German detachment from observing the time of either part 
of the trip, but they are able to observe that the duration of 
the round trip was 40 minutes. At the time there was an east 
wind blowing, with a velocity of 15 miles per hour. What was 
the velocity of the aéroplane ? 

40. A farmer pays $48 for a flock of sheep. He sells all 
but two of them for $50, and gains a dollar on each sheep 
sold. How many sheep had he? 


RE 


CHAPTER XVII 
GRAPHICAL REPRESENTATION 


89. Temperature curve. The curve ABCDEF is called 
a graph. It was made by a recording thermometer. Such 
an instrument is provided with an arm carrying a pen, 
which moves up as the temperature rises, and down as it 
falls. A clock movement runs a strip of cross-ruled paper 
under the. pen, and thus a continuous line is traced on the 
pane dane Bich Wednesday Thursday "Friday 
companying rec- | 810,246 810 
ord extends from 
2PM. of acertain _ 
Wednesday until 
10.30 a.m. of the 
Friday following. 
The numbers 40, 
50, 60; 70, 80, 
and 90 denote 
degrees Fahrenheit. There are 5 spaces from 50° to 60°. 
Hence one space corresponds to 2 degrees. The numbers 


2, 4, 6, 8, and 10 indicate the time of day. Whether this , 


is A.M. or P.M. can be determined by noting the position 
of these numbers with reference to the heavy curved lines 
marked NOON. The point A on the graph informs us that at 
2 p.M. Wednesday the temperature was 80°. The point B 
between 6 P.M. and 7 p.m. Wednesday marks the highest 
temperature recorded. 

200 


i” s 


= 
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The point C tells us that the temperature was about 
65° at 6 A.M. Thursday. 

The preceding record was made eet and the sudden 
fall from D to E was caused by the opening of a door. 
leading into a cold hallway. The portion of the graph 
from D to # shows that the temperature of the room fell 
approximately 18 degrees in about 30 minutes. 


ORAL EXERCISES 
By reference to the graph (p. 200) answer the following: 
1. With what temperature does the record begin? end? 
2. What is the highest temperature recorded? the lowest ? 


3. About what time was the highest temperature recorded ? 
the lowest ? 


4. How often did the instrument record a temperature of 
$2.2 76°? 73°? 68°? 

5. At what times did it record a temperature of 82°? 76°? 
mao ¢ 68°? 

6. To what practical use can a graph such as the one here 
explained be put ? 


90. Related pairs of numbers. A relation between two 
sets of numbers not necessarily connected with physical 
quantities such as temperature and time can also be 
expressed by a graph, as will be shown later. 

The question What two numbers added give four? 
may be expressed by the equation «+y=4. Here x and 
y are any two numbers whose sum is 4. It can be seen 
by inspection that if e=2, y=2; if z=1, y=8; and if 
z=0, y=4, etc. Or we may assign to x any value, say 
— 2; then the equation becomes — 2+y=4, whence y= 6. 
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In this manner we may obtain an unlimited number of 
sets of related values for 2 and y, some of which are 
given in the following table: 


a+ty=4 


91. Definitions and assumptions. In constructing the 
graph of an equation in two variables a number of assump- 
tions must be made. These assumptions and some neces- 
sary definitions are now stated. It is agreed: 


I. To have two lines at right angles to each other, as 
X'OX, called the x-axis, and Y'OY, called the y-axis, as 
in the figure on page 208. 

II. To have a line of definite length as a unit of dis- 
tance. Then the number 2 will correspond to a distance 
twice the unit in length, the number 4} to a distance 
of 44 times the unit, etc. 

Ill. That the distance Qneasured parallel to the z-axis) 
from the y-axis to any point in the surface of the paper 
be the x-distance (or abscissa) of that point, and the dis- 
tance (measured parallel to the y-axis) from the z-axis to 
the point be the y-distance (or ordinate) of the point. 

IV. That the 2x-distance of a point to the right of the 
y-axis be represented by a positive number, and the 
a-distance of a pomt to the left by a negative number; 
also that the y-distance of a point above the z-axis be repre- 
sented by a positive number, and the y-distance of a point 
below the z-axis by a negative number. Briefly, distances 
measured from the axes to the right or upward are positive, 
to the left or downward are negative. 
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V. That every point in the surface of the paper corre- 
sponds to a pair of numbers, one or both of which may be 
positive, negative, integral, or fractional. 

VI. That of a given pair of numbers the first be the 
measure of the z-distance, and the second the measure of 
the y-distance. Thus the point (2, 6), or A in the figure, 
is the point whose z-distance is 2 and whose y-distance 


Quadrant IT Quadrant I 


Quadrant IIT Quadrant IV 
Gr=) Gros) 


is 6. Again the point (-- 4, — 3), or B, is the point whose 
x-distance is —4 and whose y-distance is — 3. 

The point of intersection of the axes is called the origin. 

The values of the «distance and the y-distance of a 
point are often called the coordinates of the point. 

Though not an absolute necessity, cross-ruled paper is a great 
convenience in all graphical work. Excellent results, however, can 
be obtained with ordinary paper and a rule marked in inches and 
fractions of an inch for measuring distances. Hence the graphical 
work which follows should not be omitted even though it is found 
inconvenient to obtain cross-ruled paper for class use. 
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EXAMPLE 


Using + inch for the unit of measure, locate points corre- 
sponding to the pairs of related numbers which follow: 
A, (2:2); B, (1, 8); €, (0,4); D, pds Bot Oy ee 
G, (— 2, 6); H, (5, —1); and J, (6, — 2). 


Solution. According to 
VI, page 203, the z-distance 
of the point (2, 2) is 2 and 
its y-distance is 2. Hence to 
locate point A at (2, 2) we 
measure, according to IV, 
two units to the right of 


the origin on the z-axis and 
from that point two units 
upward. 

To locate point F at 


_(-1, 5) we measure on 
the z-axis one unit to the 
left of the origin and from that point upward five units. Point 
F thus located corresponds to (—1, 5). 

Points for the other pairs of numbers given in the example should 
be located by the pupil. The correct positions for these points can 
be seen in the figure. 


Locating points as in the example above is called 
plotting points. 
EXERCISES ~ 


Draw two axes and plot the following points, using } inch 
as the unit of measure. 


1. (2, 8); (3, 1); (4, 2.5); and (15, 4). 


2. (4, — 2); (8.8, — 3); (6, —1); (18, H; (18) 2), 
and (— 3, —3). 


3. (3, 0); (5, 0); (4, 0); (0, 0); (0, 3); and (0, 4.5). 
4. (— 2, 0); (— 5, 0); (—1, 0); (0, — 3.5); and (0, — 4). 
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5. If the adistance of a point is zero, where is the 
point located? Where is it located if both of its codrdi- 
nates are zero? 


92. The graph of an equation. On page 202 we computed 
several sets of values of x and y for the equation z+y =4. 
Later these points were plotted in locating 4, B, C, D, E, F, 
G, H, and I of the example on the preceding page. It is 
evident from an inspection of their position that a straight 
line can be made to pass through all of the points there 
located. The line drawn through these points is said to 
be the graph of the equation 7+ y= 4. 


EXERCISES 


1. Find and tabulate six pairs of values of x and y which 
satisfy the equation 22+ y¥=8. Draw two axes and, using 
+ inch as the unit distance, plot each of the points. Are the 
six points in a straight line? Where do all the points lie 
whose z- and y-distances satisfy the equation 2a+y=8? 
What, then, is the graph of the equation 27+ y=8? Does 
x= 3, y= 3 satisfy this equation? Plot the point (8, 3). Is 
it on the graph of the equation? If the x- and y-distances of 
a point satisfy the equation 2” + y= 8, where is the point 
located? If the x- and y-distances of a point do not satisfy 
the equation 2” + y = 8, where is the point located ? 


Find and tabulate six pairs of values for « and ¥ which sat- 
isfy each of the following equations. Use numbers not greater 
than 10. Use at least one negative value for x and one nega- 
tive value for y. Then plot the six corresponding points, Can 
a straight line be drawn through the six points located for 
each exercise ? 

2 2ea+3ys 6. 4,.2+y4= 0. 6, 2a y. 

Seo oy 12.) + 5. ey = 9. 7. Y= DO. 
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The preceding work should convince the student that 
the graph of an equation of the first degree in x and y is 
a straight line. This fact can be proved, but the student 
would not understand the proof were it given at present. 
Therefore it will be asswmed that the graph of every linear 
equation in two variables is a straight line. And as a 
straight line is determined by any two of its poimts, in 
graphing a linear equation in two variables it will be 
sufficient to plot any two points whose z- and y-distances 
satisfy the equation, and then to draw through these two 
points a straight line. The two points most convenient 
to plot are usually the two in which the line cuts the 
axes. Occasionally these points come very close together, 
and consequently they will not determine accurately the 
position of the line. In such cases one should decide 
on two values of x rather far apart (such as 0 and 65, 
or 0 and — 5) and compute the corresponding values of 
y. Two such points will fix the position of the line with 
sufficient accuracy. 

If a line goes through the origin (as in Exercise 6 pre- — 
ceding), x=0, y=0 will do for one point, but a point 
not on the axes must be taken for the second one. 

The essentials of the method of graphing a given linear 
equation in wand y are illustrated in the following example. 


EXAMPLE 


Graph the equation 2% —3y=-—6. In this equation, if 
a=0,y=2; andify=0,2—= —3. Here the point (0, 2) 18g 
on the y-axis in the adjacent figure, 2 units above the origin; 
and the point (— 3, 0) is on the z-axis, 3 units to the left of 
the origin. The straight line through these two points is the 
graph of 2a —3y=— 6. 
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The necessary work may be tabulated as follows: 


2x4—38y=— 6. 


goon +#—+—_1 el | yal ie | 
3 
Bia | CI 
t al 
: aii 
ee 
a 

Al By, : 

ce | as) x 
: 0 

—6 5 4 iS whe 1 2a a 

1 
———— i) 


| 
pe 


Check. If an error has been made in obtaining the value of x or 
y from the equation, or in plotting the values found, it can be quickly 
detected by plotting a third point, as (2, 31), the values of whose 
z- and y-distances satisfy the equation. If this third point lies on the 
line determined by the first two points, the line has been correctly 
located ; if it does not, an error has been made. 


EXERCISES 


_ Graph the following linear equations : 


*‘Lea+ty=5. 4. 4a +3y=12. 7. 22—y=0. 
¥2. e—y=4, e565. 5¢—3y= 15. 8. 2—3y=0. 
no. w+ 2y=6, $6. 22+3y=10. 9. o = 4. 


Hinr. The equation 2 = 4 is equivalent to the equation « + Oy = 4. 
This last is satisfied by « = 4 aud any value of y. Thus the pairs of values 
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(4, 3); (4, 6); (4, 0); (4, — 2), ete., satisfy the equation «+ Oy= 4. 
Plotting these points, it is evident that the required graph is a line 
parallel to the y-axis and 4 units to the right of it. 
10.2=— 4. 12. y= — 5. 143 
Ty = 6. 13.70, 15. =D. 
16. If a point is on a line, do the values of its x-distance 
and its y-distance satisfy the equation of the line ? 
17. If the values of the z-distance and the y-distance of 
a point satisfy the equation of a line, is the point located on 
the graph of the equation ? 
18. Is the point (4, 3) on the line whose equation is 
22—3y=12? is (0, 6)? is (6, 0)? 
19. Can you determine without reference to the graph itself 
whether the point (6, 5) is on any of the graphs of the equa- 
tions in Exercises 1-9 above? If so, on which does it lie ? 


It should now be clear that: 


The equation of a line is satisfied by the values of the 
e-distance and the y-distance of any point on that line. 

Any point the values of whose x-distance and whose y-distance 
satisfy the equation is on the graph of the equation. 


93. Graphical solution of linear equations in two varia- 
bies. If we construct the graphs of the two equations 
Sa+4y=12 and x— 2y=8 as indicated in the figure on 
page 209, it is seen that for the point of intersection of the 
graphs x is 4 and y is — 2. Since the point (4, — 2) is on 
both graphs, these values should satisfy both equations. 
Substituting 4 for x and — 2 for y in each equation, we 
get the identities 20 +(— 8)=12, and 4—(—4)=8. Thus 
the graphical solution of two linear equations consists in 
plotting the two equations and finding from the graph the 
value of 2 and the value of y at the point of intersection. 
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Since two straight lines can intersect in but one point, there 
ean be but one pair of values of x and y which satisfies a 
pair of linear equations in two variables. 

The necessary work is tabulated as follows: 
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EXERCISES 


Solve graphically the following pairs of linear equations and 
verify by substituting in each pair of equations the x and y 
values of the point of we as obtained from their graphs : 


r+ y = 5, ANG oa+y = 6, 5] 3a—2y =10, 
arty ahh) NN P= oy =— 8: ct2y= 6. 
a+y=7, dg Bry =i, Nao ae 


ay = 3. 2a — y = 8. k Ze+y=— 8, 
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7 4x —y=6, 9 x—2y=8, fT £—= 2 =; 
2aety=9. "2a —y=A. 2xr—4Ay=9. 
22+5y=10, r+2y=4, 22 —y=0, 

: 10. 12. 
erty =. r+ 2y=6. Cieza) Y, 


94. Graphical representation of statistics. Scientific data 
and numerical statistics from the business world are fre- 
quently exhibited with striking clearness and brevity by 
means of graphs. The form of the graph obtained in any 
case depends on the character of the relation between 
the plotted numbers. Sometimes the resulting graph is a 
smooth curve, and then again it may be an irregular con- 
tinuous line made up of straight lines of various lengths. 

The following graphs are types which occur with increas- 
ing frequency in the magazines and in the daily papers. 
Such graphs display data effectively, and inferences not 
otherwise apparent can often be drawn from them. 


BroGrRapHicaL Notr. René Descartes. One of the two or three most 
important advances ever made in mathematics was the discovery that 
algebraic equations could be represented geometrically. This great dis- 
covery was made by René Descartes (1596-1650), the French philosopher. 
Though never rugged in health, he took part in several campaigns when 
a young man, and it is said that during a weary winter spent in camp in 
Austria he first conceived the ideas that resulted in this important work. 
Though his writings read very differently from a modern book on the 
same subject, yet he developed all of the essentials of graphical repre- 
sentation. He saw that a letter, that is, a codrdinate, might represent 
either a positive or a negative number, and so enforced upon mathema- 
ticians the conviction that negative integers are indeed numbers and 
that they are useful in algebraic operations. After his time they were 
not usually ruled out as absurd or impossible, as was commonly the case 
before. He also introduced the modern exponential notation, though he 
did not use negative or fractional exponents. To Descartes is due the 
use of the last letters of the alphabet for the unknown and the first 
letters for the known numbers. Thus he would have written the equation 
x? — 84 +16= 40 inthe form «#3* — 82 +4 16040. Though the sign = 
was used long before his time, he did not accept it. The asterisk he used 
to indicate that a certain power of the variable was lacking. 
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EXAMPLE 1 


The census reports of the United States show that the 
population in millions for ten-year intervals was as follows: 


1850 | 1860 |1870|1880!1890 |1900 | 1910 


Population in millions | 23.2 | 31.4 | 38.6 | 50.2 | 62.6 


The graphical representation of these statistics is given 
below. On the graph the population is measured parallel 
to the vertical axis, 1; of an inch representing 5,000,000 
people. The ten-year intervals are measured along the hori- 
zontal axis, with ;/; of an inch representing 2} years. 


Pbpulation 
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QUESTIONS ON EXAMPLE 1 
1. What population does the graph indicate for 1885? 
for 1905 ? 


2. What cause may be assigned for the downward bend of 
the curve at 1870? 
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3. What population does the graph indicate for the United 
States in 1915? in 1920? 


4. What causes might make the population of the United 
States in 1920 differ from the value indicated by the curve? 


EXAMPLE 2 


Graphical record of atmospheric pressure and wind velocity 
for the Galveston, Texas, storm period of August 15-18, 1915. 
The great storm occurred August 17. 


Wind velocity Barometer 
in miles per reading in 
hour : inches 
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QUESTIONS ON EXAMPLE 2 

1. What was the velocity of the wind at midnight August 15? 
at midnight August 16 ? 

2. At what times was the wind velocity 40 miles per hour ? 
80 miles per hour ? 

3. What was the reading for barometric pressure (height 
of the barometer) at midnight August 15? at midnight 
August 16? at 2 a.m. August 17? 


4. What was the lowest reading of the barometer and the 
highest velocity of the wind? When did this oceur? 
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EXAMPLE 3 


In the following graph the upper curve shows in millions 
the population of the United States for 1890, 1900, and 
1910. The middle and lower curves show the average yearly 
production and exportation respectively of wheat in millions 
of bushels (using the average for 5-year intervals) for the 
years 1891-1915 inclusive. The general tendency of produc- 
tion and exportation is made more evident by plotting not 
yearly values but averages for five-year intervals, since by 
this method the high or low record for any one year is not 
emphasized unduly. 
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QUESTIONS ON EXAMPLE 3 


1. Estimate the population of the United States for 1892; 
for 1907; for 1912. 


2. Compare the rate of increase in the production of wheat 
since 1901 with the rate of increase of the population. 


3. Does the graph reveal any general tendency in the num- 
ber of bushels of wheat which is exported? What tendency 


do you observe? 


4. Does the graph indicate that the number of bushels ex- 
ported will increase to any considerable extent? Explain. 


EXERCISES ON THE GRAPHING OF STATISTICS 


1. The records of the United States Weather Bureau of a 
certain city show hourly temperature records for a certain 
day in July. These records reported for the hours ending 
1 a.m. to 12 p.m. inclusive, expressed in degrees, are as follows : 


A.M., hour ending at 


Temperature record . 


p.M., hour ending at 


Temperature record . 


Graph the foregoing data. 

A thunderstorm occurred on the day in which the above 
record was made. From the graph determine the time of the 
storm. How do you account for the sudden fall in temperature 
after 2 p.m.? for the sudden rise in the graph after 4 p.m. ? 


2. From reports gathered from several cities it has been esti- 
mated that for 100 children in school at the age of 8 the numbers 
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of pupils remaining in school (not counting those eliminated by 
death) for each year up to and including age 18 are as follows: 


Age of pupils 


Number in school . |100|100|100| 98 | 97 | 88 | 70 | 47 | 80 |16.5|8.6 


Graph the foregoing data. Let }inch represent one year on 
the horizontal axis and ten pupils on the vertical axis. 

From the graph determine the years for which the tendency 
to leave school first becomes pronounced. Does the graph show 
a greater tendency on the part of 14-year-old and 15-year-old 
pupils to leave school than on the part of those of 12 and 13 
years ? How does the graph show this fact ? Explain. 


3. Estimates worthy of consideration are here given which 
show a contrast in the average weekly earnings for boys who 
leave school at the age of 14 (the usual end of the grammar- 
school period) with weekly earnings of boys who leave school 
at the age of 18 (the usual end of the high-school period). 


| Boys who leave school Boys who leave school 
at the age of 14 earn | at the age of 18 earn 
for the years indicated | for the years indicated 
| at the left the weekly at the left the weekly 
wages given below: | wages given below: 


$4.00 0 
$5.00 0 


$7.00 | $10.00 
$9.50 | $15.00 
$11.00 $20.00 
$12.00 $24.00 
$13.00 $30.00 


Graph the two sets of data on the same axes. 
Determine from the graph which group of boys receives the 


_ more rapid increase in weekly wage. 
RE 
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4. The value in millions of dollars of the merchandise im- 
ported into and exported from the United States for the years 
1909 to 1916 inclusive was as follows: 


Year 1909 | 1910 / 1911 | 1912 3 | 1914 | 1915 1916 


Imports | 165: 1893 1674 | 2197 


| 

| 

ies | teas 
Exports 9. 2465 | 2364 | 2768 | 4333 


Plot the foregoing data, using $ inch for one year on the 
horizontal axis and for 250 million dollars on the vertical axis. 

How do you account for the decreased imports of 1915” 
the decreased exports of 1914? the increased exports of 1915 ” 

5. The purchasing power of a dollar in 1896 is compared to 
the purchasing power of a dollar for the years 1897 to 1915, 
respectively, in the following table: 


Year | ‘ 97 | 1898 | 1899 1900 


Cents 


Year 90: | 1906 


Cents Dy we 68.6 65.6 


Graph the foregoing data, showing the change in the pur- 
chasing power of a dollar through the given interval. 

What tendency in the change in the purchasing power of a 
dollar does the graph indicate ? Could more or less merchandise 
be bought for a given sum in 1900 or in 1910? Approximately 
how much more? A salary of $1500 in 1910 was equivalent to 
what salary in 1896 ? 


CHAPTER XVIII 
LINEAR SYSTEMS 


95. Definitions. A simple or linear equation in several 
unknowns is one which may be put in such a form that 


(@) no unknown appears in any denominator ; 
(6) only one unknown appears in any term; 
(¢) only the first power of any unknown is involved. 


The following equations are linear: 27+3 y=1; 4u+6v4+2w=4; 
the following equations are not linear: 27+ 38ay—4y=1; 4/u—6/v 
weso=2; o+3e¢—Ay=(¢+2)2y—3). 


In a previous chapter we have seen that a simple equa- 
tion in one unknown has only one root; that is, the value 
of the unknown in such an equation is a constant. 


Thus the value of the unknown in the equation 3 z + 4 =7 is the 
number 1, and this is the only root of the equation. 


A linear equation in two unknowns is satisfied by an 
unlimited number of pairs of values for the two unknowns. 
A single equation in more than one unknown is called an 
indeterminate equation. The unknowns are sometimes called 
variables. 

Thus the equation « + y = 10 is satisfied by any pair of numbers 
whose sum is 10. Evidently, if one includes positive, negative, and 
fractional numbers, there is no limit to the number of pairs whose 
sum is 10. (See page 202.) 


Two or more equations involving two or more unknowns 


are called a system of equations. 
217 
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A system of equations all of which are satisfied by the 
same values of the unknowns is called a simultaneous system 
of equations. 

The two equations + y= 9 and —y=1 form a simultaneous 
system. The two numbers that satisfy both equations must be such 
that their sum is 9 while their difference is 1. These conditions are 
satisfied by z= 5, y = 4. 


A set of values (one for each unknown) which satisfies an 
equation in two or more unknowns is sometimes called a 
solution of the equation ; and a set which satisfies a system 
is often called a solution of the system. In this book, how- 
ever, the word solution will be used to denote the process 
of solving either a single equation or a system. The values 
of the unknown which satisfy an equation in one unknown 
will be called roots, and a set of values for the unknowns 
satisfying an equation in two or more unknowns, or a 
system of such equations, will be called a set of roots. 


ORAL EXERCISES 


In Exercises’ 1-4 find the value of x corresponding to each 
of the values for y indicated at the right: 


12a --y =10. y = 4) O50. 
2a AA ==, b ed LOA, 
3. 2+2y=16. of 10 AS: 
4.2—2y=0. y=1,4,—1. 


In Exercises 5-8 determine which of the pairs of numbers 
written at the right of each equation satisfies that equation. 
(The first number of a pair always denotes the value of «.) 


5. 2a +3y=10 (2,2); (1,3); (8, — 2). 
6. 8a—y=0 (2, 4); (4, 2); (—1,8). 
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7 y—x=0 (35-4); (6, 6); "(— 1, — 1). 
8. 3y—6=22 (1,4); (— 3, 0); (—3, —4). 


In Exercises 9-12 find two pairs of numbers which satisfy 
each equation, and two other pairs which do not. 


9.92 Ep Tf. ll. 27+3y=16. 
10. ¢<—3y=5. 12. 3y+4a= 2. 


96. Solution by addition and subtraction. It was shown 
in the previous section that there is an unlimited number 
of sets of roots of a given linear equation in 2 and y, and 
that there is also an unlimited number of pairs of values 
of x and y which do not satisfy the equation. We now 
proceed to give an algebraic method of determining whether 
or not there is any common set of roots for two given linear 
equations. It turns out that there is usually one and only 
one such set of roots. This set may always be found by the 
method illustrated in the following examples. 


EXAMPLES 
1. Solve the system aa e 2 S 
Solution. Eliminate z first, thus: 

(1) — (2), by = 3. (3) 
(3) +3, 3 y=. (4) 
Substituting 1 for y in either (1) or (2), say in (1), 

c+1=4. (5) 
~ Solving (5), : o=8. (6) 


4 Check. Substituting @ for « and 1 for y in (1).and (2) gives the 
BEES Sos eae B+1=4, 
and 8 —2= 1, 
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2. Solve the system here is A bal i "A 
Solution. Eliminate y first, thus: - 
(1) - 2, 102+ 6y=2. (3) 
(2) -3, 9x—6y = 386. (4) 
(3) + (4), I ipa ayo (5) 
(5) +19, Cie (6) 
Substituting 2 for x in (2), 6-2y=12. (7) 
Solving (7), ps = Se (8) 
Check. Substituting 2 for « and — 3 for y in (1) and (2) gives 
10—9=4, 
and 6 +6 =12. 


Either x or y could have been eliminated first. The 
multipliers necessary to eliminate 2 are 3 and 5, while the 
multipliers necessary to eliminate y are the more convenient 
numbers 2 and 3. 


When the notation (3) — (4) is used in a solution, it indicates the 
subtraction of the first member of equation (4) from the first member 
of equation (3), the subtraction of the second member of equation (4) 
from the second member of equation (3), and the writing of the two 
results as an equation. The process of adding the corresponding 
members of the two equations is indicated by writing (3) + (4). 

The notation (3) - 6 indicates that both members of equation (3) 
are multiplied by 6, and (3) +6 indicates that both members of 
equation (3) are divided by 6. 

With the meanings just explained it is customary to speak of the 
addition or the subtraction of two equations and-of the multiplica- 
tion or division of an equation by a number. 


The method of the preceding solutions is stated in the 


Rule. If necessary, multiply the first equation by a number 
and the second equation by another number, such that the coeffi- 
cients of the same unknown in each of the resulting equations 
will be numerically equal. 
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If these coefficients have like signs, subtract one equation 
from the other; if they have unlike signs, add. Then solve 
the equation thus obtained. 

Substitute the value just found, in the simplest of the preced- 
ing equations which contains both unknowns, and solve for the 
other unknown. 


Check. Substitute for each variable in the original equations 
ats value as found by the rule. If the resulting equations are 
not obvious identities, simplify them until they become such. 


An attempt to solve by the rule the pair 


3a—6y=40, @) 
{ Z=—2y=8, (2) 
gives SER 0) = 2). (3) 
Bie (7 == PHL (4) 
(8) - 4), 0 =16, which is false. 


This result indicates that (1) and (2) do not form a simultaneous 
system, but are incompatible equations. 

The graphs of a pair of incompatible linear equations are parallel 
lines (see Exercise 10, p. 210). 


B24 — 8, ee 
- An attempt to solve by the rule the system { gives 


382+ 6y=24,° 

"0=0. Here the second equation divided by 3 gives the first. There- 
fore any set of roots of the first is a set of the second. If we choose 
to regard the two equations as really different, which is not at all 
necessary, we say that they have an infinite (unlimited) number of 
sets of roots. Two or more equations having this property constitute 
an indeterminate system. 


EXERCISES 


Solve the following systems and check results : 


ety =, <3. 2e+y=9, eee) — mae, 
ef a yf = x—y=6. x—y=s3. 
ae y=, Lee S, a+2y=7, 


eS = 1, Ee naa ne 
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7. 2y+a=4, 
3y—« = 21. 
Tr—s= 2, 
6r—s = 3. 
G. 3a—y = 3, 
5ba+t2y=16. 
4e+y= 2, 
10. bee 
rel x+2y=1, 
32 +107 = 4, 


97. Solution by substitution. 
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. 


5m —3n=0, 17 32 —4y=14, 
*15m+12n=75.  ° 3y—4e=—14. 
‘oi a 4x2+3y=5, 

19y pes a geen 

se Laseeaae 6u+ 8v = 26, 
* 32=10y+10. Ba — Ow == 00: 
4n+q=5, 20 tle+Ty=11g 
“p—4¢q=14. " 8y—4¢=4 

122+ 5y=6, 21 dy +3z2= 37, 
“8a —3y=10. * 92415 y=111. 


The method of solving a 


system of two linear equations by substitution is illus- 
trated in the following example. 


Solve the system 


Solution. From (1), 


or 


EXAMPLE 


4x —l12y= 44, 
8x+11y=18. 


4e=12 y +.44, 
z=3y+11. 


Substituting 3 y + 11 for z in (2), 
88y+11)+11y=18. 


Simplifying, 
Collecting, 


or 


24y¥+ 88 +1ly=18. 


Substituting — 2 for y in (4), 


—6+11=5. 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


(7) 
(8) 


(9) 


Check. Substituting 5 for x and — 2 for y in (1) and (2) gives 


and 


20 + 24 = 44, 
40 — 22 = 18. 
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The method of the preceding solution is stated in the 


Rule. Solve either equation for one unknown in terms of 
the other. ; 

Substitute this value in place of the unknown in the equation 
From which it was not obtained and solve the resulting equation. 

Substitute the definite value just found, in the simplest of 
the preceding equations which contains both unknowns, and 
solve, thus obtaining a definite value for the other unknown. 


Check. See page 221. 


The method of substitution emphasizes the fact that 
the values of x and y which are sought are the same in 
both equations. Hence an expression for an unknown 
obtained from one equation is substituted for that un- 
known in the other equation. This method is useful when 
one of the unknowns can be expressed in terms of the 
other without using fractions or when simple fractions 
only are involved. 


EXERCISES 
Solve by the method of substitution and check results : 


ays 72-8 A” 3x2 =6y — 3, 


382+ 2y=8. ay +4e = 5, 


9) x—-2y=—1, ae 5a2+10y = 25, 
ee y = 10, 5a—3y=9. 
JA 14m —2n=1, <9 20y —3z=1, 
“S n—6m= 0. ee 6 af tel 
6a +10y = 42, _. $% 11223 + y, 
AL 10. 
ete Y-==.0 0. y=utl. 
<5 5a+3y=-1, 11 18+2k=h, 
24 —-6y— 8. hea 9. 
a OS Ae ate, 12. oe Steet Pag 
20+ 3y=17. Tax+t3y=4. 
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98. Simultaneous equations containing fractions. The 
method of solving a system of two linear equations con- 
taining fractions is illustrated by the following example. 


EXAMPLE 
Sop eme Uy 
3. pens ©) 
Solve the system a 
ee Ligeia (2) 
3 4 12 
Solution. (1) - 6, 16z7—5=9y. (3) 
Transposing in (3), 162%—9y=5, (4) 
(2) - 12, 82=3y74 7. (5) 
Transposing in (5), 82—3y=T7. (6) 


The system (4) and (6) can now be solved by addition and 
subtraction. 


As in the foregoing solution, it is usually best to clear 
the equations of fractions and write them in the form of 
(4) and (6) before attempting to eliminate one of the 
unknowns. Equations (4) and (6) are each in what 
is called the general form of a linear equation in two 
unknowns. This form is represented for all such equa- 
tions by av+by=c, where a, 6, and ¢ denote numbers, 
or known literal expressions. 


EXERCISES 


Solve the following systems and check results: 


9 9 ; x 

Ni Tie Ue ie ac ee be pes ale 
AY ee ne : BN 5 
oe Ta LE: } 8 


oo 
Cool = 
|| 
oe 
-~] 
feed 
+ 
02g 
II 
| 
je 
oO 


10. 
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Ag+ 9y= 58.7, 
ri palige | 

me waar 

ey 13 

ro ee 
2y—32=0 
Yaa 
Bria 3e° 

y «11 

ire deo 
04a + 3y =1, 
5x2 — .25y = 4.5 
Ta—4y=14, 

9” 

ee 

Bersih s oh 

pee eat 

n= 2 Pel etl. 
Dost tas S aD 
2e+6 y+4 

47 =3, 

5 45) 
Cel Wyse 
ee 
e+y oy 
9 —8= rat 
oY aan Dawe ie 
4 5 
oe 

(Opa! i 
44+5a 3-—2y 
Reiicic. we 


Hinv. Solve without clearing of 
fractions, using addition and sub- 
traction. 


nhors 
aon 15 
"3 ,2_ 19 
wo ye AS 
OF a 8 
Ree A, 
Tsien lene 
ae a ome 
a ye 
PE to sa 
z 
1G 5 : ; 
fe Ee 
e—-y 2 ety 
ame epee wae 
Y ety—9 w—-yt6_) 
2 3 pe 
a—-2 y—10 10-2 
ee ee OE oom a 
yt+2 2ety «+13 
3 1G" 8 
Pah 9 4 as 
f 
£19. Me kes 
Qy gee BL aes 
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2 3 
= 0 ab 
oo. ee 2a+3y-14 ” @) 
y_> 2 
2a — Ad (2) 
Hints. Multiplying (1) by («— y) (2a + 3y — 14), 

2(22 + 8y—14)—3(¢—y) =0, (3) 
or z+ 9y = 28. (4) 
(2) - 4, 82—y=—5. (5) 


Now solve equations (4) and (5) by substitution and check as usual. 


4ety 2 oe ted? iy 43, 
o1, Ot ty 5 - 3 
j Up be 25 x 
3 3 10%+2y 
4a r+5  s+2 
= 4, a a? 
38y+2 96 bh 
OE 1 dtr+4 
4da—3y+1 4 Pape eee 
3ae—4y+2 3 2 1 
Aa x—y : ae x+y+2 32+5y—5 - 
| oer Reon 
eo. § Lo 
Ce C—O 4 aie oy, 
. = 5?’ aa meek? jan 
Testa. la og cl ee 
Cr Yea eeee 5 f 4 
pn yen ee Zy —5 ~ a 220 


In the following problems the student should state two 
equations in two unknowns. Instead of using « and y, 
the first letter of the word denoting an unknown should 
be used to represent that unknown. Thus in Problem 5, 


Deen, 


the number of quarters. 


n should represent the number of nickels and gq 
The plan here suggested is 
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desirable for many reasons, and should be followed in all 
problems containing two or more unknowns unless the 
words denoting two of the unknowns begin with the | 
same letter. 

In solving problems like 1-12 on pages 46-47, there 
are really two unknowns involved; but one of the equa- 
tions to which each of those problems leads is so simple 
that what amounts to the method of substitution was em- 
ployed by expressing one unknown in terms of the other. 


PROBLEMS 


Y1. The difference of two numbers is 20 and their sum is 36. 
Find the numbers. 


2. The quotient of two numbers is 12 and their sum is 39. 
_ Find the numbers. 


<3. Find two numbers whose difference is 28 and whose 
quotient is 5. 


4. The value of a certain fraction is #. If 6 be added to 
the numerator and 12 to the denominator, the value of the 
resulting fraction is 2. Find the fraction. 


5. A collection of nickels and quarters, containing 63 coins, 
amounted to $8.35. How many coins of each kind were there ? 


6. If 2 be subtracted from the numerator and $ added to 
the denominator of a certain fraction, the yalue of the result- 
ing fraction is 4. The sum of the numerator and the denomi- 
nator of the original fraction is 11. Find the fraction. 

7. The difference between the numerator and the denomi- 
nator of a certain proper fraction is 11. If } be added to the 
numerator and # be taken from the denominator, the value of 


the resulting fraction is =). Find the fraction. 
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8) Two weights balance when one is 12 inches and the 
other 8 inches from the fulcrum. If the second weight increased 
by 8 pounds is placed 6 inches from the fulcrum, the balance 
is maintained. Find the two weights. 


9.'Two weights balance when one is 10 inches and the 
6ther 8 inches from the fulerum. If the first weight is de- 
creased by 4 pounds, the other weight must be moved 2 inches 
nearer the fulerum to balance. Find the weights. 


10. In 20 years A will be twice as old as B. Ten years ago 
A was 8 times as old as B. Find the age of each now. 


al The perimeter of a*rectangle is 184 feet and the length 
is 8 feet more than twice the width. Find the dimensions of 
the rectangle. 


42: A part of $1500 is invested at 6% and the remainder 
at 5%. The combined yearly income is $81. Find the number 
of dollars in each investment. 


13. A part of $3000 is invested at 44% and the remainder 
at 35%. The annual income from the 44% investment is $3 
less than double the annual income from the 35% investment. 
Find the number of dollars in each investment. 


14. A part of $5000 is invested at 4%, and the remainder 
at 6%. The 4% investment yields $16 less in 4 years than 
the one at 6% does in 3 years. Find the number of dollars in 
each investment. 


15. Five rubles are worth 5 cents less than 10 marks, and 
12 marks are worth 4 rubles and a dollar. Find the value of 
a ruble and of a mark in cents. 


16. During the war the value of marks in New York fell so 
much that on Jan. 1, 1916, 6 marks were worth exactly as 
much as 5 marks were worth on Aug. 1, 1914. Between the 
two dates mentioned the value of 10 marks decreased by 40 
cents. Find the value of a mark, in cents, at each date. 


Pe 
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17. The sum of the two digits of a two-digit number is 9. If 
45 be subtracted from the number, the result will be expressed 
by the digits in reverse order. Find the number. 


Solution. Let t = the digit in tens’ place, 
and u = the digit in units’ place. 
Then ttu=9. (1) 


But ¢ standing in tens’ place has its numerical value multiplied by 10. 
Therefore the number is represented by the binomial 10¢+ wu, and 
the number formed by the digits in reverse order is represented by 
the binomial 10 w + ¢. 


Hence 10t+u—45=10u4+t. (2) 
Simplifying (2), i—u=d. (38) 
Solving (1) and (3), (= ig Ryatole i= Ps 


Hence the number is 72. 
Check. 7+ 2 =9, 72 — 45 = 27. 


- 18. The sum of the digits of a two-digit number is 10. If 54 
a added to the number, the result is expressed by the digits 
in reverse order. Find a number. 

19. The tens’ digit of a two-digit number is half the units’ 
digit. If 36 be added to the number, the result is expressed 
by the digits in reverse order. Find the number. 

20. If a two-digit number be divided by the sum of its 
digits, the quotient is 4. Twice the given number is 9 greater 
than the number expressed by the same digits in reverse order. 
Find the number. 

21. If a two-digit number be increased by 4 and then the 
result be divided by the sum of its digits, the quotient is 3. 
If twice the number be divided by the tens’ digit, the quotient 
is 29, Find the number. 

22. If a two-digit number be divided by the sum of its 
digits, the quotient is 7. If the number formed by the digits 
in reverse order be divided by 3 plus the sum of the digits, 
the quotient is 3. Find the number, 


= MORE Fees ne hs eee aie 
) lb 4 oy. : a i e* CN , 
ay ae . Bio 
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The reciprocal of a number is a fraction of which 1 is the 
numerator and the number itself is the denominator. Thus 4 


and iH are the reciprocals of 2 and @ respectively. 
a 


NS, 
23. What is the reciprocal of 6? Ta? 3 ? TOR 24? 32? 


24. The sum of the reciprocals of two numbers is 4, and 
the difference of their reciprocals is 33;. Find the numbers. 


25. The difference of the reciprocals of two numbers is 54. 
The quotient of the greater number divided by the less is $4. 
Find the numbers. 


26. If 5 grams be taken from one pan of a balance and 
placed in the other, the sum of the weights in the first will 
be 4 the sum of those in the second. But if-15 grams be 
taken from the second and placed in the first, the weights in 
the two pans will then balance. Find the weight in each pan 
at first. 


27. A gives B $30; then B has twice as much money as A. 
B then gives A $150 and has left } as much as A. How many 
dollars had each at first ? 


28. The circumference of the fore wheel of a carriage is 
1} feet less than that of the rear wheel. The fore wheel makes - 
as many revolutions in going 286 feet as the rear wheel does 
in going 325 feet. Find the circumference of each wheel. 


29. A and B together can do a piece of work in 7} days, 
They work together for 3 days, and A finishes the job by him. 
self in 7 days. How many days would each require alone ? 


30. A man rows 10 miles downstream in 2 hours and returns 
in 4 hours. Find the rate of the river and his rate in still water. 
Hint. Let «=the man’s rate in still water in miles an hour, and 


y =the rate of the river in miles an hour. Then his rate downstream 
is x + y miles an hour, and upstream « — y miles an hour. 
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31. A boat goes downstream 45 miles in 3 hours and up- 
stream 15 miles in 3 hours. Find its rate in still water and 
the rate of the current. | 

32. The rate of a boat in still water is 7 4 miles an hour. It 
goes down the river from A to B in 12 hours. It returns one 
half the distance from B to A in 9 hours. Find the rate of 
the river and the distance from B to A. 

33. A boat which runs 12 miles an hour in still water goes 

_ downstream from A to C in 7 hours. It returns upstream to 
B, 36 miles below A, in 5 hours. Find the distance from A to 
C and the rate of the stream. 


99. Literal equations in two unknowns. Linear systems 
in which the unknowns have literal coetticients are solved 
_by the method of addition and subtraction. 


EXERCISES 


In the following exercises consider a, 6, ¢, and d, as known 
numbers; solve for the other letters involved and check. 


1 e+y= 3a, 3 3a2—y=100, 
2-7 = a. “4e¢+9y= 3806. 
5a+4y=17a, 5a—4y=10a—4, 
a | 2. 4. 
8e+ty= 11a. o— 2 ay =, 
5 38p+4q—a=p—q+22a, 
“pta—q=3p—2q4+ 8a. 
: 8 75m +3n= 63, 
4 6. ea * 25m + .5n= 0. 
POEL a an —3oy—4a=—>2— 0, 
¢ Ae 9. Y 
xtytatb=2(a+b). 
ne oy Oe. x eas 10 
LE ett Oy ase ai a a= — 10, 
5 3 5 2a a 
Fark 10. z, : 
Yo oman ee yo 
Zt. = Gy, ——-*=-. 
Qh3 2 Gy) £a 2 
RE 
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ce eye ae a 
Z—y= 0. 17. y 
Bo 
au ay cane ee 
wu+ty =5a. ; 
a 
Seer ime 
ca ty =3, OY Ne 
ie: ; 18. i 
ely — 3)=2. ene 
cy 
4x2 —3y=12(a—D) 
M3 es ee ig pee 
* ax — by =a—b. 
15. 4a+2y=a, a0 ax — by =¢, 
Zat4y = db. 340 —2by S46. 


16. 2x2 —ay=b, 91. ax + by =e, 
8a — by = Aa. ha + ky =m. 


GENERAL ORAL EXERCISES 


1. If one book costs a dollars, what will e + d books cost ? 


2. If a books cost 6 dollars, what will one book cost ? 
e books ?. 

3. What is the perimeter of a rectangle whose length is a 
and whose width is 6? What is its area ? 

4. What is the perimeter of a rectangle whose length is 4a 
and whose width is 6? What is its area? 

5. The base of a triangle is a+ 0. The altitude is a — bd. 
Find the area. 


6. The base and the altitude of a triangle are each equal 
to «—2y. Find the area. 


7. The area of a triangle is %k. The base is 6. Find the 
altitude. 


8. If « denotes A’s age now, what does x — 8 denote ? 
«+5? What does the equation # + 5 = 2(#— 8) signify ? 
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9. Forty men pay d dollars each as dues to a society. The 
expenses of the society are n dollars. How many dollars are 
left in the treasury ? How would you interpret the result if 
n is greater than 40d? 

10. If 10 apples can be bought for x cents, how many can 
be bought for y cents ? 


11. If @ apples can be bought for 25 cents, how many can 
be bought for ¢ cents ? 

12. A farmer has grain enough to last one horse d days. 
How long will this grain last & horses ? 


13. A farmer has grain enough to last # horses d days. 
How long will it last & horses ? 


GENERAL PROBLEMS: 


1. The altitude of a triangle is a inches and the base is 
10 inches. If 2 inches be taken from the altitude, by how 
much must the base be increased so that the area will be the 
same as before ? 


Hint. Let xr = the increase of the base in inches. 
1 —2 
Then x = @ i £2) : 


2. The altitude of a triangle is a feet, the base is 4 feet. 
The altitude is increased 4 feet and the base decreased so 
that the area is the same as before. How many feet are taken 
from the base ? 

3. The sum of two numbers is s and their difference is d. 
Find the numbers. 

4. The tirst of two numbers is « times the second, and the 
first minus the second equals 6. Find the numbers. 


5. The sum of two numbers is 4, and the quotient of the 
first divided by the second equals a. Find the numbers. 
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6. If a be added to the numerator of a certain fraction, 
the value of the resulting fraction is 2. If 6 be added to the 
denominator, the value of the resulting fraction is 1. Find 
the fraction. 
nt+a 


= 2, and Bae: 
d+b 


Hint. Let gs the fraction. Then 


7. If the numerator of a certain fraction be increased by 
1, the value of the resulting fraction is x. If the denorhinator 
of the fraction be decreased by 2, the value of the resulting 
fraction is y. Find the numerator and the denominator. 

8. The value of a certain fraction is 6. If 2 be added to 
the numerator, the value of the resulting fraction is ¢. Find 
the numerator and the denominator. 

9. A boy who weighs @ pounds and one who weighs 6 
pounds balance at the opposite ends of a teeter board whose 
length is 2 feet. How far is the fulcrum from each boy ? 

10. A certain number of books at 80 cents each and another 
number at $1.10 each cost together / dollars. If the prices of 
the books had been interchanged, the total cost would have 
been & dollars. Find the number of each kind. 


11. Two books cost ¢ dollars. The first cost d cents more 
than the second. Find the cost of each. 


ee: " 


12. A and B have & dollars in all. If A gives h dollars to B 


they have equal sums. How many dollars had each at first ? 

13. If A gives / dollars to B, they will have equal sums. If 
B gives k dollars to A, A will have twice as much as B. How 
many dollars has each ? 

14. If A gives $10 to B, B will have / dollars more than A. 
But if B gives & dollars to A, A will have three times as much 
as B. How many dollars has each ? 

15. A and B have together $40. A gives / dollars to B, after 
which B gives & dollars to A. Then they have equal sums. 
How many dollars had each at first ? 
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16. A gives r dollars to B and then has + as much money as 
B. Then B gives $8 to A and has left $ as much money as A. 
How many dollars had each at first? 


17. A part of $1000 is invested at a% and the remainder 
at 6%. The yearly income from both investments is ¢ dollars. 
How many dollars are there in each investment ? 


18. A portion of « dollars is invested at 5% and the remainder 
at 4%. The yearly income is y dollars. How many dollars are 
there in each investment ? 


19. A works three times as fast as B. Together they can 
do a piece of work in ¢ days. How many days would each 
require alone ? 


Hint. Let a and 6 denote the number of days required by A and B 
respectively to do the work alone. 


Then 8a = b,-and Ee 
eh te 


20. A works / times as fast as B. Together they can doa 
piece of work in 4 days. How many days would each require 
alone ? 

21. A and B together can do a piece of work in d days. 

2 


A can do = of the work in 6 days. How many days does 
each require alone ? 


22. A and B together can do a piece of work in 5 days. 


A can do ? of the work in & days. How many days does each 


require alone ? 


23. B requires twice as much time as A to do a piece of 
work which they can do together in m days. How many days 
does each require alone ? 


24. A and B together can do a piece of work in p days. 
A works g times as fast as B. How many days does each 


require alone ? 
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100. Linear systems in three unknowns. The method 
of obtaining the set of roots of a system of linear equa- 
tions in three unknowns is illustrated in the following: 


EXAMPLE 
4x —2y+2=9, (1) 
Solve the este ety+2z2=13, (2) 
(22-3 y —3z2=— 2. (3) 
Solution. Eliminate one unknown, say z, between (1) and (2), thus: 
(1)! 2, 82—4y7+2z2=18. (4) 
(2), sat+yt+2z2=18. (5) 
(4) — (3), : 5x—5y =5, (6) 
or Ly he (7) 
Now eliminate z between (1) and (8), as follows: 
(1) +3, 12¢7—6y+32=27. (8) 
(8), 22+3y—382=—2. (9) 
(8) + (9), 42—3y = 25. (10) 
Solving (7) and (10) we obtain a ils 
Substitute 2 for x and 1 for y in (2), 
6+14+22=13. (11) 
Solving (11), aie (12) 


Check. Substituting 2 for 2, 1 for y, and 3 for z in (4), €), GB), 
Si a =) or NO. 
Cpl+6=18, vor 1813 
44+3—-—9=-—-2, or —2=—2. 
The foregoing example illustrates the 
Rule. Decide from an inspection of the coefficients which 
unknown 78 most easily eliminated. 
Using any two equations, eliminate that unknown. 
With one of the equations just used, and the third equation, 
again eliminate the same unknown. 
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The last two operations give two equations in the same two 
unknowns. Solve these two equations by the rule (pp. 220-221). 

Substitute the two values found in the simplest of the origi- 
nal equations and solve for the third unknown. 

Check. Substitute the values found in each of the original 
equations and simplify results. 


EXERCISES 


Solve for the unknowns involved: 


xety+z=9, 3x2 —y—2z2=— 2, 
1. 2—y—2=— 3, 8. 62+2= 
xty—z=5 3y—4z2=—11. 
etytz2= 5) Rae 
2 2e+y—Z2= A 9 y+2=3, 
“ax—y—2z2= e+a=8 
20,— 39, = 4 
ee (2) 32, + p, = 5, 
3. 38474+2y+32=-1, Mae 
p, = 2. 
“—y Eis enna 
DS ens 
3A+B—C=—8, 11. 64+ 3y—5z2=-— 3, 


Pea te Lo CH 8, 
Pi 8B 3 C= 13; 


444+ 6y4+ 32 = 25. 
34,+24,+4A4,=9, 


3x2 —2y+4z2=9, 12. A,— A — 2A, = 3, 
- 24+ 3y—22=—3, A,—3A,+24,=2. 
Se2+2y¥+32=6. 1 eo net 
Pnpyae” er aee, 
6A4+5k+4m=9, a ie ; 
~-4h4+6k+5m=5, (er te ere, 
5h+4k+6m =16. op LF eae, 
: ieee el! omy, 
e+ 3y+22=11, ieee 


-y¥—42=>— 
x+2y=— 8. 


Hint. Solve without clearing of 
fractions. 
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y 2, 8. 84 
24.20 ot ae 28 _ 34 
ae pte (ely te 8s 3 
3,4 
ett Ne) 15. -+-= 74, 
Ha ar a oy 
daa Sate 1 45d 
aia site ieaion ~+== 28 
pq r 2 ay 


ALM \ PROBLEMS 


‘1.)Find three numbers of which the sum of the first and 
sécond is 54, the second and third 65, and the first and third 59. 
(2 The sum of three numbers is 70. The sum and the 
quotient of two of them are 45 and 5 respectively. Find the 
numbers. 

34 The perimeter of a triangle is 60 feet. Two of its sides 
are equal, and the third side is 6 feet longer than either of the 
first two. Find the length of each side. 

4., The sum of two sides of a triangle is 53 feet and their 
difference is 19 feet. The perimeter of the triangle is 62 feet. 
Find the length of each side. 

5. The sum of the two sides of a triangle which meet at 
one vertex is 41 feet, at another vertex 46 feet, and at the 
third vertex 57 feet. Find the length of each side. 

6. The sum of three numbers is 24. The quotient of two 
of them is 3, and the sum of these two divided by the third 
is 5. Find the numbers. 


Fact from Geometry. The sum of the three angles of any tri- 
angle (each angle being measured in degrees) is 180 degrees. 

7. Two of the angles of a triangle are equal, and their sum 
is equal to the third. Find the number of degrees in each angle. 

8. Angle 4 of a triangle is 12 degrees greater than angle B, 


and angle B is 21 degrees greater than angle C. How many 
degrees are there in each ? 


u 
y 
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9. The sum of two angles of a triangle is 30 degrees more 
than the third, and the third is 15 times the difference of the 
first two. How many degrees are there in each ? ‘ 


10. A and B together can do a piece of work in 6 days, 
A and C in 8 days, and Band C in 12 days. Find the time 
required by each alone and by all together. 


11. Two pumps together can fill a tank in 6 hours. The first 
of these and a third together can fill the tank in 8 hours. All 
three together can fill the tank in 4 hours. Find the number 
of hours required by each alone. 


12. The sum of the digits of a three-digit number is 19. 
The units’ digit exceeds the tens’ digit by 3. If 495 be added 
to the number, the result is expressed by the digits in reverse 
order. Find the number. 


13. If the tens’ and units’ digits of a three-digit number be 
interchanged, the resulting number is 54 less than the original 
number. If the tens’ and hundreds’ digits be interchanged, 
the resulting number is 360 more than the original number. 
The sum of the digits is 11. Find the original number. 


Notes. Perhaps the student wonders whether a linear equation in 
three unknowns has a graphic representation. It may partially satisfy 
his curiosity to say that by means of three axes at right angles to each 
other such a representation, though beyond the scope of this book, 


_ is possible. Further, the points whose z, y, and z values satisfy the 


equation lie in a flat surface called a plane. Two such surfaces may 
intersect in a straight line, and the system of two equations which 
the surfaces represent is satisfied by the z, y, and z values of any 
point on this line. If three such surfaces intersect in a single point, 
the system which the surfaces represent is satisfied by the a, y, and z 
values of this point. In the systems of equations in three unknowns 
on page 237 the student is really finding the codrdinates of the point 


_of intersection of three planes. 


Since space has but three dimensions, this method of representa- 
tion of linear equations in two or three unknowns cannot be extended 
to equations containing four or more unknowns. 


CHAPTER XIX 
SQUARE ROOT 


101. Square root of algebraic expressions. The square 
reot of 0 4+2tu+w is (t+). 

A study of this form will enable us to extract the square 
root of any polynomial. Obviously the square root of ¢ 
(the first term of the trinomial) is ¢, the first term of the 
root. If ¢? is subtracted from the trinomial, the remainder 
is 2tw+u?. The next term of the root (w) can be found 
by dividing the first term of the remainder (2tw) by 2¢ 
(twice that term of the root already found). 

The work may be arranged thus: 


24 2tut utlt+ u 


Trial divisor, Qt 
Complete divisor, 2¢+ wj2tu+ w=(2t+ uu 


Therefore the required roots are + (t + wv). 


The foregoing process is easily extended to extracting the 
square root of the polynomial 4 a4— 20 234+ 3722— 30249, 
whose square root contains three terms, as follows: 

4a4— 20734 3722—3024+9 |222?—524+3 


(2a2)2— 4 os 


First trial divisor, 2 -272=4 22 


— 202° 37x 
First complete divisor, 42?—5 x | —2023+4 252 
Second trial divisor, 
2(2a?—52) =42?—-102 122°—3024+9 
Second complete divisor, 42°—10a+3 |1222—30x2+9=(422—10x43)3 
240 


2 
2 


= (42?—52)(—5z) 
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Therefore the required roots are + (22%— 52x 4+ 3). 

The term 22? was obtained by taking the square root of 4x4; 
the second term, — 5 z, by dividing — 20 z? by the first trial divisor, 
4x’; and the third term, 3, by dividing 12 z? by 4 2?, the first term 
of the second trial divisor. 


The method just illustrated may be stated in the 


Rule. Arrange the terms of the polynomial according to 
descending powers of some letter in it. 

Extract the square root of the first term. Write the result 
(with plus sign only) as the first term of the root and sub- 
tract its square from the given polynomial. 

Double the root already found for the first trial divisor, 
divide the first term of the remainder by it, and write the 
quotient as the second term of the root. 

Amnex the quotient just found to the trial divisor, making 
the complete divisor ; multiply the complete divisor by the 
second term of the root and subtract the product from the 
last remainder. 

If terms of the polynomial still remain, double the root 
already found for a trial divisor, divide the first term of the 
trial divisor into the first term of the remainder, write the 
quotient as the next term of the root, form the complete divi- 
sor, and proceed as before until the process enc!s, or until the 
required number of terms of the root have been found. 

Inclose the root thus found in a parenthesis preceded by 
the sign +. 


Nore. The process of extracting the square root of numbers was 
familiar to mathematicians long before they knew how to find the 
square root of polynomials. This is consistent with the fact that 
the development of the methods of performing operations on literal 
number symbols generally followed and grew out of the similar 
operations on numerals. The application of the rules for extract- 
ing the square root of numbers to that of polynomials is generally 
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ascribed to Recorde (1510-1558), who was the author of the earliest 
English work on algebra that we know. This book, which bears 
the title “The Whetstone of Wit,” gives an accurate idea of the 
algebraic knowledge of the time, and had a very wide influence. 


EXERCISES 


Obtain one square root of : 


UY GPE aay Be BT 4s Aga 42°34 at 
2. + 10 ae = 264% 5s dist Oa 422 a Zo 
sacl 3 16 — Oc. 6: 24g’ = 327 4+ 16 + = BF: 


7. w+ 4ary + 6277+ Say +4. 
8. 212+ f+ 20¢ = 104 4. 
9. n®+ 9n?+ 10 n?+ 25 — 6n'— 307. 
10. ¢—12¢ SPS ree Wel gy 
1 aA? oe Oe ei ee 
1006 Alea 6a — ce ae 
13. 30 ay? + 25 y'— 1127 = 12 ay + 4ect. 
14. — 36.a*x + 36 ate? + 9 a®— 24 ae? + 16 9*+ 48 az, 
15. 9c — 2 a7h??+ 4 a%'c + a4d*§— 12 ade’. 
16. 2 a7%xc?— 4ac?— 4 727+ 4274 4 ate” 


ee 9 @ 
1%. 5 25. 18. Pra tae 


~ 


19. af— 42°+ 5at@— 2a 44, 


30. ese ay = ao Se 
a A eae 


2 x 

A Week Gun 

25m* 127 m? 107 Go 
- 


en 7 18 — 2m + 3 ae 


\ 
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102. Square root of arithmetical numbers. Since 1=1?, 
and 81= 9?, a one-digit or a two-digit square has only one 
digit in its square root. 

And as 100 =10?, and:9801=(99)*, a three-digit or a 
four-digit square has two digits in its square root. 

Also 10,000 =100%, and 998,001=(999)?; hence a 
five-digit or a six-digit square has three digits in- its 
square root. 

These examples illustrate the relation between the num- 
ber of digits in a number and the number of digits in its 
square root. They also suggest a method of obtaining the 
first digit in the square root of any number. 

For example, take the four numbers 78/43/56, 7/84/35, 
98/01, and .03/27'4. Beginning at the decimal point in 
each, point off periods of two digits each, as indicated. 
Any period incomplete on the right, as in .03/27'4, should 
be completed by annexing one zero; thus, .03/27'40. Now 
the first digit in the square root is the greatest integer 
whose square is less than or equal to the left-hand period. 
This is true whether the latter contains two digits or one. 
Hence the first digit in the square root of 78/43/56 is 8, 
in the square root of 7/84/35 is 2, in the square root of 
.98/01 is 9, and in the square root of .03/27'40 is 1. 

Moreover, the number of digits in the square root of a 
perfect square is equal to the number of periods, provided 
a single digit remaining on the left is called a period, 

Just how ¢ and u are involved in the square of (t+), 
or 12+ 2tu-+ uv, is obvious on inspection, because the parts 
t, 2tu, and uv? cannot be united into one term. In the 
square of an arithmetical number, howeyer, the parts are 
united, Thus (53)?=(50 + 3)?= 2500 + 500 + 9 = 2809. 
Now it is clear how 50 and 8 are involved in 2500 + 300 +9, 


_ but it is not plain from 2809 alone. Pointing off, however, 
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enables us to discover at once the first digit, 5, which is 
equivalent to 5 tens, or 50. With the exception of pointing 
off, the method of extracting the square root of an arith- 
metical number does not differ greatly from the method of 
extracting the square root of an algebraic expression. In 
fact, the formula, the square root of #?7+2tu+wW=+(t+4), 
can be used to explain the two processes. 

If ¢ denotes the tens and w the units, #?+2tu+. is 
closely related to 2500 + 300 + 9, ¢? bemg 2500, or (50)?; 
uw? being 9, or 37; and 2 tu being 2-50. 3. Therefore the 
process of extracting the square root of 2809 may be based 
on these relations and the work arranged as follows: 


2809|50+3 
v=(00)A 2500 
2t=2-50=100| 30 
2t+u=100+3 Hee 2 


Therefore + 53 are the two square roots of 2809. 
If the number has three digits in its square root, the 
work and explanations may be arranged thus: 


1'74'24|100 + 30 4 2 

P= C100} 10000 =10 tens squared 
First trial divisor, 

2t=2-100=200 | 7424 
First complete divisor, ~ 
2¢+u= 200 +30 = 230) 6900=(2 -10 tens +30 units) 30 
Second trial divisor, 

2t= 2.130 = 260 5 24 
Second complete divisor, | 


2t+u= 260 + 2 = 262 | 0 24= (2-18 tens + 2 units) 2 


Therefore + 132 are the square roots of 17,424. 


SQUARE ROOT 245 


When the method and reasons for the process have 
become familiar, the work may be shortened by omitting 
the explanations and unnecessary zeros as follows: 


28/0953 1'74/24|132 
25 
103] 309 23] 74 
309 69 
262| 524 
524 


The method of the two preceding solutions is the one 
commonly used for extracting the positive square root of 
a number. For it we have the 


Rule. Begin at the decimal point and point off as many 
pertods of two digits each as possible: to the left if the 
number is an integer ; to the right if it is a decimal ; to both 
the left and the right if the number is part integral and 
part decimal. 

Find the greatest integer whose square is equal to or less 
than the left-hand period, and write this integer for the first 
digit of the root. 

Square the first digit of the root, subtract its square 
From the first period, and annex the second period to the 
‘ remainder. 

Double the part of the root already found for a trial divisor, 
divide it into the remainder (omitting from the latter the 
right-hand dig git), and write the intes gr al part of the quotient 
as the next digit of the root. 

Annex the root digit just found to the trial divisor to 
make the complete divisor, multiply the complete divisor by 
this root digit, subtract the result from the dividend, and 
annex to the remainder the next period for a new dividend. 
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Double the part of the root already found for a new trial 
divisor and proceed as before until the desired number of 
digits of the root have been found. 

After extracting the square root of a number involving 
decimals, point off one decimal place in the root for every 
decimal period in the number. 


Check. If the root is exact, square it. The result should 
be the original number. If the root is inexact, square it 
and add to this résult the remainder. The sum should be 
the original number. 


Sometimes in using a trial divisor we obtain too great a quotient 
for the next digit of the root. This happens in obtaining the second 
digit of the square root of 32,801, where 2 into 22 
gives 11. Obviously 10 and 11 are both impossible. 

If 9 is tried we get 9-29, or 261, which is greater : 
than 223. Similarly, 8 is too great. But 7-27=189, _2[be8 
which is less than 223. Therefore 7 is the second digit of the root. 


323/011 


Occasionally the trial divisor gives a quotient ess than 1. This 


indicates that the required root digit is 0, which should be written 
in the root and the work continned as usual. An 

instance of this kind occurs in finding the second 942.49|30 
digit in the square root of 942.49. The quotient of 9 

4+ 6 is %, which is not an integer. Therefore the 6] 42 
second digit of the root is 0. Then the next period, . 


49, should be brought down. The new trial divisor will be 60, 


which will give 7 as the third digit of the root. "The work ‘ean 
easily be completed, giving 30.7 as the square ~ 
root. 3.00°0000|1.732 
An attempt to extract the square root of 3 lw q 
by annexing decimal periods of zeros and ap- ae : 
plying the rule becomes a never-ending process. . *|185 ; 
The number 3 has no exact square root, and 343{1F00" 
no matter how far the work is carried, there is 1029 
no final digit. As the work stands, we know that 3462 
the square root of 3 lies between 1.732 and 1.733. 


7100 
6924 
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EXERCISES 
Obtain the positive square root, to three decimal places, of : 
Pi. 4489. Ka. 6241. 7. 24649. 10. 165680. 
2. 5184. yo. 9216: 8. 43436. 11. 223729. 
“8. 5329. “AG. 16129. 9. 53361. 12. 328329. 


Fact from Geometry. In the adjacent tight triangle, 
a+t?=; the sides a and b, which form the right angle, 
are called the legs; and ¢, the side 
opposite the right angle, is called 
the hypotenuse. 

‘If leg @ is 8 and leg & is 15, 
then substituting in @#+P=¢ 

gives 64 4+ 225 =c*% Whence 289 
= and C == Fee 

Since —17 is not a practical answer, it 1s rejected. 

In Exercises 13-16 find the hypotenuse and the area of a 
right triangle whose legs are: 


+13. 63 and 16. 15. 104 and 153. 
14. 48 and 55. 16. 645 and 812. 


b 


In Exercises 17-19 find the other leg and the area of a right 
triangle in which the hypotenuse and one leg are respectively : 


17. 109 and 91. 18. 2.57 and .32. 19. 2.05 and 1.87. 


Extract the square root in Exercises 20-23 inclusive to four 
decimals, and in Exercises 24-28 inclusive to three decimals. 

A common fraction or the fractional part of a mixed number should 
be reduced to a decimal before extracting the square root, unless the 
root is seen to be exact. 


20. 6.4271. 23. .00821. 26. 22. 
21. 884.3. 24. 3. 27. 22. 
22. .0869. 25. 6. 28. =. 


RE 


A 


Vas 
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(In the following find all inexact answers to two decimals.) 
In rectangle ABCD line DB is 
called a diagonal. 

29. Find the diagonal of a rec- 


tangle whose adjacent sides are 
28 feet and 195 feet. respectively. & 


30. One diagonal of a rectangle 
is 409 and one side is 391. Find the other side and the area. 

31. One diagonal of a rectangle is 533 and one side is 92. 
Find the perimeter of the rectangle. 

32. A rectangle is 7 yards longer than it is wide. Its per- 
imeter is 138 feet. Find one diagonal. 

33. One diagonal of a square is 74 meters. Find the side. 
‘ 34.) The side of a square is 52 inches. Find one diagonal. 
35. One leg of a right triangle is 10. The hypotenuse is 
twice the other leg. Find the hypotenuse and the other leg. 

36.) The hypotenuse of a right triangle is three times one 
leg and the other leg is 16. Find the sides. 

37. A rectangle is 2.4 times as long as it is wide. One 
diagonal is 52. Find the length and the width. 


38. The width of a rectangle is 25% less than the length. — 


The diagonal is 100. Find the area. 
39. The length of a rectangle is 10. The diagonal is twice 
the shorter side. Find the width. B 
Fact from Geometry. A line drawn ~ 
from one vertex of an equilateral tri- 
angle to the middle point of the oppo- 
site side is perpendicular to that side. 
Then, in the equilateral triangle 
ABC, if D is the middle point of AC, 


BD is the altitude; and . 2 


Pie BAD =A eo" 
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40. If BC in the foregoing triangle is 6, find BD and the 
area of the triangle. 

41. If AC in the foregoing triangle is 8, find BD and the 
area of the triangle. 

42. If BD in the foregoing triangle is 14, find 4B and the 
area of the triangle. 

43. The perimeter of an equilateral triangle is 45. Find the 
altitude. 

44. The altitude of.an equilateral triangle is 25 centimeters, 
Find one side. 

Nore. A method of extracting the square root of numbers not 
unlike that in use to-day was employed by the Greek, Theon, about 
A.pd. 350. In the Middle Ages square roots were extracted with a fair 
degree of accuracy by using the formulas of approximation : 
wh 


2a+1- 


(1) VO pe=at se. 2) Ve@+2=at 


The true value of the square root of the number was proved to be 
between the results obtained by these expressions. Thus, if V65 was 
desired, it was noticed that 65 = 64 + 1, and from (1) 


V65 = V64 +1=V8?41 =8+ 5°. = 8h, 
while from (2) 
V65 = 64 #1 =V841—-8 4 
22 8.-F 
Thus the true value of V65 is vetween these two numbers. This 
method was known to the Arabs. 

It should be kept in mind that the use of decimal fractions and 
of the decimal point was not common until the eighteenth century. 
Consequently the complete development of the method of extract- 
ing the square root given in the text is comparatively recent. 


= 8. 


2) 
4 Tia si 
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103. Rational numbers. The quotient of two integers 
is called a rational number. 

Any integer is a rational number, since it may be con- 
sidered as the quotient of itself and 1. 


Thus 5,°= 8, 2, — §, and 4,693 are rational numbers. 


104. Radical. A radical is an indicated root of an alge- 
braic or arithmetical expression. 


ore Is 3 /— wae en a eT 5 
Thus V4, V3, Va, and Vz2— 5-2 + 6 are radicals. 


If a number under a radical sign is such that the 
root cannot be taken exactly, the radical represents an 
irrational number. C 

Thus V 2, o/ 2, V3, V5, are irrational num- 
bers, since the indicated roots of 2, of 3, and 
of 5 will never come out eyen however far 
the process of extracting the root is carried. 

- Though no irrational numbers can be ex- 
pressed exactly in decimals, we can represent 
a few of them by the lengths of lines. Thus 4 i B 
in the right triangle ABC, if AB=AC=1 inch, BC=-V2 inches. 
If AB were 2 inches and AC were 1 inch, BC would be V5 inches. 


There are other types of irrational numbers which cannot 
be expressed in terms of radicals, but their consideration 
is too complicated for this text. 

If a negative number occurs under a square-root sign, 
the radical represents an imaginary number. 

250 
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Thus ed, NE 6, and V — 4 are imaginary numbers. 

If the student pursues the study of algebra he will learn that 
imaginary numbers are required to express completely the cube 
and higher roots of any positive or negative number. 

For example, he will learn that the number 27 has two other cube 
roots besides the number 3. 


105. Index. The small figure like the 4 in Vis called 
the index of the radical. 
- The index determines the order of the radical and indi- 
eates the root to be extracted. 

irae 5} ie 3 is the index, and the radical is of the third order. 


106. Radicand. The radicand is the number, or expres- 
sion, under the radical sign. 
In V7 and V ax, 7 and az are the radicands. 


107. Principal root. For a given index the prificipal root 
of a number is its one root, if it has but one; or its positive 
root, if it has two roots. 
The principal root of v= 97 is ~3 ; that of 716 is + 2, not — 2. 


108. Fractional exponents. Radical expressions may be 
written in two ways, with radical signs or with fractional 
exponents. The relation between the two will now be ex- 
plained. To do this it is necessary to extend the meaning 
_ of the term exponent, which as defined on page 9 applied 
to positive integral exponents only. We shall assume that 
the laws which govern the use of scat exponents hold 
for fractional exponents also. 

The fact that 22.23=.° illustrates the more general 
law 2%. 2? = a2**, where a and 6 represent either integers 
or fractions. 

Accordingly « 
by itself gives 2, a? must be another way of writing the square 
root of x. 


1 1 ay veil : 1 os 
2.9? =a?'%=gl or x. Since x* multiplied 
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Hence Vz may be written 22. 
Then 4¢=V4=2, and (25 a?)2=V 25 a = 5a. 


1 Pa 1 
Further, 2.08 . =O Sz. 


. aS 
And since x is one of the three equal numbers whose 
. 2 “e 
product is 2, xt is another way of writing the cube root of x. 
Ce : 1 
Therefore Vz may be written 2%. 


This means that gi = V8 = 2. 

Similarly, Va = a. 

In general terms, ye xe 

Now at = a2. 2. at =(2tP=(V2)}%, 
and gt =a t= (Pave 

Hence ai =(Vz)°, or V2. 

In general terms, xn = V x2. 


a 

Thus 2” means the nth root of z to the ath power. 

The student should fix in mind that the denominator 
of the fractional exponent is the index of the root, and 
the numerator the power to which the radicand is raised. 
Moreover, whether one extracts the root first and then 
raises the result to the power, or vice versa, depends wholly 
on convenience. 


ORAL EXERCISES 


Read in radical form: 


1. at. 6. Bal. 11. 3.02 (60)8. 
Q. x2, 7. (5 a). 12. dt. 

3. (cd)®. 8. Sra’. me 

4. (2a)8. 9. niki, * ee 

5. 2a, 10. 7 s8(¢ + w)h. 14. 2 xdy, 
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Find the numerical values of: 


15. 25%. 20. 1258. 25. (1). 

16. 278. 21. (— 8). 26. Gi) 

17. 16%. 22. 325. 27. Gila 

18. 43, 23. 81%. 28. 254.43 
19. 645, 24. (— 216)8. 29. 44. (dh 


30. What is the principal square root of 4? of 25? of 36? 
the principal cube root of + 8? of —8? of —27? of +27? 
the principal fifth root of 32? of —32? of 243? of — 243? | 


31. What is an index ? a radicand ? Illustrate, 


EXERCISES 


Write with fractional exponents and simplify results: 


1. Vai. 8. 2V2a2 15. 3Va?. Vat. 

2. Vaz". 9. 3-V8a%. 16. Var. Vy? 

3. 3V22°. 10. 4V27 a0, 17. Var. Vai, 

4. V9z. 11. 2Va%e. 18.02 32h Oe 
5. BVi60x. 12. 4-V 16a. 19. 362. \/1., 

6. Vai. 13. 1207-Vaxi, 20. 92. V27. 

1. Vac. 14. eV (de)*. 21: CL)? . YB 


109. Simplification of radicals. The form of a radical 
expression may be changed without altering its numerical 
value. Such changes are necessary for many reasons. For 
example, the numerical value of a radical expression is 
most easily obtained from its simplest form. It will be 


made clear later that ge Granting, that the two 


V2 
fractions are really equal, one can see by inspection that 
the value to several decimals can be computed more easily 
from the second fraction than from the first. 
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EXAMPLES 

Study: the following changes of form : 
1. V36 = V4-9=V4-.V9=2.3=6. 
2. Similarly, V8 = V4.2 = V4. V2 = 2 V2. 
3. More generally, Vai = Va? Vab = a Vab. 
4. Also V24 = V8-3 = V8 V3 = 23. 
5. More generally, Va = Vat ~/b = a Vo. 
6. Finally, Va"> = Va" Vb =a Vo. 

The six preceding examples illustrate the correctness of 


the following rule for simplifying a radical involving the 
square root of an integer or an integral expression. 


Rule. Separate the radicand into two factors one of which 
is the greatest perfect square which it contains. Then take 
the square root of this factor and write it as the coefficient 
of a radical of which the other factor is the radicand. 

If the radical already has a coefficient other than the 
number 1, multiply the result obtained above by this coefficient. 


A similar rule holds for radicals involving the cube and 
higher roots. 


Thus V16 = V8.2 =2V3, i 
and V96 = 732.3 =2 V3. 


Nore. Although the Arabs were by no means able to state all 
the rules explained in this chapter, it is interesting to note that they 
did recognize the truth of a few of them. For instance, a writer 
about a.p. 8380 gives, in his own notation, of course, the facts con- 
tained in the formulas Va%) = aVb, and Vab = Va Vb. 


Simplify : EXERCISES 

1. V8. 16. V192. 31. */135. 
2. V12. 17. V243. 39. 3 9/789. 
a: 4/18. 18. V245. 33. 7 8/198. 
4. 20. 19. 343. 34. 2/199. 
5. V45. 20. V363. 35. %/250. 
6. V50. 21. 2-720. 36. 83/375. 
7. V7. 22... 1250. . 3y,. </448, 
8. V63. 23. 16. 38. 2 8/605. 
9. V98. 24. 9/24. 39. Val 
Mee Te 25. 2 4/402 Hana 3/8 
11. 3-V80. 26. 39/66.  V¥-4. 
AB VAISS $27) AAO. hg. Ve. 
1S Vili ats 596 ate 
eS 160s 29: W544 =< 40. VR 
15. 10-V175. 30. Y81. 43. V8.2". 


sions. 
in certain parts of. geometry. 


RADICALS 


57. V8 +4 V2, 


Solution. V8 + 4/9 — 


V4 (2 + V2) = 
2V2+4V2. 


BBV 4 AVG. 
59. V18 + 9 V3. 


The foregoing exercises are easier to simplify than 
radicals whose radicands are fractions or fractional expres- 
The latter arise frequently in practice, especially 


955 


Vat 


© 2V ara. 
{ 46 3 mv ar, 


Teh > a 
UY SaV4 ao’. 


48) Va. 

Hint. Vat = 
Vai. a. 

ho) Ver. 

53) 30/4 a'r. 

54. 5a V4 ax’, 

55. V27 abe. 


56. 156 atx. 


60: V/100 — 25 V5. 
, ae a at ia rae 
81. V9N2 — 27. 


62. 


VR R2V3. 


63. VR? +4 RNS, 
64, W523 — 267. 


65. 


V aa? + a Vx. 
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EXAMPLES 
Study the following simplification of fractional radicands: 
1. i= VE 6 ee 
2. 6Vi=6V8 =6V1-.3=6-1V3 =2 V3. 
eae NN a 


bax 25a? N25 2? 
These examples illustrate the following rule for sim- 
plifying a square root which has a fractional radicand. 


Rule. Multiply the numerator and the denominator of the 
radicand .by the least whole number or simplest expression 
which will make the resulting denominator a perfect square. 

Then separate the radicand into two factors, one of which 
is a fraction and at the same time the areatest perfect square 
which the radicand contains. 

Take the square root of this factor and write it as the 
coefficient of the radical of which the other factor is the 
radicand. If the original radical has a coefficient, multiply 
the result as obtained above by this coefficient. 


A similar rule holds for simplifying a cube root and 


radicals of higher orders which have fractional radicands. 


EXERCISES 


Simplify the following : 


1. 3. 6. V3. 11. V8. 16. \/ 55. 
D2, i 7. V2 12.-/8 ea oye 
ye amar eae 13. 3-2. 18. 2/5, 
4. V4. 9. V4. 14, 2/2. 19. 8aV 2. 
By Bt 9 Osan 15. V8.5. > 20. 8a?y/gee 


a 


oa 
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WA. J1— Gat. 25 —(H? eA as 
: 25. 3/2 +)? 


Hint. V1— (4)? = 


vege VED, BF 
V3, ete, 27. 121 —G+)?. 


pet ae 28. 169 —(13)2. 32. VRt+ R?. 
op NES : pM: 


R RX 
; ae ee 9. ==. ‘ eva Has \)) 
RY 2 
a. nt (2): 38. [ni v2 — © 
3R i ; 3 
RR 3.—— 
36. ues —: 40. V16 + 8 V2. 
PE 41. V81 4+ 3-V243. 
a Nae 


The need for simplifying radicals presents itself in vari- 
ous problems, as, for example, in simple geometrical work 
on right triangles. 

PROBLEMS 
(Obtain answers in simplest radical form.) 

1. One leg of a right triangle is 8 and the other is 10. Find 
the hypotenuse. 

Solution. x = V8? +10? = V164 = V4. 41 =2-V41. 


2. The hypotenuse of a right triangle is 8 and one leg is 4. 
Find the other leg and the area. 


3. The hypotenuse of a right triangle is R and one leg is 5 
Find the other leg and the area. 


4. Find the diagonal of a square whose side is 12. 
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/5. Find the sides of a square whose diagonal is 12. 
6. Find the sides of a square whose diagonal is 2 R. 


Problems involving the following classes of triangles are 
of frequent occurrence in practical work and often require 
the use of radicals: 

(a) An isosceles right triangle; that is, a |* 
right triangle with two equal sides. s 

As indicated in the figure, if each leg is S © 
the two acute angles are 45° each. 

(0) A right triangle with one angle 30° or 60°. 

As indicated in the figure, if one acute angle is 30° the 
other is 60°, and vice versa. More important 
still, the hypotenuse is always twice the shorter $ 
leq. 

(c) An equilateral triangle. 

As indicated in the figure, when the alti- 
tude is drawn, it divides the base into two 
equal parts, and in each of the right triangles 
formed the same relations exist as in (0), above. 


45/7\ 
S 


7. If each leg of an isosceles right triangle is 6, find the 
_ hypotenuse. 
HINT 2/167) 62 
Cie 36 + 36, etc. 
8. Find the hypotenuse of an isosceles right 
triangle if one leg is 8; if one leg is 13. 


9. The hypotenuse of an isosceles right triangle is 10. 
Find the legs. 


Hint. 22+ 2%2=100. x? = 50, etc. 


10. The hypotenuse of an isosceles right triangle is 13. 
Find the legs. 

11. One angle of a right triangle is 30°. The hypotenuse is 
20. Find the other two sides. 

Hinr. See (b), above. 


— 
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12. One angle of a right triangle is 60°. The hypotenuse is 
12. Find the other two sides. 

13. One angle of a right triangle is 30°. The leg opposite 
it is 10. Find the hypotenuse and the other leg. 

14. One angle of a right triangle is 60° and the adjacent leg 
is 12. Find the other two sides. 

15. The side of an equilateral triangle is 12. Find the 
altitude and the area. 

Hint. See (c) and (6), page 258. 

16. The side of an equilateral triangle is S. Find the alti- 
tude and the area. 

17. The altitude of an equilateral triangle is 10. Find the 
side and the area. : 

18. The legs of a rignt triangle are equal. Its hypotenuse is 
20. Find the legs of the triangle. 

19. The legs of a right triangle are equal and its area is 50. 
Find the hypotenuse. 


3R 


Find the 


6 
4 


20. The legs of a right triangle are = and 
hypotenuse. : 

21. One leg of a right triangle is = The hypotenuse is R. 
Find the other leg. 


Find x and y in terms of & in the following: 


R 
24. The legs of a right triangle are A and > (4-1). 
Find the hypotenuse. 
110. Addition and subtraction of radicals. Radicals of 


the same order which are in their simplest form and have 
like radicands are really similar terms. They can be added 
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or subtracted and the result expressed by one term accord 
ing to the rule on page 33. 


Thus 3V2—-7V24+9V2=5Vv2. 
Similarly, 7TVi— 3V2=45V2 —3V2 =2Vv2. 


The last example illustrates the necessity of acquiring 
the ability to simplify radicals before attempting to carry 
out the fundamental operations of addition and subtraction. 

If. the radicands are unlike and cannot be simplified 
further, the radicals are really dissimilar terms, and ad- 
dition or subtraction can only be indicated. (See page 34.) 


Thus V2, Vs. and 5 are three dissimilar radicals, and the ad- 
dition of the three can only be indicated thus: V2 4+V3 + V5. 


EXERCISES 
ek baie. collect.: 
1) Var Ce te, (4) V28 + -V63. 
a) V45 — V20. (5) 7 V18 — V98. 
So) 2/200 = Sal. 6. V75— VOT 4 oa 
ERE. 1 R R? A 
7 V24+V3 n. 24 \P%. 13. 7 4 
8. NS Sane : 
E 3 x eee EE / 
9. $+V49. Y ane 14 5G 3 
10.245) a: 2 15. 8V3 —V72. 


16. /1 + 2/4 — 3/2. 19. V3, 4+2/82— /12. 
17, V2 -V2+4+2-V10. - 20. 56 + 24/189. 
18. Vo; — V120 — 2/6. ee 4/300 ew ot 

22. 25 — V20. 


Hinr, V/25 = V/52 = 5% = 52 = V5, etc. 


Es 
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23. /9 + -V12. 24. 732 45-162. 
25. 2a Vb4a — 3/16 0'4+ V/4 a. 
26. ¥ 81 eta y 375 x — /16 xt, 


27. Vaibe — a Vie + ex)”. 
ac 


28. rs~/rs ae — 29 pst. 
pes? 
29. Va@+4a34+4a— pid San 


ae 


30. V3a?— 180 4+ 27—V27( 4+ 22 +1). 


Nore. Though methods of classifying irrational expressions are 
found in the work of Euclid, the Hindus and the Arabs were the 
first to develop this part of algebra in anything like the form used 
to-day. 


111. Multiplication of radicals. Monomial radicals of 
the same order are multiplied as follows: 


EXAMPLES 


1. Multiply 3-V8 by 2 V5. 
Solution. 3 V8-2V5 = 6 V40 =6-2 V10 =12 V10. 


2. Multiply 5-V4 aa by V2 ax". 


Solution. 5/4 ax? - V2 ax? =5 V8 a*x* = 10 ar Vz. 


The method just illustrated of multiplying monomial 
radicals of the same order may be stated in the 

Rule. Take the product of the coefficients of the radicals 
for the coefficient of the radical in the result. 

Multiply together the radicands and write the product 
under the common radical sign. 

Reduce the result to its simplest form. 


The preceding rule does not hold for radicals of different orders. 
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EXERCISES 


Perform the indicated operation and simplify results : 


Pe WB. VE: 7. Bt. 208, 
Ba ey T. 8. 182. 82. 
a2 Ses V2, 9. V/12. V75. 
4. 3V2.5-V2. 10. 2 - V3. 
5. V2. V8. lec Tt wae 
6.4V 3. V 27. 12. a2. (bey? 
17. 2V 0s. 7 V 79822. a 
18. V75a- (450)? 56. 
19. V2u-V4v-V6w. 27. 
20. 5V3m-5V3m. an 
21. (3-V32). 
22. 16. V4. 29. 
03) V4. 12, 
24. (100)? - (30)4. ae 


13. RV2- RWS: 


«(Ea 


15. 5 V2. RvB. 


16. 2Va2. V4z. 
V8. -V32. 
V2a-3Viba 


a aa? 


Find the radical expression having the coefficient 1 equiva- 
lent to each of the following: 


431. 5 V9. 
Solution. 5 V2 = V25-V2 = V50. 
34. 8/2 186. a Vo. 
35. 12\/$. 37. 2ave. 
39. 5 V2. vai. 2/4, 
40. 2-¥3. 42. 34/1. 


32. 7-V3. 
Vv33. 10-V5. 


38. 3/2. 
Hint. 83-2 = V/27.%/9 


3 
43. ant. 
a 


44. (a +2).|— 


ata 


The multiplication of binomial or of polynomial radical 
expressions of the same order involves no new principle. 


ee Oe 
N ve 
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EXAMPLE 
Multiply “3-V5—4-V3 by 2 V5 + V3. 
Solution. 3-VW5 —4V3 
2V54+ V3 
30 —8V15 


85/15 = 12° 
30 —5V15 —12 =18 — 5-15. 


EXERCISES 


Perform the indicated multiplication and simplify the 
results : ; ps Uitte 'e 


Q(v3—a(3 sa /9;167~ay 
| 2, (2 VB — 4)(3 VB +3). 4) (2 WIND be 
BBN 243278 — 7/2); 
6. (2-V5 — 3-V2)(3 VB +2 V3). 
Wey be N62) V5 N34 V2), 
8. (3-V24+2 V3 +-V30)(V2 + V3 — V5). 
R V2 — 2)(R V2 — 3). 
By s = PO eres 


-( 
ee 
ine (r- v2) (n-% v3). 


kk F (ieee y: 
2: ($+5 v3): pes 5 5 V2 
Mar 2 
13. = (v5 -1). 16. wm — (5-5 v8): 
R RY? (ERs, 
p bak es 17. Dien | ae aT 
14. n*—(Z V5 - 5) R ; 


RE 
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18. The hypotenuse of a right triangle is & and one leg is 
R— +3. Find the other leg. 


19. One leg of a right triangle is (Vi 5 —1) and the hy-. 
potenuse is R. Find the other leg. 


20. The legs of a right triangle are RV2+-~V2 and 
5V2-V2 2—~V2. Find the hypotenuse and the area. 


21. Show by substituting and simplifying that 2 + 2 V3 is 
a root of the quadratic equation 2” — 4a = 8. 


22. Does $ — 4 V41 satisfy 2? —T7a +2 =0? 


112. Radical equations. An irrational or radical equa- 
tion in one unknown is an equation in which the unknown 
occurs ina radicand. The solution of the simpler types of 
radical equations depends mainly on a knowledge of mul- 
tiplication of radicals. The ability to square or to cube 
each member of an equation and the exercise of a little 
judgment 2” transposing at the proper time are sufficient to 
solve any of the equations which arise in elementary work. 

The necessity of checking all results obtained cannot be 
too strongly emphasized. The pupil should remember that 
an answer is a root on the one condition that it satisfies the 
original equation. 


ip Res EXERCISES 
Solve for a and check : 
1) V202—T=8. 6. V2 —3 —6 = 0, 


Hint. Squaring each member, Huinr. Transpose before squaring. 


2 —dies= OS ECC, 
2 a WoaaN o —8=0 
2.) V8a—5=5. of 


Bt eae 8. 2V5Be—4+3=11. 
4. V2e+3=Vvi. 9siVe diese 


6.) 2V2 —1= V6. 10. V22+1=3. 


Z 


RADICALS 265 
fey, 6a Valo N/ Si Gees. 
2s 1 ese = 0 15. 3Vz—92 Ver es 
130 3/02 ETH 6 16. 2V2+3=vVa+18. 


17. 3V22—6=2V24+4. 
18. V2a— SN Sp 


Hint. Transpose, then square. 


ewes 32 Vorb = 0. 

20. V6r—5 —V5x247=0. 

Se or BV 2 a) 
22. 3 —V24+3=Vs2. . 


Hint. Squaring each member, 9—6Vz2+8+4+243=2. 


Transposing, —6Ve+3=—12. 
Dividing by — 6, Vai+3=2. 
Squaring again, _ «+3=4, etc. 


93: 5— V2Qe+t5=V2«. 
Bee oy Sp ae sO, 


Hint. 7— V32=V32 + 7, ete. 


Sohn oa — 6 4IN 8 ae? = 6: 


26. V2 +V2—Vae+2=0. 
27. Ve +1—V2a—3=V3a— 2. 
Hint. Squaring, « +1—2V(e¢+1)(2¢—3)4+22—-8=382 2. 
Transposing, 2 V (a + 1) (24 — 8) = ONO. 
98. Ve —34+V2e4+4=V3e +1. 
29. Ve+3+4+Ve—4= V4a0 —3. 
30. V2 + 44+ Va —3 = V4e — 3. 
= MeW8 vend 

eer Aes 


Va—-3 Va-—5 
Ve2 Veet 


32 
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113. Division of radicals. It is frequently necessary & 
find the approximate value of an expression which ate 
division by a radical expression. Thus 2+V3, V3+V5,_ 
V3 8vVv2 2 


\ 


and —=——— are types which often occur. “a 


F 


2—V3 V54+V2 

To find the approximate value of 2+W3 we may 
extract the square root of 3 to several decimal places — 
and then divide 2 by the approximate root obtained. — 
Both of these processes are long and one of them is — 
unnecessary. For, writing 2+ 3 as a fraction and multiply- ; 


» 


9./s 
ing both terms by V3 gives ay = 
: ry) 

value of this last fraction requires but one long operation. — 

Similarly, the process of finding the approximate value — 
of V7+(V7—V2) involves three rather lengthy operations 
—the extracting of two square roots, and one long divi-' 
sion. The labor of two of these operations can be avoided 
im a manner similar to that shown above. 

114. Rationalizing factors. One radical expression is — 
the rationalizing factor for another if the preduet of the 
two is rational. 


To find the approximate — 


A rationalizing factor of V3 is V3, for V8 - V3 =3. 

For V2a rationalizing factor is V4, since V2. Y= V8 =2. 

Mae. V7 —~V2 is a rationalizing factor of v T+.2, as their 
product (W7 — V2) (V7 +. 2)=7-2=5. + 

In like mamner (3 V5 — 2 V3) (3V5 42V3)= 45 —12 =33. 
Therefore 3 V5 — 2 V3 is a rationalizing factor of 3 W5 + 2 V3. 


The binomial radicals of the last two illustrations are of — 
the general types Va+ V8 and Va— v2. Such binomials 
are called conjugate radicals and either is a rationalizing 
factor of the other. If @ and 6 are rational, the prodane 
(Va + Vb) (Va — Va), or @—2, is also rational. 4 


- 


a) 


~—¥ 


al — it : ia 
as rae alith © Ce icdiot es CA 
$a ae tie poo tho given exgeceton ak 


1% 6H 1% 16 4V3—-vVE 

23v6 1.0% 3 12. V243 11. 2V547V6 

4 avi. 8. % 14. V¥3—wvz 14. wvz-— Vo. 

eve 9.285 14.34V7— 19. Vb04-Ve 

; 5 Vz 106. FETA b.- avV2—5 DW. 4, a—2ZzZ. 
Dis ot division A gusilar relicals, cocficient by wef 

é aod ratlicend by redicand, is Aten possible. 

‘Teas — Go svbHv. 


_ Aud 12V16 + 2¥5 =6V2 
ee 5-5-9. 


va V3-VB 


Af direct division cama be ee 

 ~Ruke. Write the didn ner te Wivieer tn Ue form of 4 

f atin. Tren wiltighy te wamcrator ond Ienminator of 
ct frotiom a the ratomizing fatter of the denomimotor 

1 simplify the remlting frotim. 

2 ELEROGES 

_ Pertorms the indicatea Givision : 


1. V16 + V2. 4. Vi«v3. 
2. Vis + vz. 5. 2v643V2 
S {y 
3. Vo< vz /¢. Vib+ v2 


Shatin. V5~Vz 
ve ve-v2_vV 
anes 2 (t. V6+V18. 


= 
/4, 2vi-« vz, 
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96 OWS. 12, V6 — V18 + V2. 
10. 8V15 +4 V5. 13.12 — N24) 2 oe 
Wi 3 No 15 Ve A4. (V6 — V9 418)= 22. 


VAG: 8 (3 + V7). ; 3(_v7) 


Solution. 8 + (3 +-V7) = 34V7 3 +V7)@—V1) 


z [a = 
is at i 19 Ae 
= 


16: 9 -+ (32 V2). 2V3>-* 
A NV B= N Bea Ws) V3 4+V2 


Hint. r 19 4v5 We 


"18. 


Unb Nt Ge Vo SNe 
Ve—V2 (Wi —V2) (V5 +2) goes Nae 
V7—2 
Find to three decimals the value of: 
Vath. 5 +.3-V2. Wi 6 
22. T—3V5. Baie v3 —V2 
. T+V6 a VB +1 27. a ae 
enya V5 28: V3 =Va. 


Simplify : 
29. Va+vVx. 30. V3a2+Vaxr. 31. 2Vax + 3 Vor. 


BiocrapuicaLt Norr. Francois Vieta. The reason that algebra is a 
universal language which does not depend entirely-on the nationality of 
the writer lies in the fact that the symbols used to indicate the various 
operations and relations are widely understood and adopted. This has 
not always been the case, and for a long time during the early history 
of the subject there was no accepted notation in algebra, but each man 
used any symbol that suited him. One of the men who did most to estab- 
lish a fixed notation was Francois Vieta (1540-1603), a French lawyer 
who studied and wrote on mathematics as a pastime. He was in public 
life during his whole career and was well known for his ability to 
decipher the hidden meaning of dispatches captured from the enemy. 


FRANCOIS 


VIETA 
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It was he who established the use of the signs + and — for addition 
and subtraction, which, to be sure, had been used before his time, but 
were not generally accepted. He also denoted the known numbers in 
an equation by the consonants, B, C, D, etc., and the unknowns by 
the vowels, A, H, I, etc. He recognized the existence of negative roots 
of equations, but rejected them as absurd. 

To denote the second and third powers of the unknown, he used the 
letters @ (quadratus) and C (cubus) respectively. Instead of using the 
sign = he wrote aeq. (aequalis or aequatur). Thus Vieta would have 
written the equation 2? — 822+ 162 = 40 in the form 


10—8Q+16N aeq. 40. 


Before the time of Vieta this equation would have been written in a 
much more primitive notation. For instance, with writers only a little 
earlier it would appear as 


Cubus m 8Census p 16 rebus aequatur 40. 


It is easily seen that operations on equations in this form would be very 
hard to perform. 

Vieta is further distinguished as being the first man to obtain an exact 
numerical expression for the number 7, which occurs in geometry. His 
form of expression calls for an infinite number of operations which, of 
course, could never be performed, but the further one proceeded, the 
closer would be the approximation obtained. In a certain sense the 
familiar sign -V implies an infinite number of operations, for one can 
never go through the process of extracting the square root of 2, for 
instance, and come out even. Vieta’s method of denoting 7 was, how- 
ever, more involved than this and made use of complicated irrational 
fractions. 


CHAPTER XXI 


QUADRATIC EQUATIONS 


115. Solution by completing the square. The quadratic 
equation was defined on page 137. Before taking up the 
work that follows, the student should review the method 
of forming trinomial squares given on page 121. 


ORAL EXERCISES 


What terms should be added in order to make the following 
expressions perfect squares ? 


aS ie Se 
Qt Ag tae 
Sy tee Mar ee 
Qa — Ornate 


5. 


6 
7. 
8 


pee het s 9. 
A ee Mey Se 10. 

ieee Saree t ital 
5 ae Tepper 12. 
EXAMPLES 


1. Solve 7+ 42 — 21—0. 


Solution. Transposing, x#?+ 42 = 21. 


Adding 4 to each member of (2), 


Then 


Extracting the square root of each member of (4), 


Whence 
and 


£+2=+4 5. 
== 2 +h = 3; 


i) ge 
270 


a es 
eT ape 
2—2¢4? 
eP4+3t4+? 


(1) 
(2) 


ei 
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Check. Substituting 3 for z in (1), 9 + 12 — 21=0, or 0=0. 
Substituting —7 for x in (1), 49 — 28 — 21=0, or 0 =0. 


2. Solve 327-102 —8=0. (1) 
Solution. Transposing, Dee NOES ck (2) 
Dividing (2) by the coefficient of z, 2? — we = =. (3) 
Adding (— 8)? to each member of (3), 

Then (z— $3)? =)”. (5) 
Extracting the square root of each member of (5), 4+ 


gr z. 
Whence | + £=4 and — 2. 
Check. Substituting 4 for z in (1), 
3-47—-10-4—8=0. 
fe a 8-0 for. 0 0, 
Substituting — 2 for x in (1), 
Bg) oe = 0- 
4430 — 8 = 0, 
24—8=0, or 0=0. 


The method of solving a quadratic equation in z illus- 
trated in the preceding examples may be stated in the 


Rule. Transpose so that the terms containing x are in the 
first member and those which do not contain x are in the second. 

Divide both members of the equation by the coefficient of x? 
unless that coefficient 1s +1. 

Then add to both members the square of one half the 
coefficient of x (in the equation just obtained), thus making 
the first member a perfect trinomial square. 

Rewrite the equation, expressing the first member as the square 
of a binomial and the second member in its simplest form. 
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Extract the square root of both members of the equation 
and write the sign + before the. square root of the second 
member, thus obtaining two linear equations. 

Solve the equation in which the second member is taken 
with the sign + and then solve the equation in which the 
second member is taken with the sign —. The results are the 
roots of the quadratic. 


Check. Substitute each result separately in n place be x in 
the original equation. IPf the resulting equations are not 
obvious identities, simplify each until it becomes one. 


If, after the equation has been simplified in accordance 
with the first two directions of the foregoing rule, the 
term in the first power of z is lacking, that is, the equa- 
tion is in the form z?=4, it is often called a pure quadratic. 
Such an equation may be solved immediately by the 
extraction of the square root of each member. 

Thus; if 52? — 3) = 12; then oa" — 15.97 = sane +Vv3. 


EXERCISES 


Solve by completing the square, where necessary, and check 
as directed by. the teacher. 


eo 47 — 32:0. 11. 227—974+4=0. 
2. 2° —2e2—15=0. 12. 22—3¢=9. 

. hoe 13. 327 5 =70 
eines bss eee Ck Te 
5. 2 —Tx —18=0: ; 

Gore (@ + 4) == G(r = 0) RRO 
Wyt6ay¥ tert OS: 
8. 4e¢7?9-—4e—3=0.. 12 

9. 2—5le+ 21-0. 17. 627—138446=0. 
10. $ — x? = Qa. 18. 42 + 277 =—192. 


PS 
a fh } 
At pb 


19. Why is not equation (5), Example 1, page 270, written 
with the sign + before each member ? 
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20. 2277—5241=0. (1) 
Solution. Transposing, 22? —52=—1. ~~ Q) 
Dividing each member of (2) by 2, 
a= $2=— }. 7 (3) 
Adding (— $)? to each member of (3), 
G+ (—P?=— 4+ 38= 1h 4) 
Then (@— $= th. (5) 
Extracting the square root of each member of (5), 
x—-$=4V}h=+4 }vI17. (6) 
Whence. eo § + $VI17. (7) 
’ Now 4V17= 44.123 +) =1.081-. (8) 
Then § + 4 V17=1.25 + (1.031 —) = 2.281-. (9) 
Also 5 — 3V17=1.25 — (1.031 —) =.219 +. (10) 


Check. Since (9) and (10) are not the exact values of z, they will, 
if substituted for z in (1), make its first member nearly but not 
quite zero. An exact check on the radical forms of the roots can be 
obtained by substituting from equation (7) in equation (1). 

The check may be shortened by substituting both roots at the 
same time, as follows: 


Substituting $41VI17 for in 277—52z+1=0, 
2($414V17) = 5(¢4 $V17) +1=0. 
2(28 +8 V17+ 44)-—5(844V17) +1=0. 
REL EVIT SE Aim 22 2 VI7 41 = 0. 


The radical terms vanish because the two upper signs before 
‘them must first be taken together, and then the two lower signs. 


Therefore 25 417 —52 4 § = 0, or 42 — 52 = 0. 


In quadratic equations like the preceding the radical forms 
of the roots are often sufficient ; at other times values to two 
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or three decimal places are necessary. Unless otherwise 
directed, obtain only the radical forms of irrational roots. 


In the following ten exercises obtain correct to three deci- 
mal places the values of any radical answers which may occur : 


21. p?+10p +17=0. 27. x? -6V32=—9. 
22. «7? +2e2—4=0. 28. 7? —3¢V24+4=0. 
23. vw — 2x4 —3i=0. 29. 2? +5=6—42—327. 
24. 327 —62+4+1= 0. ; 1 

30. 3+—-=3p. 
95. 9x = 5a? — 2: one 
26. 1— 40? = 2. 31. a*— 42° +3=0. 


This is not a quadratic equation, but many equations of 
this form can be solved by completing the square. 


Solution. vt—4774+3=0. 
vi—477=— 3. 
a — 477 4-4=—3 $41; 
x—2=+1. 
72 == Seanig 


2r=+v3 and +1. 
Check as usual. 


SQ On 0) 35. 2* —1027 + 24 = 0. 
33.002 13 44 Oo! 36. 42° —1327°+3=0: 
34. 9a*— 820° +9=0. 37. 162*— 8127°+5=0. 


Norte. The student has undoubtedly noticed that quadratic equa- 
tions have two roots. Mathematicians attempted for many years to 
prove that cubic equations always have three roots and that equa- 
tions of the fourth degree have four roots. This-was finally done in 
the seventeenth century by the Italians Cardan and Ferrari. 

That any equation in one unknown has a number of roots equal 
to its degree was first proved by K. F. Gauss. He gave three distinct 
proofs of this fact, although no one before his time had been able to 
prove it at all. Since the time of Gauss hundreds of proofs have 
been given by mathematicians in all parts of the world. 

The mathematical researches which have been stimulated and - 
carried to a high degree of completeness by the study of this problem 
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have been very numerous. This situation illustrates the important 
fact that when a scholar takes up a scientific study with the intention 
of reaching a definite result, the indirect results of his investigations 
are frequently even more important than the solution of the main 
problem which he had set himself. 

Few scientists possess the vision to determine surely at the begin- 
ning of an investigation all of the directions in which it may lead. 
The distinction, however, between a great man and a little one largely 
lies in the instinct which the great man has to treat subjects which 
prove to be fruitful. 


REVIEW EXERCISES 


Solve, and check as directed by the teacher : 


Deuce = q 5 383} 
ele ater: 0. 1A: ‘9 peer ot 
2. (5a — 2) (a — 6) 5—a 12 °°2 
=@r—-12)@2—-4). | 2 5 _2-« 
3. ae lb = — 9. Sop 2S iL Se 
4.x” +1= 2027. ; 2 1 15 
Boh) = 20g —12'= 0 Se ee 
6. 6a +243 A a 
=2—32'+10z. 17. ge ig a ae a 
7. (Be +6)(# ~3) ee ae 
ae ate) nr ES, 
pn, ae ae eee 
3 wx 19. - icles 
. A eee) 
ee = 0: ppt fare Fae 
3 8) a 20. - aia ties = 6. 
ae ey | x am . ae +1 
ae a 21. Gz —2)(e= 3) 
3 =a(0- L(t 4). 
ll. « =——- pais 
ae 22. af 1007+ 16 = 0. 
12. “+3 =0 23. a*— 8a? +15=0. 
ee Ay WN, (ie Sas WONG Ss 15) — ACU), 
et clan Q5.\8at— 180° +9=0. 
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PROBLEMS 


(Reject all answers which do not satisfy the conditions of the problems.) 


1. The square of a certain number plus twice the number 


itself is 8. Find the number. 


2. If from twice the square of a certain number the num- 
ber itself be taken, the remainder is 28. Find the number. 


.8. Find two consecutive odd numbers whose product 1 is 675. 


4. Find three consecutive even numbers whose sum is 5 Wine 
pr nee of the first two. 


5) A rectangular field is 14 rods longer than it is wide. Its 
area is 20 acres (1 acre = 160 square rods). Find the dimen- 
sions of the field. 


6. The sum of a certain number and its reciprocal is 2}. 
Find the number. 
\ 7. The area of a triangular field is 4} acres. The base is 
36 rods longer than the altitude. Find the base and the altitude. 


8.) Two square fields together contain 40 acres. A side of 
one is 16 rods longer than a side of the other. Find the side 
of each. 

9. The hypotenuse of a right triangle is 41 feet. One leg 
is 31 feet shorter than the other. Find the legs. 


(lo) One leg of a right triangle is # as long as the other. 
The hypotenuse is 30. Find the legs. 


11. The area of a square in square feet and its perimeter in 
inches are expressed by the same number. Find the side. 


12. The dimensions of a certain rectangle and the longest 
straight line which can be drawn on its surface are represented 
in inches by three consecutive numbers. Find its dimensions. 


13. The edges of two cubical bins differ by one yard. Their 
volumes differ by 127 cubic yards. Find the edge of each bin. 


a 
= 
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14. The rates of two trains differ by 6 miles per hour. The 
faster requires 1 hour less time to run 252 miles. Find the rate 
of each train. 

15. An automobile made a round trip of 180 miles in 11 hours. 
On the return the rate was increased 3 miles per hour. Find the 
rate each way. 

16. A page of a certain book is 2 inches longer than it is wide. 
The printed portion covers half the area of the page and the 
margin is 1 inch wide. Find the length and width of the page. 

17. The price of oranges being raised 10 cents per dozen, 
one gets 6 fewer oranges for a dollar. Find the original price. 

18. Two pumps together can fill a standpipe in 30 minutes. 
One pump alone requires 32 minutes less time than the other. 
Find the time each requires alone. 

19. How long will it take a stone to reach the ground if 
dropped from an elevation of 1600 feet? (See Exercise 45, 
p27.) 

20. A man drops a stone over a cliff and hears it strike the 
ground below 61 seconds later. If sound travels 1152 feet per 
second, find the height of the cliff. 


116. Quadratic equations with literal coefficients. Such 
equations are solved as in the following example. 


EXAMPLE 
Solve for x the equation x? — 6 ax — 7 a? = 0, and check the 
result. 
Solution. Transposing, ie ON es 
Completing the square, 2? — 6az + 9a? =16 a’. 
Then (« — 8.a)?=16 a? 
Extracting the square root, e—s8a=+4a., 


Whence, transposing and combining, z =7a, and — a. 
Check. (7 a)?— 6a-7a —7a® = 49 a? — 42.a?—-7a@=0, or 0=0. 
(— a)?— 6a(—a)—7a? = a? + 6a? —7a? = 0, or0 = 0. 
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+ p, Wy AA EXERCISES 
Sol We Ay aa check : 


(ly bpm 9: «7° —124a=307— 42. 
(2, v’+4cea=5e 109 2 = 3 hx 2 =: 
3: xv? — 8ca —9P = 0. (11. 1097 = 3 a? — oe. 

4.) a? + ax — 2a? = 0. 12. 20? — 5han + 217=0. 

5.) 2? —2ax =1— a. 13. av’ — 52 — Zag 100) 
Gy Ge (14 aca 2 2 eros 

4. ao? = UV. 415. a +a=a@ve+7z. 

B.re? + be = 207. (16. cx? + ax = 2en + 2a. 


History of the quadratic equation. Though the development of the 
method of solying quadratic equations is closely connected with the 
general growth of algebra, yet it is possible to indicate rather briefly 
the most important steps in the process. 

The first writer on formal algebra was Diophantos, who lived 
at Alexandria, in Egypt, about a.p. 275. Most of his work that is 
preserved is devoted to the solution of problems that lead to equa- 
tions. So far as we know he was the first to indicate the unknown 
number by a single letter, in this respect being far in advance of - 
many mathematicians who lived much later. It is a little remarkable, 
in fact, that so able and original a man as Diophantos should have 
exerted so little influence on his successors. He solved his quadratic 
equations by a method not unlike that of completing the square, but 
his imperfect knowledge of the nature of numbers made it impossible 
for him to understand the entire significance of the process. Though 
he made every effort not to consider equations whose roots were not 
positive integers, sometimes they would creep in, and under such cir- 
cumstances, when his method led him to a negative or irrational root, 
he rejected the whole equation as absurd or impossible. Even when 
both of the roots were positive he took only the one afforded by the 
positive sign in the formula for solving a quadratic. 

The difficulties of Diophantos are typical of those encountered by 
mathematicians for the next fifteen hundred years. The difficulty 
lay not in finding a formal method of solving the equation, but in 
understanding the result after it was obtained. The meanings of 
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negative and of imaginary numbers have been two of the most 
difficult of all mathematical ideas for men to grasp. 

Five or six hundred years later the Hindus devised a general, solu- 
tion of the quadratic, but their chief advance over Diophantos lay 
in the fact that they did not regard an equation whose roots were 
negative as necessarily absurd, but merely rejected the negative result 
with the remark, “It is inadequate; people do not approve of 
negative roots.” The Hindus, however, did realize that a quadratic 
equation sometimes has two roots, a fact that Diophantos never 
comprehended. 

No material gain in the understanding of the solutions of the 
quadratic can be found until the seventeenth century. The keenest 
mathematicians of the sixteenth century, like Cardan and Vieta, 
rejected negative roots, though by this time irrational roots were 
admitted. In fact, in 1544 Stifel, a German, published an algebra in 
which irrational numbers are included among the numbers proper. 
But he affirms that except in the case where a quadratic equation 
has two positive roots no equation has more than one root. It was 
not until the work of Descartes and Gauss became widely known 
that the nature of the roots of all kinds of quadratic equations was 
completely understood. 


117. Systems involving a linear and a quadratic equation. 
A quadratic equation in two unknowns contains one or more 
terms of the second degree, but no term of higher degree 
in those unknowns. Every system of equations in two 
unknowns in which one equation is linear and the other 
quadratic can be solved by the method of substitution. 


EXAMPLE 
Solve the system vc + yf? = 6, (1) 
“o—y=1. (2) 
Solution. Solving (2) for zg, a=1+ y. (3) 
Substituting 1+ y for zin (1), A+y)?+ y¥7=5. (4) 
From (4), yY+ry—-2=0. (5) 
Solving (5), iNT OT— ey 


RE 
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Substituting 1 for y in (3), Tv lectey lmcers 
Substituting — 2 for y in (8), C= Rae 

== =—1 
Therefore 1%, G ; and. iho _ __9 are the two sets of roots. 


(1), 4+1=5, 
(2) 2—Le=f 
(1), 14+4=5, 
(2), -1+2=1. 

The similarity between this method and that for the solution of 
linear systems by substitution should be carefully noted. 


Check. Substituting 2 for z and 1 for y in 


Substituting —1 for x and — 2 for y in { 


The method of the preceding solution is stated in the 

Rule. Solve the linear equation for one unknown in terms 
of the other. 

Substitute this value in the quadratic equation and solve 
the resulting equation. 

Substitute each of the roots of the quadratic equation 
thus found in the linear equation, and solve, thus obtaining 
two sets of roots of the simultaneous system. 


Check, as usual, in both equations. 


EXERCISES 


Solve the following systems, pair results, and check each 
set of roots: 


yt y= 8, x? + y? = 25, 4p+5q=6, 

{1.) 4. rie ; 
2a +y=5. “«—dy=5. pyat+2=0. 

Ae le: 5 Ly = He ~4x% —3y = 30, 


xv? + 47 =18. " 2a+y—10=0. a: xy +12= 0. 


far + 9° = 26, “4+ 3ay = 25, 3A+2B=5 
3°). 46. £9. ; 
38a—4y=0. 2a + y=10. AB+3= 64. 
Wee x? + xy = 5, Pion xe 4+3ay+ y= 22, 
e2—y= 9. Dei yy, 
BG x+y? + y = 46, a e+y—4e— 2y = 20, 


"2a +y=10. 3a2—y=10. 


Cran 
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PROBLEMS 
(Reject all results which do not satisfy the conditions of the problem.) 


(1. Find two numbers whose difference is 3 and the differ- 
ence of whose squares is 45. 

a/2. The sum of two numbers is 18 and the sum of their 
squares is 170. Find the numbers. 

x, 3. A rectangular field is 39 rods longer than it is wide and 
its area is 10 acres. Find the length and the width. 

4. The difference of the areas of two squares is 208 square 
feet and the difference of their perimeters is 32 feet. Find a 
side of each square. 

45. The perimeter of a rectangle is 92 feet and its area is 
504 square feet. Find the length and the width. 

6. The base of a triangle is 5 inches longer than its 
altitude. Its area is 1,4, square feet. Find the base and the 
altitude of the triangle. 

7. The perimeter of a rectangle is 3c¢ and its area is sf . 
Bab od ac j 2 
Find its dimensions. 
~ 8. Do positive integers differing by 3 exist such that the 
sum of their squares is 115? If so, find them. 
y 9. If a two-digit number be multiplied by the sum of its 
digits, the product is 576. If three times the sum of its 
digits be added to the number, the result is expressed by 
the digits in reverse order. Find the number. 
+10. The annual income from a certain investment is $48. If 
the principal were $200 more and the rate of interest 1% less, the 
annual income would be $2 more. Find the principal and the rate. 
11. A wheelman leaves A and travels north. At the same 
time a second wheelman, who travels 50% faster than the first, 
leaves a point 3 miles east of A and travels east. An hour 


after starting, the distance between them is 17 miles. Find 


the rate of each. 


CHAPTER XXII 
RATIO AND PROPORTION 


118. Ratio. The ratio of one number, a, to a second 
number, 6, is the quotient obtained by dividing the first 


se ck : 
by the second, that is, —- This ratio is also written a: 6. 


b 


It follows from the above that all ratios of numbers are 
fractions and that all fractions may be regarded as ratios. 


3 c at+b V2 : : : 
Thus —, —,; > and —— are ratios as well as fractions. 
7 een V5 


We may speak of the ratio of two concrete numbers if 
they have a common unit of measure. The ratio of 5 feet 
to 3 feet is 3, the common unit of measure being 1 foot. 
Obviously no ratio exists between 5 years and 8 feet. 

If we say a piece of paper contains 54 square inches, we 
are expressing by the number 54 the ratio of the surface of 
- the paper to the surface of a square whose side is one inch. 

Every measurement, then, is the determination of a ratio, 
either exact or approximate. 


EXERCISES 
Simplify the following ratios by writing them as fractions 
and reducing the fractions to their lowest terms: 
1.6:9. 3. 5:10. 5. 20%:1227. 7. 3 hours :150 minutes. 
2. 12:8. 4. 14:7. 6. 174:33. 8. 900 pounds:14 tons. 
9. Separate 45 into two parts which are in the ratio of 7:8. 


Hinr. Let 7” = one part ; then 82 = the other. 
282 : 


¢ 
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10. Separate 121 into two parts which are in the ratio 3:8. 

11. Separate 152 into two parts which are in the ratio 21:7. 

12. What number added to both terms of the ratio 5:9 
gives a result equal to the ratio 36:54? 

13. What number subtracted from both terms of the ratio 
11:12 gives a result equal to the ratio 35 : 40? 

(14. If x is a positive number, which is the greater ratio: 
3 Oe 22 

or Olea 
4 AVL ip SEAL 20 4-1 


Hint. Reduce the two fractions in each part to respectively equivalent 
fractions haying a common denominator, and then compare numerators. 


15. From your answers to Exercise 14 state the change 
that is produced in the value of a proper fraction (sometimes 
called a ratio of less inequality) by adding a positive number 
to both of its terms. 

16. If « is a positive number, which is the greater ratio: 
7 (a2 ees 1+ 2 Ly 
LOE ? or 
5 5+a iy 22 

17. From your answers to Exercise 16 state the change that: 
is produced in the value of an improper fraction (sometimes 
called a ratio of greater inequality) by adding a positive 
number to both cf its terms. 


119. Proportion. A proportion is a statement of equality 
between two ratios. 

Thus } = 3, $ = 7%, and 32 = # are aie ial for the equality 
of the ratios is eyidents in each case. 

The four numbers 1, 2, 3, and 6 are said to be in pro- 
portion, for the ratio of the first pair equals the ratio of 
the second pair. In general, the numbers a, 6, ¢, and d 
are in proportion if a:b=e:d. (1) 
| In (1), a and d (the first and fourth terms) are called 
extremes, and 6 and ¢ are called means. 
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Since a proportion is an equality between two ratios 
(fractions), it is therefore an equation. Hence any operation 
which may be performed on an equation may be performed on 
a proportion. (See Axioms, pp. 39-40.) 


Thus, in the proportion 5=35 both members may be 


multiplied by dd, giving ad=be. Here the first member 
is the product of the extremes of the proportion, and tlie 
second member is the product of the means. 

Therefore, in any proportion the product of the extremes 
equals the product of the means. 


EXERCISES 


1. Form proportions from the anes by supplying the 


— are 4 3 5 (apes , 450 
Bee RUINS SG 5 Poe a oa +O m= 3) @) 65 =i 
TZ? 50. 5 ? tae 
OF=3 OF=3 O B=5 ® B=e 
Solve the following for a: 
: 1 16.144 
. 21:9 = 27:12. Sole Ac a ae 
2.,27:9 =a": 1 5. 1:4 1s] 8 i a 
3 od WOE A 138 «+11 2 BO. 0s Ss eee 
2 eg 8 LO 23 ia ae 10. fit =i 
x 4 x Le jais se 
3.0 29) oe Ca 12. f:a=a:l. 


120. Fourth, mean, and third proportionals. A fourth” 
proportional to three numbers is the fourth term of a pro- 
portion in which the three numbers appear in the order in™ 
which they are given as the first, second, and third terms. 
of the proportion respectively. 


“Thus 6 is a fourth proportional to 2, 3, and 4, for z= 4. ae 


20 is a fourth proportional to 3, 5, and 12, for # = 32. 


/ 


RATIO AND PROPORTION © 285 


In general, f is the fourth proportional to three numbers 
a, b, and c of a Ee 


A mean proportional between two numbers is the second 
or the third term of a proportion in which the means are 
identical. 

Thus 2 is a mean proportional between 1 and 4, for 1:2 = 2:4. 
Also — 2 is a mean proportional between 1 and 4, for 1: -2=—2:4. 

In general, m is the mean proportional between two numbers 
maar Bry si gilellg or if m=+Vab, 

m 0b 

‘A third proportional to two numbers is the last term of a 
proportion which has for its first term the first of the 
- given numbers and for both’second and third terms the 
second given number. 

- Thus 16 is the third proportional to 9 and 12, for 7, = +%. Again, 
25 is the third proportional to 4 and 10, for +4, = $$. 


In general, t is the third proportional to the numbers 


a and b if aue 
bore 
EXERCISES 


Find a fourth proportional to: 


to, and os. 25° 1.5, and 4, 5. 6, 8, and #. 

2 8 3. 7; 10, and — 21. 6. 2, 6a, and 12. 
ee A 6. Dank ld, 7. —«,0%,and 2%. 
Find the mean proportionals between : 

8. 1 and 9. 9. 4 and 25. 12. { and 2. 
10. 9 and 4. 13. V2 and V50. 


il — 
Hint. Eason 11. sig and é- 14. vi and V8. 
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Find the third proportionals to : 


152) leand 2: V7 io anit 212 Teand’ 2 Vales 
Th 18. 2 and V5. 92. x and — 2a. 
Hing. ===. 
2t 19. 3 and V6. 23. a and ab. 
16. 5 and 15. 20. 3and2V6. = 24. c and Vad. 


121. Proportions from equal products. That the numbers 
which occur in a pair of equal products may be used in 
various ways as the terms of a proportion is illustrated 
in the following: 

From 2-6 =4-38 we may write the proportions §= 4%, ?= #2, 
§ = 3, and’3 = 4. Each of these four statements is a proportion, for 
in each case the equality of the ratios is evident. 

In general, 7f the product of two numbers a and d equals the 
product of two other numbers 6 and c, one pair may be made 
the extremes and the other pair the means of a proportion ; 


that is, if ad = be, 
then pal or arAes 
b d card 


Proof. If a-d=b-c is divided by hd, we obtain 


ak _ ke rahe ae 
bd Bd ee a ) 
If a-d=b-<c is divided by cd, we obtain 
Came 
Ayer) 5 (2) 


The transformation from (1) to (2) above (where the means are 
interchanged) is called alternation. 
If a-d=b-c is divided by ac, we obtain 
bia e 
ae (3) 
The transformation from (1) to (8) (where the fractions are 
inverted) is called inversion. 
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EXERCISES 


Write as a proportion in three ways: 


2-3 = 6 2. oO = 4% 7, 3. @-6 =¢wl. 
Write as a proportion having f for the fourth term: 
Pe sip se tee | 56 oe F 6 f= S. 
Write the following proportions by alternation : 
ae 5 Mm Na St. 
7.2=% = Feel ase eee 
ase oe b z PE AED ee ns 
Write the following proportions by inversion : 
Zin 1S Ries es W. 
8 — 9. Bie oe oie .o=—. 
De a Oe 


122. Proportion by addition. The dividend, or numerator, 
in a ratio is called the antecedent, and the divisor, or denomi- 
nator, is called the consequent. 

If in the proportion 2? = 4 we add each antecedent to its 
consequent and divide the sum thus obtained in each case 
by the consequent of its ratio, we have 

ete er By peg u0 
ets BY eer ner eet gy 
which is a proportion. In the same manner we obtain from 
the proportion ? = 42 the proportion 4° = 32. 

In general, if four numbers a, b, c, and d are in proportion, 
they are in proportion by addition ; that is, the sum of the first 
two terms is to the second term as the sum of the last two terms 
is to the fourth term. 


Proof. Let ; = a (1) 
Adding 1 to each member, we have 
te een ee eS, (2) 


b d b d 
Here (2) is said to be obtained from (1) by addition. 
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EXERCISES 


Write by addition and test results in the numerical exercises: 


1. 2= +5. 4 _ 227 6.85 or Os 
2. t= 95%. 11 x FEN Rie) = ene 
3. 42 = 32. 5. ty ee 8. A, i Ay = tee 
d 
9. tp eats . 
ad, a c 


123. Proportion by subtraction. If in the proportion 
i= 21 we subtract each consequent from its antecedent 
and divide the remainder thus obtained in each case by 
the consequent of its ratio, we have 

_ _ 2 ae : : 

5 2 Se a or == e » which is obviously a proportion. 


Donte 


In general, if four numbers a, b, c, and d are in propor- 
tion, they are in proportion by subtraction; that is, the first 
antecedent minus its consequent is to that consequent as the 
second antecedent minus its consequent is to that consequent. 


Proof. Let Cele 1 
e ee Q) 
Subtracting 1 from each member, we have 
a c G— 0c 
ee als y = ° 
b d ey d @) 


Here (2) is said to be obtained from (1) by subtraction. 


~ 


EXERCISES 


Write by subtraction and test resulting proportions in the 
numerical exercises : 


1. $= 2. 3. 4, = $3. 5. 2:5=38:2 7. a:b=m:n 
1 


‘i 
2 $=10 4,18 = 54 6. 7:8am:n. 8. fist: l. 
a c 
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124. Proportion by addition and subtraction. If we write 
the proportion $= 32 by addition, we have 


B= ah @) 
If we write the same proportion by subtraction, we have 
i= @) 
Now (1)+(2) gives the proportion 
=H 


In general, if four numbers a, b, c, and d are in propor- 
tion, they are in proportion by addition and subtraction ; that 
is, the sum of the first antecedent and its consequent is to 
their difference as the sum of the second antecedent and 
its consequent is to their difference. 

a_se¢ 


Proof. Let Baa 
r00 e€ b od Y 
ae a ever’ 4 € (addition), (2) 
ae, Cag en, Ors @ (subtraction). (3) 
b d 

a b d Ey g 

5 2) by (3), Fa gt ee ; 
Dividing (2) by (8) peel. esas os 


Proportion (4) is said to be obtained from proportion (1) by 
addition and subtraction. 

Proportions by addition, subtraction, and addition and subtraction 
are often called proportions by composition, division, and composition 
and division respectively. 

EXERCISES 


1. Write Exercises 1-3, p. 288, by addition and subtraction. 
Using addition and subtraction, solve the following for a: 


5, eee Rate 8 — V2. 
yf Oy em V2 84+V2 
2e4+3 848 pre 2. eee es 


a REET ett OE aoe ae ers 
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6. If a:b =c:d, show that 3a:6=3¢e:d. 

7. If a:b =c:d, show that (8a+6):6 =(3¢+4d):d. 

8. If a:b =c:d, show that (4 + 26):b6=(¢+2d):d. 
125. A series of equal ratios. We now proceed te prove 


that in a series of equal ratios the sum of the antecedents is to 


the sum of the consequents as any antecedent is to its consequent ; 
SPE Met 2) EC at+ct+te ae e 
that is, if -=>-=>-, en. Pater _ OS 'Canes 
Ode Ff b+d+f b d f 


Proof. Setting each of the given equal ratios above equal to r, 


a c € 
aghh aoriie* ase ts @ 
Then from (1), a=b=r, (2) 
C=d-r (3) 
i PON Re (4) 
’ Adding (2), (8), and 4), at+c+e=br+dr+/fr. (5) 
Factoring in (5), at+c+e=(6+d+f)r. (6) 
Therefore GREE Saal 
retore ery 7 (7) 
Hence by (1), and (7), Cee ee 
b-Pd qfe" Dag, 


EXERCISES 


~ 


Test the truth of the preceding statement in the following: 


bee ey eee ‘ OS ae 5. 10% ey 
6 16: ee 6 = 88 $56 =o ae 


4. 2:(¢+ d)=2a:(ae + ad)=2¢:(2 + cd). 


Bo Te & ee hanes aia Cae 
a fa eS Se esa ener 
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PROBLEMS 


1. A tract of land is purchased by two men jointly, one 
contributing $2500 and the other $3500. During a given year 
oil wells on the tract produced in royalties $2400. How much 
of this sum should each receive ? 


2. Three men bought a piece of property, contributing 
$1000, $1500, and $2000 respectively. If in selling the prop- 
erty the owners gain $900, how much should each receive ? 


3. The perimeter of a triangle is 39. Two sides are 10 
and 16. The other side is divided into two parts which are in 
the ratio of these two. Find the parts of the third side. 

4. The sides of a triangle are 15, 20, and 25. The side 20 
is divided into parts which are proportional to the other two 
sides. Find these two parts. 


Fact from Geometry. If one triangle is similar to another, 
the sides of the first taken in any order are proportional to 
the sides of the second taken in the same order. 

5. The sides of a triangle are 15, 21, and 33 respectively. 
In a similar triangle the side which corresponds to 21 in the 
first triangle is 14. Find the other two sides. Compare the ratio 
of any pair of corresponding sides with that of the perimeters. 


6. The sides of a triangle are 12, 28, and 36. The perimeter 
of a similar triangle is ? that of the given triangle. Find the 
sides of the second triangle. 


Facts from Geometry. A line parallel to one side of a 
triangle divides the other two sides into four A 
parts which are proportional, and the triangle 
cut off is similar to the first. 

_ Thus, in triangle ABC, if DE is parallel to 
side BC, then D E 
BD CE ADT GAL. DEE 


Pas ado BC B C 
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7. If in the triangle ABC on page 291, . 
(2) AD=12, DB=9, and AE = 8, find EC. 
(b) AD =12, AB= 21, and DE = 8, find BC. 
(c) DB=.9, AD=12, and AC =14, find AE. 
8. A flagstaff casts a shadow 100 feet long at the same 


time that a man 5 feet 8 inches high casts a shadow 14 feet 
and 2 inches long. How high is the flagstaff ? 


9. In the triangle ABC, having a right angle at C, CD is 
perpendicular to AB and so divides AB that CD is a mean 


proportional between 4D and DB. Cc 
(g). If AD = 3, and BD =12, md CD. 
(6) If AD= 4, and CD= 6, find DB. AD "ees 


(c) If AB= 26, and CD=12, find. AD and DB. 
(d) If AB= 34, and CD =15, find 4D and DB. 


10. The distance AB between two points on opposite 
banks of a river is wanted. Stakes were set at EZ, B, D, and 
C so. that BE was parallel to CD and so C 


that ABC and AED were straight lines. 2 
The measured values of DC, CB, and BE ; \ 
were 560 feet, 250 feet, and 360 feet : 


respectively. What was the computed value of BA? 


11. Two men start at the same time and travel in opposite 
directions at rates in the ratio of 14:16. If in 14 hours they 
are 105 miles apart, find the rate of each. 


12. The diameters of the earth and of the sun are in the ratio 
1:108. Given that the volumes of spheres are proportional to 
the cubes of their respective diameters, find the ratio of the 
volumes of the earth and the sun. 


18. Given that the surfaces of spheres are proportional to the 
squares of their respective radii, find the ratio of the surfaces 
- of the earth and the sun. 


SUPPLEMENTARY TOPICS 


126. Highest common factor. In arithmetic the greatest com- 
mon divisor of two or more integers is the greatest integer 
which is exactly contained in each of the. given integers. 

This greatest common divisor for two or more integers, or 
highest common factor (H.C.F.), as the corresponding idea is 
commonly designated in algebra, can often be obtained by 
inspection; that is, without writing the integers as the indi- 
cated product of their prime factors. 

Thus the H.C.F. of 5and 15is5; of 30 and 42 is6; of 6a and 8a? is 2a. 


The degree of a polynomial is the same as that of its term 
of highest degree. (See page 75.) 

Thus 4 a2xy + 5ax° — 3 a®xyz? is of the seventh degree. 

The highest common factor (H.C.F.) of two or more monomials 
or polynomials is the expression of highest degree, with the 
greatest numerical coefficient, which is an exact divisor of each. 


Thus the H.C.F. of 28a7b? and 42 ab? is 14a7b?. The H.C.F. of 
v®—4z and «— 527+ 6a is x(x — 2), or a? — 2a. 


EXAMPLES 
1. Find the H.C.F. of 72 2°y°z, 90 x?y%z4, and 108 a4y‘2?. 
Solution. Factoring, we have 
D2 ay he — oP worry PZ, 
90 x2y3zt = 2 . 3? .5 x*y3z4, 
108 xty4z8 = 22 . 38 . rty4z3. 
Here the highest power of 2 common to each expression is the first ; 
of 3, the second ; of z, the second ; of y, the third; and of z, the first. 
Therefore the H.C.F. of the three expressions is 2-3?-ay%z, which 


equals 18 xy8z. 
293 
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2. Find the H.C.F. of 9 2t— 36 2? and 3 27—12 2° + 12 2°. 
Solution. Factoring, we have 
9a* — 86 x2 = 327? (x + 2) (x — 2), 

8a7 —12 28 + 1245 = 845 (x — 2)?. 

Therefore the H.C.F. is 3a? (x — 2), which equals 32% — 62. 


The method used in the preceding solutions for finding the 
H.C.F. of two or more monomials or polynomials is stated in the 


Rule. Separate each expression into its prime factors. Then 
find the product of such factors as occur in each expression, 
using each prime factor the least number of times it occurs in 


any one expression. 


If two or more polynomials have no common factor other 
than 1, then 1 is the H.C.F. of the polynomials, and they are 
said to be prime to each other. 


Find the H.C.F. 
1. 50, 75. 
24, 42. 6. 
a2, 60. as 
OO; LOD 8: 
13. 
14. 
15. 
16. 
fe 
18. 
ie). 
20. 
21. 
22. 


Pew Ww 


or 


EXERCISES 


of the following : 


. 126, 162, 198. 9. 
105, 189, 231. 10. 
208, 364, 468. 1. 


84, 210, 462,588. 12. 


30 ac’, 75 ac®, 150 atc®d, 90 a8c4z?. 
36 2y4, 90 xSy?z, 126 xyz, 180 x5y?. 
72 xy8z?, 216 a7y225, 504 x2yoz7, 144 2y8z8. 
(a? — 4)? + 4a +4). 

(a? — 9); Gee G). 

(c* + c? — 20) 5G Sie); 

(0? —1), (8 FL) e 49.6143): 
(8 — 4a), (8 — a°), 4 — a”). 

(3 247 —3y*), (822 — 3 ry), (62° — 6 9°). 

(5 cx? — 20 2”), (5 ct + 5c? — 30 c?), (80 c® — 40 c4# — 40 co). 


LOG alia 

24 x7, 18 xy. 

16 xf, 40 x?, 24 2. 

60 atx, 84 ax, 24 a®ax?y?. 
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127. The square of any trinomial. The multiplication 


a+b+e 
a+6b+e 
e- ab-+ ~ac 
+ ab 1074 be 


+ ac + be+e 
@+2ab4+ 2ac+ 04+ 2be+ 2 
gives the formula 
(a+ b+4+cP=a4?4c*+42ab+4 2ac+ 2 be. 
This may be expressed in words as follows: 
The square of any trinomial is equal to the sum of the 


squares of the terms, plus twice the algebraic product of each 
term by each term that follows it in the trinomial. 


EXERCISES 


Expand by the method indicated above : 


1. (@+ x +1). Ss (Cap yy LIGG—2aieac)?: 
2. (m+n + 2). 7. (a+ b+ 3)% 12. BGat+a+2c)?* 
Sy (Po Oe ENE SPR Ort. 21a) 2 13.;(46—24 4 07)? 
4, (C¢c+t+d—3) 9. (c+ 2a+ 2)? 14. 8a? +32—1)% 
Sy (GaP Beri 10, (@—2 + 2c). 16. 6.a@—2e —3)*. 
128. Factors of x° + y°®. By division we obtain 

x+y 


ries = ae—ayt+ ay —aty. 


Hence the sum of the fifth powers of two numbers is exactly 
divisible by the sum of the numbers. 
EXERCISES 


Find the prime factors of the following: 


1. ab + 0. 4, o° + 32. ta (C) eas 
2. x +a’. 5. 32 + c?®. 8. m}° + né. 
3. a> + 25. 6. 243 + 2°. 9, 7? + 516, 


RE 
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10, s& + #9. 13. ch — 2°. 17. 243 — a. 
ea ye 14. m> — n°. 18. (22)5 — y. 
Hinr. Divide by #— y. 15. m>— 25. 19°? =e 
12. a — 6. 16. n° — 32. 20. 210 — y!0, 


129. Operations with surds of different orders. If the indicated 
root of a rational number cannot be taken exactly, the radical 
is sometimes called a surd. 

Surds of different orders should be reduced to respectively 
equivalent surds of the same order before the operations of 
multiplication or division are performed with them. This 
process is also necessary before the relative magnitudes of 


surds can be compared. 


1. Multiply V4 by V5. 


1 


EXAMPLES 


Solution. ¥/4..V/5= 45.52 
(2. Divide V2 by V6. 


3/5 1 1 3 2 
Solution. V2 + V6 = 2? = 63 = 28 = 68 = 1/98 = V/@ 


8/28. 78/8 © telDe Ste ey 162 
N@ NGIN 3 = S3q- 
EXERCISES 


Perform the indicated operations and simplify results: 


1. V4. V8. Wen Ce 14) Van 
Qa Ve SON GEN BSE Sieaet hy eee ee 
3. V3. ¥. 9. \/-* pa “16. V8a= Weak 
4. ¥9-V3. 10, 2. sf, 1 V0e = Voz, 
5. 25. V5. 8g NA ee 
11. V2 +V4. $/9g2: 25, fe 
6. Va- Va. 12. 6 = V2. si +i 
7. V5 2. V10c. 13.°-V¥10 V5. 20. a= V8 


—* 
— 
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Arrange the following in order of magnitude : 
21, V5, V7. ; 


Hint. Reduce to respectively equivalent surds of the sixth order and 
compare radicands. 


22. v5, Vi. 24. %/9, V5. 26. 4/16, */4. 
23. V5, V3. ~. 25. V12, V/40. 27. V5, */2, V3. 


130. Solution of the quadratic equation by formula. If the 
general quadratic equation ax?+ ba + ¢=0 is solved by the 
method of completing the square, the result is 


—b+ Vi? — 4 ae 
gacerapets Po 9 Tay eD 
This expression is a general result and may be used as a 
_ formula for the solution of any quadratic equation. — 
: If the numbers a, ), and ¢ are such that ? — 4 ac is negative, 


eS ae ee | 


eo Te rer 


then the formula would contain the square root of a negative 

number, which is a kind of number not considered in this 

text. In the exercises that follow, it will be assumed that 
- only such numerical values of the letters involved are con- 
j sidered as will not make J?— 4ac negative. 


EXERCISES 


Solve by formula, and check. 
; 1. 4274+ 82=3. 
‘ Solution. Writing in standard form, 4227+82—38=0. 


Comparing with ax? + be + ¢ = 0, evidently 4 corresponds to a, 8 to b, 


, and — 8 toc. Substituting these values in (F) gives 
é JoE PI PO ee 

- —84V64—4-4.(= 3) 
: i, Q-45 
_ —84+V64448 — 84+ V112 
: 2 8 8 
a Be eee i evi. 
J 4 
Check as usual. 

‘. ’ 

i 


7 y 4) co 
4 \ 
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. w%—5ae—-14=0. 
z?—x-1=0. 
227+5x7+4+2=0. 
2 OMe Ae 
SNR mn 
goo ape Il 


IN ALGEBRA 


13. 22+2V5=10. 


be PA rea rae a Nie 


_ilz 1 


. g—-———=0. 


4 + 


5 (ep SY aie 

BaP pes beh 

2 2 Oe — le OE 
12% 


5b2a= 327 +1. 


Solution. Writing in standard form, 2k#2?— kr -1=0. 
Then a = 2k?,b=—k, andc=—1. 
Substituting these values in the formula (F), 

par tH eVE bP 4-28 (- 1) 


2.2 k2 
kive+8kh? k+38k 1 1 
Ha = SS icles 
492 42k 2k 

Check as usual. 
15. 22+2ker —382=0. 20. a®’z?— 3 abr + 207=0. 
16. 22—22Va—3a=0. 21. p's? —4 por —12 
Le 2a = 9 a2 a 22. 2 nx? 4+ 5 nmz + 3 m= 0. 
18. 322+ bz —108?7=0. 23. 6 h2x2 +19 hke =7 ke. 
19. cx = 6 2? — c?. 24. 3 ax? — 6 abs + 267=0. 


25. w2+22=he4+ Qh. 


Hint. w?4 (2—h)a@—2h=0. Thena=1,b=2—h,andc=-— 2h. 


Substituting these values in (F), 


26. 
27. 
28. 


pe TAK EVO— bP 4-122) 


a? + (p—q)a — pq = 0. 
227 + ab = 2 ba + az. 


rsx? + sx =3rx+ 3. 


29. 
30. 
31. 


ete. 


~ 


mnxz2+4nz—3 mr =12. 
x*— Yhe = g —h2. 
ka® + kx —2=22. 


Et ae EXERCISES INVOLVING 


EQUATIONS 

Solve: 

= co— 3S c— 5 re ae 

i 7 ilies == 2, os ee 

242 2-2 1 Be reas 
9 is aA a ne nn.) 

22—3 T—2 _ Gee pees ky) 
xz —6 e—-4 2x4+2 S see 

7 ee Sea a 
gp 2 e+5 2—1 29 x—6 r—3 
5. 3 + 3 aR 10. = EY 90. 7 

11. fe pee a 

12 ees | eee ae a(~). 

‘ 6 Aras 14 

13. (227-5424 3)= 3(a?—2x”+1). 

1“ 8a2—4 2+ Lie. 19 os 7 4 2— od pepe 
; 2D, Be ie Oecd Sy 7 Ee a Ps Vee | 
a—A4 ay a+3 u-4 22-8 

“§ x a+ 20 ad OE coe iia aes 

16 38a—4 62-38 ol a cect amen ay 
Reig 1 2a+6 (244-3 Aa +6 6 
Fae er nea | @=—4-e¢+3 14 
eee ; is —= 0, 

od e+ti «+9 oe ae+2 a—5 3 
5—ax2 ,x-—1 2 e+3 , a4-—1 _ 

as eel 3 Sees a A 
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99. 4a—71=13e¢4 41. 
30. 3(1.1a2— 5)=.032 —.6. 
.2(4.1 2 —.7) =.7(.12@ 4 8). 

3.152 — 4.6:+'a —3.2 = .05 a + 4. 


40. 


41. 


42. 


43. 


44. 


33. 
34. 
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24 x c—Ae Sa ot 
“gt — 9 z+3 8(3—2) 
) i 
ps, 82+2)_ 1 _ 6-8) 
a —A4 2—<2 2+2 
Ps ne poe ahs 
a6) 2a Ea Se 
e—y Cty 
ea Age = neo 
hia SY STE 
x if 7 
a ER eR Gane cy 12 


31. 14—.92=.152. 
32. 4 (x —3)=.5(x@+1). 


35...1738 2 — 4.68 — 182+ 2.561:-— .32 2 + .897 — 335. 
36. .65(.4a —.7) = .25(.9 — .32 2). 
A4%—T @—bd6 30 — 9. 44632 
6A coe ee ie 
Laser SEAS TS: 
39, 2 (Ga 16 ee 
8 4 
21—.8%  .02%+4 08 | wet ee P 
4a +.9 .09 + 012 “~ = phe) eee 
eS0 46. ax =~: 
b a a 
_ 2. a7, ZA Ete 
a a b 
x hoe 
aut 48. Se en 
£—ad a—ob x £ 
p aaa oe pene 
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b oa 
Ot =e aml oa al 
Te ae b a 
a a 1 a x 
ees her 1g og ae 
Pi eel 2a eaa ee es a Se 
L—a 2£2—6 (% — a) (a — 6) 
ia: a 
555 ee ae 


56. A bubble of air of volume v units rising from a depth 
of d feet below the surface of the water expands to the 
volume V units at the top of the water according to the 
d + 34 

b4 
bubble starts from 100 feet below the surface and has a volume 
of .1 of a cubic inch at the top, find its volume when it started. 
h(b+B+4m) 

6 
solid whose height, upper base, lower base, and mid-section 
are h, b, B, and m respectively. Find m in terms of the 
other letters. 

58. Given the formula s=vt+16# for the distance (s) 
covered by a body projected downward with a velocity v 
in a time ¢, the units being feet and seconds, express v in 
terms of s and ¢. 


formula V = 


v. Express v in terms of d and V. Ifa 


57. The formula V = gives the volume of a 


59. Given = —<=0. Express d in terms of the other letters. 


b. a 
60. Given “ a ee = ae Express d in terms of the other 
Q 
letters. (nae) 
b 
61. If a=2t and )=3¢, find the value of = 
1+" 
62.01 qa=t, b= 20, 6 = dt, oe 
1 al 


(a — b)(¢ —b) Tae *G—oG= ey 
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63. Separate 60 into two parts such that 3 the greater minus 
% the less equals 22. 


64. Separate 91 into two parts such that their quotient 
is 5d. 

65. Separate 70 into two parts such that 40 exceeds 2 of 
the one by as much as the other exceeds 20. 


66. The sum of two numbers is 13. Two thirds the greater 
plus 2 the less equals 9. What are the numbers ? 


67. Two thirds a man’s age now equals 3 his age 25 years 
ago. What is his age ? 

68. The square of a certain number is 17 greater than 2 
of the product of the next two consecutive numbers. Find 


the number. 


69. The length of a certain rectangle is 24 times the width. 
If it were a yard shorter and a yard and a half wider, its area 
would be 234 square feet greater. Find the dimensions of the 
rectangle. 


70. A square court has the same area as a rectangular court 
whose length is 8 yards greater and whose width is 5 yards ° 
less. Find the dimensions of the square court. 

71. A can do a piece of work in 2 days; B, in 22 days; ©, in 
3% days. How long will it take them, working together ? 


72. The difference between 3 of a certain number and 4 of 
it is 20. Find the number. 


73. Four thousand dollars of Mr. A’s income is not taxed. 
All of his income over that amount is taxed 2%, and all 
above ten thousand dollars is taxed 2% in addition. He pays 
a tax of $200. What is his income ? 

2 

74. Given ¢ = sete ?, substitute this value for ¢ in 

3t+9a42 ma 


ra SN AT and simplify. 
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1 aS ; 
75. If 2 + 3 souk, and. if = c, find 6 in terms of a alone, 


and a in terms of ¢ alone. 


76. Working 8 hours per day, A can do a certain piece of 
work in 7 days 4 hours, B in 38 days 6 hours. After a third 
man had done a quarter of the work, he struck, and A and B, 
taking his place, finished the work together. How long did 
it take them ? 


77. A and B start at the same time from two towns 100 

miles apart and travel toward each other. Their respective 
"rates are 8 and 12 miles per hour. Before they meet, A rests 
23 hours and B rests 5 hours. How far does each go and how 
long is it before they meet ? 


78. A and B leave the same place at the same time for a 
point 90 miles distant, A traveling twice as fast as B. Upon 
reaching their destination A turns back and meets B 6 hours 
from the start. What are their rates ? 


79. A man rows upstream and back, a total distance of 
30 miles, in 9 hours. His rate upstream was half his rate 
downstream. Find the rate of the current and his rate in 
still water. 


80. A bolt of cloth is bought for $324. Eight yards are cut 
off for use as samples, and the remainder sold at an advance 
of $1 per yard, yielding a profit of $76. Find the cost per yard. 


81. Two automobiles each travel 72 miles, one going 4 miles 
per hour faster than the other and making the run in 16 minutes 
less time. Find the rate of each. 


82. A and B start at the same time and place, but travel 
in opposite directions. B is delayed 2 hours on the way and 
travels 1 mile per hour slower than A. At the end of a certain 
time they are 172 miles apart. If A has then traveled 28 miles 
farther than B, find the number of hours since they started. 
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83. A and B together can do a piece of work in 3? days. 
B alone can do it in 3 days less than A. Find the number of 
days required by each. 

84. At what time between 3 and 4 o’clock are the hands of 
the clock together ? 

Hint. Let z =the number of minutes after 3. Then the hour 


hand covers z —15 spaces and the minute hand z spaces, while the 
latter goes 12 times as fast as the former. 


85. At what time between 7 and 8 are the hands of the 
clock together ? 

86. At what time between 9 and 10 are the hands of the 
clock together ? 


87. At what time between 1 and 2 are the hands of the 
clock in the same straight lne but in opposite directions ? 


88. How long will it take to go m miles at d miles per hour ?- 

89. What is the surface of a cubical box whose edge is 
d inches ? 

90. Express in dollars p% of a dollars. 

91. If the average height of & boys is m inches, what is the 
sum of their heights in yards ? 

92. If 2n+1 bolts weigh x pounds, what is the weight of 
n of them ? 

93. To cook cereal in a fireless cooker, one uses n + 2 cups 
of water for m cups of dry cereal. How many cups of cereal 
may be used in a dish that holds & cups in all? 

94. If it takes a man / hours to do a piece of work, what 
portion of the work can he do in 1 hour? What. portion. of 
the work would » men do in 1 hour? What portion would k_ 
men do in ¢ hours ? . 


95. If it takes m men } hours to do a piece of work, how | 
leng will it take r men to do it? 
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96. A man buys bananas at ¢ cents a dozen and sells them 
for k cents each. What does he gain on d dozen? 

97. A man buys oranges for d dollars per hundred and sells 
them & for a quarter. How much does he gain on / hundred ? 

98. A man bought x articles for ¢ cents per hundred. He 
sold them all for $6. How many dollars did he lose ? 

99. A man buys goods for x dollars and sells them for 
x —y dollars. What is his per cent of loss? 

100. If y yards of ribbon cost d cents, find the cost of 
x yards. 

101. If y yards of ribbon cost d cents, how many yards can 
be bought for & dollars ? 

102. A man buys goods for d dollars and sells them for 
h dollars. What is his per cent of gain ? 

103. One man can do a piece of work in d days, another 
can do the same work in f days. How many days will it take 
both, working together ? 

104. If it takes # hours to mow a acres, how many days of 
10 hours each will it take to mow 0 acres ? 

105. A train goes f feet in ¢ seconds. If this equals m miles 
per hour, write an equation involving f, ¢, and m. 

106. If m men can do a piece of work in d days, how many 
men would it be necessary to hire if the work had to be done 
in k days ? 

107. A transport plying between two ports is under fire for 
y yards of the way. If she steams / knots per hour, for how 
many minutes is she under fire? (1 knot = 6080 feet.) 
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Abacus, 186 

Absolute value, 2% 

Aggregation, signs of, 64 

Al-jebr, 57 

Antecedent, 287 

Arabic notation, 1, 9, 186 

Arabs, 5, 11, 57, 98, 186, 249, 254, 261 

Archimedes, 274 

Arrangement, 75 

Associative Law of Multiplication, 
HO; 71 

Axiom, 39, 40, 175 


Babylonians, 157 

Bacon, Roger, 186 

Binomial, 35, 82 ; square of, 105 
Binomials, product of, 107, 109, 110 
Braces, 64 

Brackets, 64 


Cancellation, 149, 167 

Cardan, 279 

Check, 36, 42, 45, 46, 51 

Circle, area, 15; circumference, 191 

Coefficient, 10 

Coefficients, literal, 95; polynomial, 
38, 96 

Commutative Law of Multiplica- 
tion, 70 

Consequent, 287 

Constant term, 137 

Coordinates, 203 

Cube root, 11, 114, 251 

Cubes, sum or difference of, 133 

Cubic equation, 141, 275 

Cylinder, surface, 191; volume, 16 


Decimal point, 186, 249 

Decimals, 249; equations contain- 
ing, 184 

Degree, 75; of an equation, 137, 
141; of a polynomial, 293 ; of a 
term, 75, 76 

~ Denominator, lowest common, 154 


307 


Diagonal of rectangle, 248 
Diophantos, 278, 279 


Egyptians, 157 

Equation, 6, 39, 54, 95; graph of, 
205 ; indeterminate, 217; in one 
unknown, 55; in several un- 
knowns, 217; in two variables, 
202 ; of condition, 54; of fourth 
degree, 275; of second degree, 
137; of third degree, 141; root 
of, 55, 218, 264; solution of, 41; 
solving, 39; translation of prob- 
lem into, 60, 82. See also Linear, 
Quadratic, Cubic 

Equations, containing fractions, 
175, 180; containing decimals, 
184 ; incompatible, 221; indeter- 
minate system of, 221; literal, 
95, 190; literal, in two unknowns, 
231; radical, 264. See also Sys- 
tems, Simultaneous systems 

Euclid, 32, 157, 261 

Exponent, 9, 210 

Exponents, fractional, 251; law of, 
in multiplication, 71; law of, in 
division, 87 

Extremes, 283 


Factor, 9, 10; common monomial, 
116; highest common, 293; ration- 
alizing, 266 ; zero, 138 

Factoring, 113 ff., 295; solution of 
equations by, 137 ff. 

Falling body, 17 

Fractions, 1; addition of, 157; al- 
gebraic, 148; changes of sign in, 
162, 163 ; complex, 172 ; division 
of, 170; equations containing, 
175, 180; equivalent, 154; his- 
tory of, 157; lowest common de- 
nominator of, 154; lowest terms 
of, 149; multiplication of, 167; 
operations with, 157; reduction 
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of mixed expression to, 165; 
simultaneous systems containing, 
224; subtraction of, 157; terms 
of, 148 


Germans, 5 

Graph, 200; of an equation, 205; 
of linear equation, 205, 206, 208 

Graphical representation, of linear 
system in three unknowns, 239; 
of statistics, 210 

Greeks, 93, 157 


Harriot, 5 

Highest common factor, 293 

Hindus, 5, 21, 28, 29, 157, 186, 261, 
279 

Hypotenuse, 247 


Identity, 54; sign of, 55 

Index, 11, 251 

Integer, 1, 250; consecutive, 44; 
consecutive even, 44; consecu- 
tive odd, 44; even, 44; odd, 44; 
positive, 27 

Interest, 15, 186; simple, 187 

Irrational number, 250 

Italians, 5 


Kronecker, Leopold, 27 


Lever, 193 

Linear and quadratic equations, 
systems of, 279 

Linear equation, 137; 
ables, 208, 217, 224 

Linear systems in three unknowns, 
236 

Literal coefficients, 95; 
with, 95,190, 231, 277 

Lowest common denominator, 154 

Lowest common multiple, 152 

Lowest terms, 149 


in two yari- 


equations 


Means, 283 

Member, left, 39; right, 39 

Monomial, 83; cube root of, 114; 
square root of, 113 

Monomial. denominator 
tions, 175 

Monomial factor, 116 


in equa- 
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Monomials, addition of, 33, 34; 
division of, 87; division of poly- 
nomials by, 89; multiplication 
of, 72; multiplication of poly- 
nomials by, 73 ; subtraction of, 49 

Moors, 186 

Morse, S. F. B., 275 

Motion, uniform, 97, 192 

Multiple, lowest common, 152 


Napier, Sir John, 186 

Negative numbers, 19, 20, 210, 279. 
See also Positive and negative 
numbers 

Number, imaginary, 250; irrational, 
250; rational, 250; unknown, 
6, 39 

Numerals, 1, 9; arabic, 9 

Numerical value, 15, 22 


Operation, signs of, 1, 5, 30 
Operations, order of, 13 
Order, 251; in addition, 34 
Ordinate, 202 

Origin, 203 

Oughtred, 5 


Parentheses, 10, 13, 
82; insertion, 68 ; 

Percentage, 186 

Points, plotting, 204 

Polynomial, 35; degree of, 293; 

Polynomial denominators in equa- 
tions, 180 

Polynomials, addition of, 35; divi-> 
sion of, by monomials, 89; divi- 
sion of, 91; multiplication of, by. 
monomials, 73 ; multiplication of, 
74; prime to each other, 152; 
subtraction of, 50; with common 
monomial factor, 116 i 

Positive and negative numbers, 20; 
addition of, 21; division of, 28; 


30, 34, 64, 79, + 
removal, 64 


multiplication of, 26; subtrac- 
( tion of, 23 
Power, 75 Si 
Powers, ascending, 75; descend- 
ing, 75 


Prime, 118, 152, 298 
Product, 9, 10, 70, 71, 93,107, 109, 
LOR of sum and difference, 107, 


Legal 


INDEX 


Proportion, 283 ff. 
Proportional, fourth, 284; mean, 
285 ; third, 285 


Quadratic and linear equations, 
systems of, 279 

Quadratic equation, 137, 275 ; con- 
stant term of, 137; history of, 
278; in two unknowns, 279; 
pure, 272; solution of, by com- 
pleting the square, 270; solution 
of, by factoring, 137; solution 
of, by formula, 297 ; with literal 
coefficients, 277 


Radical, 250; sign, 11 

Radical equations, 264 

Radicals, addition of, 259; conju- 
gate, 266; division of, 266 ; mul- 
tiplication of, 261 ; simplification 
of, 253 ; subtraction of, 259 

Radicand, 251 

Radicands, fractional, 256 

Raleigh, Sir Walter, 5 

Ratio, 282 

Rational number, 250 

Rationalizing factor, 266 

Recorde, 5, 242 

Roman notation, 186 

Romans, 157 

Root, cube, 11, 114; of an equa- 
tion, 55, 217, 264; principal, 251; 
principal square, 114; square, 
11, 113 

Roots, cube, 251; even, 114; fourth, 
114; of amonomial, 113, 114,115; 
rejected, 143; set of, 218; sixth, 
114 


Set of roots, 218 

Sign, changes of, in fraction, 162, 
163; double, 114; of equality, 
2,5; of identity, 55 ; radical, 11 

Simultaneous systems, 218; con- 
taining fractions, 224; solution 
of, by addition and subtraction, 
219; solution of, by substitution, 
222 

Solution, definition of, 218; of 
equations, 15, 41; of equations 
by factoring, 137 ff.; graphical, 
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of linear equations in two varia- 
bles, 208 ; of problems, 6, 45; of 
systems, 219, 222 

Solutions, rejected, 143 

Solving an equation, 39 

Square, of binomial, 105; of tri- 
nomial, 295; perfect, 121; tri- 
nomial, 121 

Square root, 11; historical note on, 
249; of algebraic expressions, 
240; of numbers, 243; principal, 
114 

Squares, difference of, 124 

Stifel, 11, 279 

Subscripts, 191 

Substitution, solution of systems 
by, 222 

Sum, algebraic, 23 

Surd, 296 

System, indeterminate, 221; in 
three unknowns, 236; of equa- 
tions, 217; simultaneous, 218 

Systems, containing fractions, 224 ; 
of linear and quadratic equa- 
tions, 279 


Term, 33 

Terms, dissimilar, 34; of fraction, 
148 ; similar, 33 

Theon, 249 

Transposition, 56 

Trapezoid, 146; altitude of, 146; 
area of, 146 

Triangle, altitude of, 145; area of, 
15, 145, 191; equilateral,+ 248, 
258 ; isosceles right, 258; right, 
247, 258, 259 

Triangles, similar, 291 

Trinomial, 35; general quadratic, 

30; quadratic, 127; square of 

a, 295 

Trinomial squares, 121 


Unknown, 6, 39, 95 


Variable, 217 
Vinculum, 64 


Zero, as denominator, 161; as 
factor, 138; division by, 29, 40; 
multiplication by, 29 


‘2 
Z 
ca) 
= 
XQ 
O 
Zz 
=) 
(@) 
Nears 
<q 


1 


HAWKES, LUBY, AND TOUTON’S 
ALGEBRAS 


By Hereert E. Hawxss, Professor of Mathematics in Columbia University, 
Wirutam A. Lupy, Head of the Department of Mathematics, Junior 
College of Kansas City, and Franx C. Touron, State 
Supervisor of High Schools, Madison, Wis. 


FIRST COURSE .IN ALGEBRA (Revised Edition) 12mo, cloth, 


302 pages, illustrated 


SECOND COURSE IN ALGEBRA (Revised Edition) 12mo, cloth, 
viii +277 pages, illustrated 
COMPLETE SCHOOL ALGEBRA (Revised Edition) 12mo, cloth, 


ix + 507 pages, illustrated 


HE Hawkes, Luby, and Touton Algebras offer a fresh treat- 
ment of the subject, combining the best in the old methods of 
teaching algebra with what is most valuable in recent developments. 
The authors’ unhackneyed and vital manner of presenting the sub- 
ject makes a sure appeal to the interest of the student, while their 
genuine respect for mathematical thoroughness and accuracy gives 
the teacher confidence in their work. 

Among the distinctive features of these algebras are the correla- 
tion of algebra with arithmetic, geometry, and physics; the liberal 
use of illustrative material, such as brief biographical sketches of the 
mathematicians who have contributed materially to the science ; early 
and extended work with graphs; and the introduction of numerous 
“thinkable” problems. Prominence is given the equation through- 
out, and the habit of checking results is constantly encouraged. 
Thoroughness is assured by frequent short reviews. 

The aim has been to treat in a clear, practical, and attractive man- 
ner those topics selected as necessary for the best secondary schools. 
The authors have sought to prepare a text that will lead the student 
to think clearly as well as to acquire the necessary facility on the 
technical side of algebra. The books offer a’ course readily adapt- 
able to the varying conditions in different schools — the “ Complete 
School Algebra” comprising a one-book course with material suffi- 
cient for at least one and one-half year’s work, and the “ First Course” 
and “Second Course” providing the same material, but slightly 
expanded, in a two-book course. 
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